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ADVERTISEMENT. 


Thb  following  pages  contain  a  collection  of  Pro- 
blems, which  are  for  the  most  part  an  easy  application  of 
the  Elements  of  Euclid.  They  are  arranged  in  what 
seemed  to  be  the  most  natural  order :  The  1st  section 
comprises  such  as  contain  the  properties  of  straight  lines 
and  angles;  the  Snd  straight  lines  and  circles  :  the  drd 
straight  lines  and  triangles ;  and  the  4th  parallelograms, 
squares  and  polygons.    The  5th  section  contains  those 

which  require  lines  to  be  drawn  in  certain  directions,  but 

• 

which  involve  properties  of  rectangles  or  squares,  or  such 
others  as  were  excluded  from  the  three  first.  The  6th 
comprises  those  by  which  figures  are  described,  and  also 
inscribed  in  or  circumscribed  about  each  other.  The 
7th  comprehends  such  as  contain  the  properties  of  tri- 
angles described  in  or  about  circles ;  the  8th  those  which 
contain  the  squares  or  rectangles  of  lines  connected  with 
circles ;  and  the  9th  the  construction  of  triangles.  To 
these  is  added  an  Appendix,  intended  to  contain  so  much 
of  the  Elements  of  Plane  Trigonometry,  as  is  necessary 
for  understanding  those  parts  of  Natural  Philosophy 
which  are  the  common  subjects  of  Lectures  in  the  Uni- 

427123 


JiU  ^  ADVERTISEMENT. 

versity.  The  Reader  who  wishes  for  farther  information, 
is  referred  to  Mr.  Woodhouse*s  treatise,  or  that  of 
Cagnoli,  to  the  latter  of  which  are  appended  extensive 
Tables  of  trigonometrical  formulae. 

From  this  performance  the  only  credit  expectea  is 
that  of  having  endeavoured  to  place  principles  in  a  clear 
light,  and  to  render  a  service  to  the  younger  students  by 
setting  before  them  a  series  of  Problems,  on  the  solution 
of  which  they  are  recommended  to  exercise  their  own 
ingenuity;  for  which  purpose  a  table  of  Contents  has 
been  prefixed. 


CONTENTS. 


SECTION  I.    Pagel. 

1.  From  a  given  point  to  draiv  the  shortest  line  possible  to 
a  given  stnught  line. 

2.  If  a  perpendicular  be  drawn  bisecting  a  given  straight  line, 
any  point  in  this  perpendicular  is  at  equal  distances,  and  any  point 
without  the  perpendicular  is  at  unequal  distances,  from  the  extre- 
mities of  the  line. 

3.  Through  a  given  powt,  to  draw  a  straight  line  which  shall 
make  equal  angles  with  two  straight  lines  given  iu  position. 

4.  From  two  given  points,  to  draw  two  equal  straight  lines, 
which  shall  meet  in  the  same  point  of  a  line  given  in  positioA. 

5.  From  two  given  points  on  the  same  side  of  a  line  given  in 
position  to  draw  two  lines  which  shall  meet  in  that  line,  and  make 
equal  angles  with  it. 

6.  From  two  given  points  on  the  same  side  of  a  line  given  in 
position,  to  draw  two  lines  which  shall  meet  in  a  point  in  this  line» 
so  that  their  sum  shall  be  less  than  the  sum  of  any  two  lines  drawn 
firom  the  same  points  and  terminated  at  any  other  point  in  the  same 
line. 

7.  Of  all  straight  lines  which  can  be  drawn  from  a  given  point 
to  an  indefinite  straight  line,  that  which  is  nearer  to  the  perpendi- 
cular is  less  than  the  more  remote.  And  from  the  same  point  there 
cannot  be  drawn  more  than  two  straight  lines  equal  to  each  other, 
viz.  one  on  each  side  of  the  perpendicular. 

8.  Through  a  given  point,  to  draw  a  straight  line  so  that  the 
parts  of  it  intercepted  between  that  point  and  perpendiculars  drawn. 
Crom  two  other  given  points  may  have  a  given  ratio. 
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9.  From  a  given  point  between  two  indefinite  straight  lines  given 
in  position,  to  draw  a  line  which  shall  be  terminated  by  the  given 
lines,  and  bisected  in  the  given  point. 

10.  From  a  given  point  without  two  indefinite  straight  lines 
given  in  position,  to  draw  a  line  such  that  the  parts  intercepted  by 
the  point  and  the  lines  may  have  a  given  ratio. 

11.  From  a  given  point,  to  draw  a  straight  line  which  shall  cut 
off  from  lines  containing  a  given  angle,  segments  that  shall  have  a 
given  ratio. 

1 2.  If  from  a  given  point  any  number  of  straight  lines  be  drawn 
to  a  straight  line  given  in  position ;  to  determine  the  locits  of  the 
points  of  section,  which  divide  them  in  a  given  ratio. 

13.  A  straight  line  being  drawn  parallel  .to  one  of  the  lines  con- 
taining a  given  angle,  and  produced  to  meet  the  other ;  through 
a  given  point  within  the  angle  to  draw  a  line  cutting  the  other  three^ 
so  that  the  part  intercepted  between  the  two  parallel  lines  may  have 
a  given  ratio  to  the  part  intercepted  between  the  given  point  and 
the  other  line. 

14.  Two  parallel  lines  being  given  in  position;  to  draw  a  third 
such,  th^t  if  from  any  point  in  it  lines  be  drawn  at  given  angles  to 
the  parallel  lines,  the  intercepted  parts  may  have  a  given  ratio. 

15.  If  three  straight  lines  drawn  from  the  same  point  and  in  the 
same  direction  be  in  continued  proportion,  and  from  that  point  also 
a  line  equal  to  the  mean  proportional  be  inclined  at  any  angle ;  the 
lines  joining  the  extremity  of  this  line  and  of  the  proportionals  will 
contain  equal  angles. 

l6\    To  trisect  a  right  angle, 

17>    To  trisect  a  given  finite  straight  line. 

18.   To  divide  a  given  straight  line  into  any  number  of  equal  . 
parts. 

Cor.  To  divide  a  straight  line  into  any  number  of  parts  having 
a  given  ratio* 

19«    To  divide  a  given  finite  straight  line  harmonically. 

30.  If  a  given  finite  »traight  line  be  harmonically  divided,  and 
from  its  extremities  and  the  points  of  division  lines  be  drawn  to-meet 
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IB  an^r  poiol,  so  that  those  from  the  eitremitits  of  the  second  pro- 
portional miiy  he  perpendicular  to  each  other ;  the  line  drawn  from 
the  extremity  of  this  proportional  will  bisect  the  angle  formed  by  the 
Hoes  drawn  from  the  extremities  of  the  other  two. 

21.  If  a  straight  line  be  dhiwn  through  aay  point  in  the  line 
bisecting  a  given  angle,  and  produced  to  cat  the  sides  containing 
that  angle,  as  also  a  line  drawn  from  the  angle  perpendicular  to  the 
bisecting  Ifne;  it  will  be  hlirmonically  divided. 

22.  If  from  a  given  point  there  be  drawn  three  straight  lines 
forming  angles  less  than  right  angles,  and  from  another  given  point 
without  them  a  line  be  drawn  intersecting  the  others,  so  as  to  be 
harmonically  divided;  then  will  all  lines  drawn  from  that  point 
meeting  the  three  lines  be  harmonically  divided. 

23.  If  a  straight  line  be  divided  into  two  equal  and  also  into 
two  unequal  parts,  and  be  produced,  so  that  the  part  produced  may 
have  to  the  whole  line  so  produced,  the  same  ratio  that  the  unequal 
segments  of  the  line  have  to  each  other ;  then  shall  the  distances  of 
the  point  of  unequal  section  from  one  extremity  of  tUe  given  line, 
from  its  middle  point,  from  the  extremity  of  the  part  produced,  and 
from  the  other  extremity  of  the  given  line,  be  proportionals. 

24.  Three  points  being  given;  to  determine  another,  through 
which  if  any  straight  line  be  drawn,  perpendiculars  upon  it  from  two 
of  the  former  shall  together  be  equal  to  the  perpendicular  from  the 
third. 

25.'  From  a  given  point  in  one  of  two  straight  lines  given  in 
position,  to  draw  a  line  to  cut  the  other,  so  that  if  from  the  point 
of  intersection  a  perpendicular  be  let  fall  upon  the  former,  the  seg- 
ment intercepted  between  it  and  the  given  point  together  witli  the 
first  drawn  line  nay  be  equal  to  a  given  line. 

26.  One  of  the  lines  which  contain  a  given  angle  is  also  given. 
To  determine  a  point  in  it  such  that  if  from  thence  to  the  indefinite 
line  there  be  drawn  a  line  having  a  given  ratio  to  that  segment  of  it 
which  is  adjacent  to  the  given  angle ;  the  line  so  drawn  and  the 
other  segment  of  the  given  line  may  together  be  equal  to  another  - 
given  line. 

27-    Two  straight  lines  and  a  point  in  each  are  given  in  position ; 
to  determine  the  position  of  another  point  in  each,  so  that  the  straight 
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tine  joining  tiiese  latter  points  may  be  equal  to  a  given  line,  and  their 
respective  distances  from  the  former  points  in  a  given  ratio. 

28.  If  a  straight  line  be  divided  into  any  two  parts  and  pro- 
duced, so  that  the  segments  may  have  the  same  ratio  that  the  whole 
line  produced  has  te  the  part  produced,  and  from  the  extremities  of 
the  given  line  perpendiculars  be  erected ;  then  any  line  drawn  through 
the  point  of  section,  meeting  these  perpendiculars,  will  be  divided-  at 
that  point  into  parts  which  have  the  same  ratio,  that  those  lines  have 
which  are  drawn  from  the  extremity  of  the  produced  line  to  the 
points  of  intersection  with  the  perpendicular. 

29*  From  two  given  points  to  draw  two  straight  lines  which 
shall  contain  a  given  angle,  and  meet  two  lines  given  in  position,  so 
that  the  parts  intercepted  between  those  points  and  the  lines  may 
have  a  given  ratio. 

30.  The  length  of  one  of  two  lines  which  contain  a  given  angle 
being  given ;  to  draw,  from  a  given  point  without  them,  a  straight 
line  which  shall  cut  the  given  line  produced,  so  that  the  part  pro- 
duced may  be  in  a  given  ratio  to  the  part  cut  off  from  the  indefinite 
line. 

31.  From  two  given  straight  lines  to  cut  off  two  parts  which 
may  have  a  given  ratio  ;  so  that  the  ratio  of  the  remaining  parts  may 
also  be  equal  to  the  ratio  of  two  other  given  lines. 

32.  Three  lines  being  given  in  position ;  to  determine  a  point  in 
one  of  them,  from  which  if  two  lines  be  drawn  at  given  angles  to  the 
other  two,  the  two  lines  so  drawn  may  together  be  equal  to  a  given 
line. 

33.  If  fit>m  a  given  point  two  straight  lines  be  drawQ  including 
a  given  angle  and  having  a  given  ratio,  and  one  of  them  be  always 
t^.minated  by  a  straight  line  given  >n  position;  to  determine  the 
locus  of  the  extremity  of  the  other. 

34.  If  from  two  given  points  straight  lines  be  drawn  containing 
a  given  angle,  and  from  each  of  them  segments  be  cut  off  having 
a  given  ratio  ;  and  the  extremities  of  the  segments  of  the  lines  drawn 
from  one  of  the  points  be  in  a  straight  line  given  in  position ;  to  deter- 
mine the  locus  of  the  extremities  of  the  segments  of  lines  drawn  from 
the  other. 
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SECTION  II.     Page  24.       . 

1.  If  a  straight  line  be  drawn  to  touch  a  circle,  and  be  parallel 
to  a  chord ;  the  point  of  contact  will  be  the  middle  point  of  the  arc 
cut  off  by  that  chord. 

Cor.  1 .  Parallel  lines  placed  in  a  circle  cut  off  equal  parts  of  the 
circumference. 

Cob.  2.  The  two  straight  lines  in  «a  circle  which  join  the  ex- 
tremities of  two  parallel  chords  are  equal  to  each  other. 

2.  If  from  a  point  without  a  circle  two  straight  lines  be  drawn 
to  the  concave  part  of  the  circumference,  making  equal  angles  with 
the  line  joining  the  same  point  and  the  centre,  the  parts  of  these  lines 
which  are  intercepted  within  the  circle  are  equal. 

3.  Of  all  straight  lines  which  can  be  drawn  from  two  given  points 
to  meet  on  the  convex  circumference  of  a  given  circle ;  the  sum  of 
those  two  will  be  the  least,  which  make  equal  angles  with  the  tangent 
at  the  point  of  concourse. 

4.  If  a  circle  be  described  on  the  radius  of  another  circle;  any 
straight  line  drawn  from  the  point  where  they  meet  to  the  outer  cir- 
cumference, is  bbected  by  the  interior  one. 

5.  If  two  circles  cut  each  other,  and  from  either  point  of  inter- 
section diameters  be  drawn ;  the  extremities  of  these  diameters  and 
the  other  point  of  intersection  shall  be  in  the  same  straight  line. 

6.  If  two  circles  cut  each  other,  the  straight  line  joining  their 
two  points  of  intersection  is  bisected  at  right  angles  by  the  straight 
line  joining  their  centres.    - 

7*    To  draw  a  straight  line  which  shall  touch  two  given  circles. 

8.  If  a  line  touching  two  circles  cut  another  line  joining  their 
centres,  the  segments  of  the  latter  will  be  to  each  other,  as  the  dia- 
meters of  the  circles. 

9»  If  a  straight  line  touch  the  interior  of  two  concentric  circles, 
and  be  placed  in  the  outer;  it  will  be  bisected  at  the  point  of 
contact. 

10.  If  any  number  of  equal  straight  lines  be  placed  in  a  circle; 
to  determine  the  locus  of  their  points  of  bbection. 
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11.  If  ironi  a  point  in  the  circumfereuce  of  a  circle  any  number 
of  chords  be  drawn ;  the  locus  of  their  f^oints  of  bisection  will  be 
a  circle. 

1 2.  If  on  the  radius  of  a  given  semicircle,  another  seqaicirde  be 
described,  and  from  the  extremity  of  the  diameters  any  lines  be 
drawn  cutting  the  circumferences,  and  produced,  so  that  the  part 
produced  may  always  have  a  given  ratio  to  the  part  intercepted 
between  the  two  circumferences ;  to  determine  the  locus  of  the  ex- 
tremities of  these  lines. 

13.  If  from  a  given  point  withont  a  given  eircle  straight  lines  be 
drawn  and  terminated  by  the  circumference ;  to  determine  the  locus 
of  the  points  which  divide  them  in  a  given  ratio. 

14.  Having  given  the  radius  of  a  circle ;  to  determine  its  centre 
when  the  circle  touches  two  given  lines  which  are  not  parallel. 

15.  Through  three  given  points  which  are  not  in  the  same 
straight  line,  a  circle  may  be  described ;  but  no  other  circle  can  pass 
through  the  same  points. 

16.  From  two  given  points  on  the  same  side  of  a  line  given 
in  position,  to  draw  two  straight  lines  which  shall  contain  a  given 
angle,  and  be  terminated  in  that  line. 

17*  If  from  the  extremities  of  any  chord  in  a  circle  perpendi- 
culars be  drawn,  meeting  a  diameter ;  the  points  of  intersection  are 
equally  distant  from  the  centre. 

1 8.  If  from  the  extremities  of  the  diameter  of  a  semicircle  per- 
pendiculars be  let  fall  on  any  line  cutting  the  semicircle ;  the  parts 
intercepted  between  those  perpendiculars  and  the  circumference  are 
equal. 

19.  In  a  given  circle  to  place  a  straight  line  parallel  to  a  given 
straight  line,  and  having  a  given  ratio  to  it. 

20.  Through  a  given  point,  either  within  or  without  a  given 
circle*  to  draw  a  straight  line,  the  part  of  which  intercepted  by  the 
circle  shall  be  equal  tp  a  given  lioe^  not  greater  than  the  diameter  of 
the  circle. 

21.  From  a  given  point  in  the  diameter  of  a  semicircle  produced, 
to  draw  a  line  cutting  the  semicircle,  so  that  lines  drawn  from  the 


CONTENTS.  VU 

points  of  intersection  to  the  extremities  of  the  diameter,  cutting  each 
other,  may  have  a  given  ratio. 

22.  From  the  circumference  of  a  given  circle,  to  draw  to  a  straight 
line  given  in  position,  a  line  which  shall  be  equal  and  parallel  to 
a  given  straight  Nne. 

23.  The  bases  of  two  given  circular  segments  being  in  tlie  same 
straight  line ;  to  determine  a  point  in  it  such,  that  a  line  being  drawn 
through  it  making  a  given  angle,  the  part  intercepted  between  the 
circumferences  of  the  circles  may  be  equal  to  a  given  line. 

24.  If  two  chords  of  a  given  circle  intersect  each  other,  the 
angle  of  their  inclination  is  equal  to  half  the  angle  at  the  centre 
which  stands  on  an  arc  equal  t»  the  sum  or  difference  of  the  arcs 
int^cepted  between  them»  accordtng  as  they  meet  within  or  without 
the  circle. 

25.  If  fipom  a  p<»nt  without  two  circles  which  do  not  meet  each 
other,  two  lines  be  drawn  to  their  centres,  which  have  the  same 
ratio  that  their  radii  have ;  the  angle  contained  by  tangents  drawn 
from  that  point  towards  the  same  parts  will  be  equal  to  the  angle 
contained  by  lines  drawn  to  the  centres. 

26.  To  determine  the  Arithmetic,   Geometric  and   Harmonic  y 
means  between  two  given  straight  lines.  ^ 

27.  If  on  each  side  of  any  point  in  a  circle  any  nnniber  of  equal 
arcs  be  taken,  and  the  extremities  of  each  pair  joined;  the  sum  of 
the  chords  so  drawn  will  be  equal  to  the  last  chord  produced  to 
meet  a  line  drawn  from  the  given  point  through  the  extremity  of  the 
first  arc. 

28.  If  the  circumference  of  a  semicircle  be  divided  info  an  odd 
number  of  equal  parts,  and  through  the  points  which  are  eqnally 
distant  from  the  diameter  lines  be  drawn;  the  segments  of  these 
lines  intercepted  between  radii  drawn  to  the  extremities  of  the  most 
remote*  will  together  be  equal  to  a  radius  of  the  circle. 

29.  If  from  the  extremities  and  the  point  of  bisection  of  any  arc 
of  a  circle,. lines  be  drawn  to  any  point  in  the  opposite  circumference; 
the  sum  of  those  drawn  from  the  extremities  will  have  to  that  from 
the  point  of  bisection,  the  same  ratio  that  the  line  joining  the  extre- 
mities has  to  that  joining  one  of  them  and  the  point  of  bisection. 
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30.  If  two  equal  circles  cut  each  other,  and  from  either  point 
of  intersection  a  circle  be  described  cutting  them ;  tlie  points  where 
this  circle  cuts  them,  and  the  other  point  of  intersection  of  the  equal 
circles  are  in  the  same  straight  line. 

31.  If  two  equal  circles  cut  each  other,  and  from  either  point  of 
intersection  a  line  be  drawn  meeting  the  circumferences ;  the  part  of 
it  intercepted  between  the  circumferences  will  be  bisected  by  the 
circle  whose  diameter  is  the  common  chord  of  the  equal  circles. 

32.  If  two  circles  touch  each  other  externally  or  internally  ;  any 
straight  line  drawn  through  the  point  of  contact  will  cut  off  similar 
segments. 

33.  If  two  circles  touch  each  other  externally  or  intemaUy ;  two 
straight  lines  drawn  through  the  point  of  contact  will  intercept  arcs, 
the  chords  of  which  are  parallel. 

34.  If  two  circles  touch  each  other  externally  or  internally ;  any 
two  straight  lines  drawn  through  the  point  of  contact,  and  terminated 
both  ways  by  the  circumference,  will  be  cut  proportionally  by  the 
circumference. 

35.  If  two  circles  touch  each  other  externally,  and  parallel 
diameters  be  drawn ;  the  straight  line  joining  the  extremities  of  these 

*  diameters  will  pass  through  the  point  of  contact. 

36.  If  two  circles  touch  each  other  and  also  touch  a  straight 
line ;  the  part  of  the  line  between  the  points  of  contact  is  a  mean 
proportional  between  the  diameters  of  the  circles. 

37-  If  two  circles  touch  each  other  externally,  and  the  line  join- 
ing their  centres  be  produced  to  the  circumferences ;  and  from  its 
middle  point  as  a  centre  with  any  radius  whatever  a  circle  be  de- 
scribed, and  any  line  placed  in  it  passing  through  the  point  of  contact ; 
the  parts  of  the  line  intercepted  between  the  circumference  of  this 
circle  and  each  of  the  others  will  be  equal. 

38.  If  from  the  point  of  contact  of  two  circles  which  touch  each 
other  internally,  any  number  of  lines  be  drawn;  and  through  the 
points,  where  these  intersect  the  circumferences,  lines  be  drawn  from 
any  other  point  in  each  circumference,  and  produced  to  meet ;  the 
angles  formed  by  these  lines  will  be  equal. 

39-    If  two  circles  touch  each  other  internally,  and  any  two  per- 
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peiMJ^icalars  to  their  common  diameter  be  prodaced  to  cut  the  cir- 
cumferences ;  the  lines  joining  the  points  of  intersection  and  the 
point  of  contact  are  proportional. 

40.  If  three  circles,  whose  diameters  are  in  continued  proportion, 
touch  each  other  internally,  and  from  the  extremity  of  the  least 
diameter  passing  through  the  point  of  contact  a  perpendicular  be 
drawn,  meeting  the  circumferences  of  the  other  two  circles ;  this 
diameter  and  the  lines  joining  the  points  of  intersection  and  contact 
are  in  continued  proportion. 

41.  If  a  common  tangent  be  drawn  to  any  number  of  circles 
which  touch  each  other  internally,  and  from  any  point  in  this  tangent 
as  a  centre,  a  circle  be  described  cutting  the  others,  and  from  thb 
centre  lines  be  drawn  through  the  intersections  of  the  circles  respec- 
tively ;  the  segments  of  them  within  each  circle  will  be  equal. 

42.  If  from  any  point  in  the  diameter  of  a  circle  produced,  a 
tangent  be  drawn ;  a  perpendicular  from  the  point  of  contact  to  the 
diameter  will  divide  it  into  segments  which  have  the  same  ratio  that 
the  distances  of  the  point  without  the  circle  from  each  extremity  of 
the  diameter,  have  to  each  other. 

43.  If  from  the  extremity  of  the  diameter  of  a  given  semicircle 
a  straight  line  be  drawn  in  it,  equal  to  the  radius,  and  from  the  centre 
a  perpendicular  let  fiill  upon  it  and  produced  to  the  circumference ; 
it  will  be  a  mean  proportional  between  the  lines  drawn  from  the  point 
of  intersection  with  the  circumference  to  the  extremities  of  the 
diameter. 

44.  If  from  the  extremity  of  the  diameter  of  a  circle,  two  lines 
be  drawn,  one  of  which  cuts  a  perpendicular  to  the  diameter,  and 
the  other  is  drawn  to  the  point  where  the  perpendicular  meets  the 
circumference ;  the  latter  of  these  lines  is  a  mean  proportional  between 
the  cutting  line,  and  that  part  of  it  which  is  intercepted  between  the 
perpendicular  and  the  extremity  of  the  diameter. 

45.  In  the  diameter  of  a  circle  produced,  to  determine  a  point, 
from  which  a  tangent  drawn  to  the  circumference,  shall  be  equal  to 
the  diameter. 

46.  To  determine  a  point  in  the  perpendicular  at  the  extremity 
of  the  diameter  of  a  semicircle,  from  which  if  a  line  be  drawn  to  the 
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etl>€r  extremity  of  tbe  diameter^  the  part  without  the  circle  may  be 
equal  to  a  given  straight  line. 

47.  Through  a  given  point  without  a  given  circle,  to  draw  a 
straight  line  to  cut  the  circle,  so  that  the  two  perpendiculars  drawn 
from  the  points  of  intersection  to  that  diameter  which  passes  through 
the  ; given  point,  may  together  be  equal  to  a  given  line,  not  greater 
than  the  diameter  of  the  circle. 

48.  If  irom  each  extremity  of  any  number  of  equal  adjacent 
arcs  in  the  circumference  of  a  circle,  lines  be  drawn  through  two 
given  points  in  the  opposite  circumference,  and  produced  till  they 
meet ;  the  angles  formed  by  these  lines  will  be  equal. 

49.  To  determine  a  point  in  the  circumference  of  a  circle,  from 
which  lines  drawn  to  two  other  given  points,  shall  have  a  given  ratio. 

50.  If  any  point  be  taken  in  the  diameter  of  a  circle,  which  is 
not  the  centre;  of  all  the  chords  which  can  be  drawn  through  that 
point,  that  is  the  least  which  is  at  right  angles  to  the  diameter.. 

51.  If  from  any  point  without  a  circle  lines  be  drawn  touching 
it ;  the  angle  contained  by  the  tangents  is  double  the  angle  contained 
by  the  line  joining  the  points  of  contact  and  the  diameter  drawn 
through  one  of  them. 

52.  If  from  the  extremities  of  the  diameter  of  a  circle  tangents 
be  drawn,  and  produced  to  intersect  a  tangent  to  any  point  of  the 
circumference ;  the  straight  lines  joining  the  points  of  intersection 
and  the  centre  of  the  circle  form  a  right  angle. 

53.  If  from  the  extremities  of  the  diameter  of  a  circle  tangents 
be  drawn ;  any  other  tangent  to  the  circle,  terminated  by  them,  is 
so  divided  at  the  point  of  t;ontact,  that  the  radius  of  the  circle  is  a 
mean  proportional  between  its  segments. 

54.  Two  circles  being  given  in  magnitude  and  position ;  to  find 
a  point  in  the  circumference  of  one  of  them,  to  which  if  a  tangent  be 
drawn  cutting  the  circumference  of  the  other,  the  part  of  it  inter- 
cepted between  the  two  circumferences  may  be  eq^ial  to  a  given  line. 

55.  To  draw  a  straight  line  cutting  two  concentric  circles,  so 

that  the  part  of  it  which  is  intercepted  by  the*  circumference  of  the 

greater  may  be  double  the  part  intercepted  by  the  circumference  of 
the  less. 
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56.  If  two  circles  intersect  each  oilier,  tlie  centre  of  the  one 
being  in  the  circumference  of  the  other,  and  any  line  be  drawn  from 
that  centre  ;  the  parts  of  it  which  are  cut  off  by  the  common  chord 
and  the  two  circumferences  will  be  in  continued  proportion. 

5i7.  If  a  semicircle  be  described  on  the  side  of  a  quadrant,  and 
from  any  point  in  the  quadrantal  arc  a  radius  be  drawn,  the  part  of 
the  radius  intercepted  between  the  quadrant  and  semicircle,  is  equal 
to  the  perpendicular  let  fall  from  the  same  point  on  their  common 
tangent. 

Cor.  Any  chord  of  tlie  semicircle  drawn  from  the  centre  of  tlie 
quadrant  is  equal  to  the  perpendicular  drawn  to  the  other  side, 
from  the  point  in  which  the  chord  produced  meets  the  quadrantal  arc. 

58.  If  a  semicircle  be  described  on  the  side  of  a  quadrant,  and 
a  line  be  drawn  from  the  centre  of  the  quadrant  to  a  common  tan- 
gent ;  this  line,  the  parts  of  it  cut  off  by  the  circumferences  of  the 
quadrant,  and  of  the  semicircle,  and  the  segment  of  the  diameter  of 
the  semicircle  made  by  a  perpendicular  from  the  point  where  the 
line  meets  its  circumference,  are  in  continued  proportion. 

59.  If  the  chord  of  a  quadrant  be  made  the  diameter  of«  a  semi- 
circle,  and  from  its  extremities  two  straight  lines  be  drawn  to  any 
point  in  the  circumference  of  the  semicircle ;  the  segment  of  tlie 
greater  line .  intercepted  between  the  two  circumferences  shall  be 
equal  to  the  less  of  the  two  lines. 

60.  If  two  circles  cut  each  other,  so  that  the  circumference  of 
one  passes  through  the  centre  of  the  other,  and  from  either  point  of 
intersection  a  straight  line  be  drawn  cutting  both  circumferences ;  the 
part  intercepted  between  the  two  circumferences  will  be  equal  to  the 
chord  drawn  from  the  other  point  of  intersection  to  the  point  where 
it  meets  the  inner  circumference. 

61.  If  from  each  extremity  of  the  diameter  oi  a  circle  lines  be 
drawn  to  any  two  points  in  the  circumference ;  the  sums  of  the  lines 
so  drawn  to  each  point  will  haye  to  one  another  the  same  ratio  that 
the  lines  have,  which  join  those  points  and  the  opposite  extremity 
of  a  diameter  perpendicular  to  the  former. 

62.  If  from  any  two  points  in  the  circumference  of  a  circle  there 
be  drawn  two  straight  lines  to  a  point  in  a  tangent  to  that  circle ; 
they  will  make  the  greatest  angle  when  drawn  to  the  point  of  contact. 
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63.  From  a  given  point  within  a  given  circle  to  draw  a  straight 
line  which  shall  make  with  the  circumference  an  angle  less  than  the 
angle  made  by  any  other  line  drawn  from  that  point. 

64.  To  determine  a  point  in  the  arc  of  a  quadrant,  from  which 
if  lines  be  drawn  to  the  centre  and  the  point  of  bisection  of  the  radius, 
they  shall  contain  the  greatest  possible  angle. 

65»  If  the  radius  of  a  circle  be  a  mean  proportional  to  two  dis- 
tances from  the  centre  in  the  same  straight  line ;  the  lines  drawn 
from  their  extremities  to  any  point  in  the  circumference  will  have 
the  same  ratio  that  the  distances  of  these  points  frdm  the  circum- 
ference have. 

66.  Two  circles  being  given  in  position  and  magnitude ;  to 
draw  a  straight  line  cutting  them  so  that  the  chords  in  each  circle 
may  be  equal  to  a  given  line,  not  greater  than  the  diameter  of  the 
smaller  circle. 

67.  To  determine  a  point  in  the  arc  of  a  quadrant,  through 
which  if  a  tangent  be  drawn  meeting  the  sides  of  the  quadrant  pro- 
duced, the  intercepted  parts  may  have  a  given  ratio. 

68.  If  a  tangent  be  drawn  to  a  circle  at  the  extremity  of  a  chord 
which  cuts  the  diameter  at  right  angles,  and  from  any  point  in  it  a 
perpendicular  be  let  £dl ;  the  segment  of  the  diameter  intercepted 
between  that  perpendicular  and  chord  is  to  the  intercepted  part  of 
the  tangent  as  the  chord  b  to  the  diameter. 

69'  If  &  straight  line  be  placed  in  a  circle,  and  from  its  ex- 
tremities perpendiculars  be  let  fall  upon  any  diameter ;  these  per- 
pendiculars together  will  have  to  the  part  of  the  diameter  intercepted 
between  them,  the  same  ratio  that  a  line  placed  in  the  circle  per- 
pendicular to  the  former  line,  has  to  the  former  line  itself. 

70.  In  a  circle  to  place  a  straight  line  of  given  length,  so  that 
perpendiculars  drawn  to  it  from  two  given  points  in  the  circum- 
ference may  have  a  given  ratio. 

71.  If  from  any  point  in  the  arc  of  a  segment  of  a  circle  a  line 
be  drawn  perpendicular  to  the  base ;  and  from  the  greater  segment 
of  the  base  and  arc,  parts  be  cut  off  respectively  equal  to  the 
less ;  the  remaining  part  of  the  base  shall  be  equal  to  the  chord  of 
the  remaining  arc. 
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7^*  If  from  the  point  of  bisection  of  any  arc  of  a  circle  a  per- 
pendicular be  drawn  to  the  diameter  which  passes  through  one 
extremity ;  it  will  bisect  the  segment  of  the  chord  cut  off  by  the  line 
joining  the  point  of  bisection  of  the  arc  and  the  other  extremity  of 
the  diameter. 

73.  In  a  given  circle  to  draw  a  chord  parallel  to  a  straight  line 
given  in  position  ;  so  that  the  chord  and  perpendicular  drawn  to  it 
from  the  centre  may  together  be  equal  to  a  given  line. 

74.  Through  a  given  point  within  a  given  circle,  to  draw  a 
straight  line  such  that  the  parts  of  it  intercepted  between  that  point 
and  the  circumference  may  have  a  given  ratio. 

75.  From  two  given  points  in  the  circumference  of  a  given  circle, 
to  draw  two  lines  to  a  point  in  the  circumference,  which  shall  cut  a 
line  given  in  position,  so  that  the  part  of  it  intercepted  by  them  may 
be  equal  to  a  given  line. 

76.  ■  If  a  chord  and  diameter  of  a  circle  intersect  each  other  at 
f  any  angle,  and  a  perpendicular  to  the  chord  be  drawn  from  either 

extremity  of  it,  meeting  the  circumference  and  diameter  produced  ; 
the  whole  perpendicular  has  to  the  part  of  it  without  the  circle,  the 
same  ratio  that  the  greater  segment  of  the  chord  has  to  the  less. 

77'  If  from  the  extremities  of  any  chord  of  a  circle,  perpen- 
diculars to  it  be  drawn  and  produced  to  'CUt  a  diameter ;  and  from 
the  points  of  intersection  with  the  diameter  lines  be  drawn  to  a 
point  in  the  chord  so  as  to  make  equal  angles  with  it ;  these  lines 
together  will  be  equal  to  the  diameter  of  the  circle. 

78.  If  from  a  point  without  a  circle  two  straight  lines  be  drawn, 
one  of  which  touches  and  the  other  cuts  the  circle ;  a  line  drawn 
from  the  same  point  in  any  direction,  equal  to  the  tangent,  will 
be  parallel  to  the  chord  of  the  arc  intercepted  by  two  lines  drawn 
from  its  other  extremity  to  the  former  intersections  of  the  circle. 

79.  If  from  a  point  without  a  circle  two  straight  lines  be  drawn 
touching  it,  and  from  one  point  of  contact  a  perpendicular  be  drawn 
to  that  diameter  which  passes  through  the  other ;  this  perpenilicular 
will  be  bisected  by  the  line  joining  the  point  without  the  circle  and 
the  other  extremity  of  the  diameter. . 
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80.  If  any  chord  in  a  circle  be  bisected  by  another,  and  produced 
to  meet  the  tangents  drawn  from  the  extremities  of  the  bisecting  line ; 
the  parts  intercepted  between  the  tangents  and  the  circumferences 
are  equal. 

81.  If  one  chord  in  a  circle  bisect  another,  and  tangents  drawn 
from  the  extremities  of  each  be  produced  to  meet ;  the  line  joining 
their  points  of  intersection  will  be  parallel  to  the  bisected  chord. 

82.  If  from  a  point  without  a  circle  two  lines  be  drawn  touching 
the  circle,  and  from  the  extremities  of  any  diameter  lines  be  drawn 
to  the  points  of  contact,  cutting  each  other  within  the  circle ;  the 
line  produced,  which  joins  their  intersection  and  the  point  without 
the  circle,  will.be  perpendicular  to  the  diameter. 

83.  If  on  opposite  sides  of  the  same  extremity  of  the  diameter  of 
a  circle  equal  arcs  be  taken,  and  from  the  extremities  of  these  arcs 
lines  be  drawn  to  any  point  in  the  circumference,  one  of  which  cuts 
the  diameter,  and  the  other  the  diameter  produced ;  the  distances 
of  the  points  of  intersection  from  the  extremities  of  the  diameter 
are  proportional  to  each  other. 

84.  If  from  the  extremities  of  any  chord  in  a  circle,  perpen- 
diculars be  drawn  to  a  diameter,  and  from  either  extremity  of  that 
diameter  a  perpendicular  be  drawn  to  the  chord ;  it  will  divide  it 
into  segments,  which  are  respectively  mean  proportionals  between 
the  segments  of  the  diameter  cut  off  by  the  perpendiculars. 

85.  If  from  any  point  in  the  diameter  of  a  semicircle,  a  per- 
pendicular be  drawn,  meeting  the  circumference,  and  on  it  as  a 
diameter  a  circle  be  described,  to  the  centre  of  which  a  line  is 
drawn  from  the  farther  extremity  of  the  diameter  of  the 'semicircle, 
cutting  its  circumference;  and  through  the  point  of  intersection 
another  line  be  drawn  from  the  extremity  of  the  perpendicular, 
meeting  the  diameter  of  the  semicircle  ;  this  diameter  will  be  divided 
into  three  segments  which  are  in  continued  proportion. 

S6.  If  from  a  point  without  a  given  circle,  any  two  lines  be 
drawn  cutting  the  circle ;  to  determine  a  point  in  the  circumference, 
such  that  the  sum  of  the  perpendiculars  from  it  upon  these  lines  may 
be  equal  to  a  given  line. 

87.    If  two  circles  cut  each  other,  and  any  two  points  betaken 

i 
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in  the  circumference  of  one  of  them,  through  which  lines  are  drawn 
from  the  points  of  intersection  and  produced  to  the  circumference  of 
the  other;  the  straight  Hues  joining  the  extremities  of  those  which 
are  drawn  through  the  same  point,  are  equal. 

88.  If  two  circles  cut  each  other;  the  greatest  line  that  can  be 
drawn  through  the  point  of  intersection  is  that  which  is  parallel  to 
the  line  joining  their  centres. 

89'  Having  given  the  radii  of  two  circles  which  cut  each  other, 
and  the  distance. of  their  centres ;  to  draw  a  straight  line  of  given 
length  through  their  point  of  intersection,  so  as  to  terminate  in  their 
circumferences. 

90.  If  two  circles  cut  each  other ;  to  draw  from  one  of  the  points 
of  intersection  a  straight  line  meeting  the  circles,  so  that  the  part  of 
it  intercepted  between  the  circumferences  may  be  equal  to  a  given 
line. 

91.  If  .two  circles  cut  each  other;  to  draw  from  the  point  of 
intersection  two  lines,  the  parts  of  which  intercepted  between  the 
circumferences  may  have  a  given  ratio. 

92.  If  a  semicircle  be  described  on  the  common  chord  of  two 
intersecting  circles,  and  a  line  drawn  from  one  extremity  of  the 
chord,  cutting  the  two  circles ;  the  part  intercepted  between  the  two 
shall  be  divided  by  the  semicircle  into  segments  proportional  to 
perpendiculars  drawn  in  those  circles  from  the  other  extremity  of 
the  chord. 

93.  Two  circles  being  given,  the  circumference  of  one  of  which 
passes  through  the  centre  of  the  other ;  to  draw  a  chord  from  that 
centre,  such  that  a  perpendicular  l<!t  fall  upon  it  from  a  given  point, 
may  bisect  that  part  of  it  which  is  intercepted  between  the  cir- 
cumferences. 

94.  If  any  number  of  circles  cut  each  other  in  the  same  points, 
and  from  one  of  these  points  any  number  of  lines  be  drawn ;  the  parts 
of  them  which  are  intercepted  between  the  several  circumferences 
have  the  same  ratio. 

95.  In  a  given  circle  to  place  a  straight'  line  cutting  two  radii 
which  are  perpendicular  to  each  other,  in  such  a  manner  that  the 
line  itself  may  be  trisected. 
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96.  If  *a  straight  line  be  divided  into  any  two  parts,  and  upon 
the  whole  line  and  one  of  the  parts,  as  diameters,  semicircles  be 
described ;  to  determine  a  point  in  the  less  [diameter,  from  which  if 
a  perpendicular  be  drawn  cutting  the  circumferences,  and  the  points 
of  intersection  and  the  extremities  of  the  respective  diameters  be 
joined,  and  these  lines  produced  to  meet ;  the  parts  of  them  without 
the  semicircles  may  have  a  given  ratio. 

97'  If  a  straight  line  be  divided  into  any  two  parts,  and  from  the 
point  of  section  a  perpendicular  be  erected,  which  is  a  mean  pro- 
portional between  one  of  the  parts  and  the  whole  line,  and  a  circle 
described  through  the  extremities  of  the  line  and  the  perpendicular ; 
the  whole  line,  the  perpendicular,  the  aforesaid  part,  and  a  per- 
pendicdlar  drawn  from  its  extremity  to  the  circumference  will  be  in 
continued  proportion. 

93.  If  the  tangents  drawn  to  every  two  of  three  unequal  circles 
be  produced  till  they  meet,  the  points  of  intersection  will  be  in  a 
straight  line. 

99'  If  from  the  extremities  of  the  diameter  of  a  circle  any  number 
of  chorcis  be  drawn,  two  and  two  intersecting  each  other  in  a  per- 
pendicular to  that  diameter;  the  lines  joining  the  extremities  of 
every  corresponding  two  will  meet  the  diameter  produced  in  the 
same  point. 

100.  If  from  a  given  point  in  the  diameter  of  a  semicircle  pro- 
duced, three  straight  lines  be  drawn,  one  of  which  is  inclined  at  n 
given  angle  to  the  diameter,  another  touches  the  semicircle,  and  the 
third  cuts  it,  in  such  a  manner,  that  the  distance  of  the  given  point 
from  the  nearer  extremity  of  the,  diameter,  and  the  perpendiculars 
drawn  from  that  extremity  on  the  three  aforesaid  lines  may  be 
proportional ;  then  will  the  lines,  which  join  the  extremities  of  the 
diameter  and  of  that  part  of  the  cutting  line  which  is  within  the 
circle,  intersect  each  other  in  an  angle  equal  to  the  given  angle. 
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SECTION  III.     Page  92. 

1.  A.NY  side  of  a  triangle  b  greater  than  the  difference  (between 
the  other  two  sides. 

2.  In  any  right-angled  triangle,  the  straight  line  joining  the  right 
angle  and  the  bisection  of  the  hypothenuse  is  equal  to  half  the 
hypothenuse. 

3.  If  from  any  point  within  an  equilateral  triangle  perpendiculars 

be  drawn  to  the  sides ;  they  are  together  equal  to  a  perpendicular 

drawn  from  any  of  the  angles  to  the  opposite  side. 

\  / 

4.  If  the  points  of  bisection  of  the  sides  of  a  given  triangle  be  ^ 

joined ;  the  triangle  so  formed  will  be  one  fourth  of  the  given  triangle. 

5.  The  difference  of  the  angles  dt  the  bade  Of  aiiy  triangle  is 
double  the  angle  contained  by  a  line  drawii  from  the  vertex  per- 
pendicular  to  the  base,  and  another  bisecting  the  angle  at  the  vertex. 

6.  If  from  one  of  the  equdl  angles  of  an  isosceles  ttiangle  any 
line  be  drawn  to  the  opposite  sid^,  and  ftom  the  same  point  a  line  be 
drawti  to  the  opposite  side  produced,  so  that  the  part  intercepted 
between  them  may  be  equal  to  the  former ;  th^  angle  contained  by 
the  side  of  the  triangle  and  the  first  drawn  line  is  double  the  angle 
contained  by  the  base  and  the  latter^ 

7.  If  from  the  extremity  of  the  base  of  an  isosceles  triangle,  a 
line  eqtial  to  one  of  the  sidfes  be  dravtril  to  meet  thfc  opposite  side ; 
the  angle  formed  by  this  line  and  the  base  produced  is  equal  to 
three  times  either  of  the  equal  angles  of  the  triangle. 

S.  The  sum  of  the  sides  of  an  isosceles  triangle  is  less  than  the 
sum  of  the  sides  of  any  other  triangle  on  the  same  base  and  between 
the  same  parallels^ 

9.  If  from  one  of  the  equal  angles  of  an  isosceles  triangle,  a  per- 
pendicular be  drawn  to  the  opposite  side ;  the  part  of  it  intercepted 
by  a  perpendicular  from  the  vertex  will.havetoone  of  the  equal  sides« 
the  same  ratio  that  the  segment  of  the  base  has  to  the  perpendicular 
upon  the  base. 

10.  If  from  any  point  in  the  base  of  an  isosceles^  triangle  lines  be 

c 
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drawn  to  the  opposite  sides,  making  equal  angles  with  the  base ;  the 
triangles  formed  by  these  lines,  the  segments  of  the  base,  and  the 
lines  joining  the  intersections  of  the  sides  and  the  angles  opposite, 
will  be  equal. 

11.  If  from  any  point  in  the  base  of  an  isosceles  triangle  per* 
pendiculars  be  drawn  to  the  sides ;  these  together  shall  be  eqaal  to 
a  perpendicular  drawn  from  either  extremity  of  the  base  to  the 
opposite  side. 

12.  Of  all  triangles  having  the  same  vertical  angle,  and  whose 
bases  pass  through  a  given  point,  the  least  is  that  whose  base  is 
bisected  in  the  given  point. 

13.  If  from  the  angles  at  the  base  of  a  triangle,  perpendicalars 
be  let  fall  on  a  line  which  bisects  the  vertical  angle;  the  part  of  this 
line  intercepted  between  these  perpendiculars  will  be' bisected  by  a 
perpendicular  from  the  middle  of  the  base. 

14.  If  from  one  of  the  angles  af  the  base  of  a  triangle  a  tine  be 
drawn  parallel  to  the  opposite  side  and  from  any  point  in  it  lines  be 
drawn  making  any  angles  with  the  sides  (produced,  if  necessary); 
they  will  have  the  same  ratio  that  lines  have  which  ^are  drawn 
parallel  to  them  from  the  other  angles,  and  terminated  by  the  same 
^ides. 

15.  To  bisect  a  given  triangle  by  a  line  drawn  from  oneol  its 
angles. 

16.  To  bisect  a  given  triangle  by  a  line  drawn  from  a  given  point 
•in  one  of  its  sides. 

17.  To  determine  a  point  withiii  a  given  triangle,  from  which 
lines  drawn  to  the  several  angles,  will  divide  the  triangle  into  three 
equal  parts. 

18.  Trisect  a  given  triangle  from  a  given  point  within  it. 

19.  From  a  given  point  in  the  side  of  a  trian^e,  to  draw  lines 
which  will  divide  the  triangle  into  any  number  of  parts  whieh  shall 
have  a  given  ratio. 

• 

20.  If  two  exterior  angles  of  a  triangle  be  bisected^  and  from 
the  point  of  intersection  of  the  bisecting  lines,  a  line  be  drawn  to  the 
opposite  angle  of  the  triangle;  it  will  bisect  that  angle. 
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21.  If  ill  two  triangles  the  vertical  angle  of  the  oae  be  equ^l  to 
that  of  the  other^  and  one  other  angle  of  the  former  be  equal  to  the 
exterior  angle  at  the  base  of  the  latter ;  the  sides  about  the  third 
angle  of  the  former  shall  be  proportional  to  those  about  the  interior 
angle  at  the  base  of  the  latter. 

22.  In  a  given  triangle,  to  draw  a  line  parallel  to  one  of  the 
sidesy  so  that  it  may  be  a  mean  proportional  between  the  segments  of 
the  base. 

93.  To  draw  a  line  parallel  to  the  common  base  of  two  triangles 
which  have  different  altitudes,  so  that  the  parts  of  it  intercepted  by 
the  sides  may  halve  a  given  ratio. 

24.  ,.lf  the  base  of  a  triangle  be  produoed  so  that  the  whole  may 
be  to  the  part  produced  in  the  duplicate  ratio  of  the  sides ;  the  line 
jotning  the  vertex  and  the  extremity  of  the  part  produced  will  be  a 
mean  proportional  between  the  whole  line  produced  and  the  part 
produced. 

36.  To  determine  a  point  within  a  given  triangle,  which  will 
divide  a  line  parallel  to  the  base  into  two  segments,  such  that  the 
excess  of  each  segment  above  the  perpendicular  distance  between 
the  parallel  lines  may  be  to  each  other  in  the  duplicate  ratio  of  the 
respective  segments. 

26.  If  perpendiculars  be  drawn  to  two  sides  of  a  triangle  ftoia 
any  two  points  therein ;  the  distance  of  their  concon^  Itom  that  of 
the  two  sides  will  be  to  the  distance  between  the  two  points  as  either 
side  is  to  the  |>erpendicular  drawn  from  its  extremity  upon  the  other. 

27*  If  the  three  sides  of  a  triangle  be  bisected,  the  perpendiculars 
drawn  to  the  sides  at  the  three  points  of  bisection,  will  meet  in  the 
same  point 

28.  If  from  the  three  angles  of  a  triangle  lines  be  drawn  to  the 
points  of  bisection  of  the  opposite  sides,  these  lines  intersect  each 
other  in  the  same  point. 

29.  The  three  straight  lines  which  bisect  the  three  angles  of  a 
triangle,  meet  in  the  same  point. 

30.  if  the  three  angles  of  a  triangle  be  bisected^  and  one  of  the 
bisecting  lines  be  produced  to  the  opposite  side ;  the  angle  contained 
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by  this  line  produced,  and  one  of  the  others  is  equal  to  the  angle 
contained  by  the  third  and  a  perpendicular  drawn  from  the  common 
point  of  intersection  of  the  three  lines,  to  the  aforesaid  side. 

31.  In  a  right-angled  triangle,  if  a  straight  line  be  drawn  parallel 
tQ  the  hypothenuse,  and  cutting  the  perpendicular  drawn  from  the 
right  angle ;  and  through  the  point  of  intersection  a  line  be  drawn 
from  one  of  the  acute  angles  to  the  opposite  side^  and  the  extremity 
of  this  line  and  of  the  perpendicular  be  joined ;  the  locus  of  if^ 
intersection  with  the  line  parallel  to  the  hypothenuse  will  be  a  straight 
line. 

32.  If  from  the  angles  of  a  triangle,  lines,  each  equal  to  a  given 
line,  be  drawn  to  the  opposite  sides  (produced  if  necessary);  and 
from  any  point  within,  lines  be  drawn  parallel  to  these,  and  meeting 
the  sides  of  the  triangle ;  these  lines  will  together  be  equal  to  the 
given  line. 

33.  If  the  sides  of  a  triangle  be  cut  proportionally,  and  lines  be 
drawn  from  thie  points  of  section  to  the  opposite  angles ;  the  inter- 
sections of  these  lines  will  be  in  the  same  line,  viz.  that  drawn  from 
the  vertex  to  the  middle  of  the  base. 

34.  If  from  any  point  in  one  side  of  a  triangle,  two  lines  be  drawn, 
one  to  the  opposite  angle,  and  the  other  parallel  to  the  base,  and  the 
former  intersect  a  line  drawn  from  the  vertex  bisecting  the  base ; 
this  point  of  intersection,  that  of  the  line  parallel  to  the  base  and  the 
third  side,  and  the  third  angular  point  are  in  the  same  straight  line. 

35.  If  one  side  of  a  triangle  be  divided  into  any  two  parts,  and 
from  the  point  of  section  two  straight  lines  be  drawn  parallel  to,  and 
terminating  at  the  other  sides,  and  the  points  of  termination  be 
joined ;  and  any  other  line  be  drawn  parallel  to  either  of  the  two 
former  line^  so  as  to  intersect  the  o^ier,  and  to  terminate  in  the 
sides  of  the  triangle ;  then  the  two  extreme  parts  of  the  three  seg- 
ments into  which  the  line  so  drawn  is  divided,  will  always  be  in  the 
ratio  of  the  segments  of  the  first  divided  line. 

36.  If  through  the  point  of  bisection  of  the  base  of  a  triangle, 
any  line  be  drawn  intersecting  one  side  of  the  triangle  and  the  other 
produced,  and  meeting  a  parallel  to  the  base  from  the  vertex ;  thh 
line  will  be  cut  harmonicatlv. 
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37*  If  from  either  angle  of  a  triaDgle,  a  line  be  drawn  inter- 
seciuig  that  which  joins  the  vertex  and  the  bisection  of  the  base,  the 
opposite  side,  and  the  line  from  the  vertex  parallel  to  the  base ;  it 
will  be  cut  harmonically. 

38.  To  draw  a  line  from  one  of  the  angles  at  the  base  of  a  tri« 
angle,  so  that  the  part  of  it  cut  off  by  a  line  drawn  from  the  vertex 
parallel  to  the  base,  may  have  a  given  ratio  to  the  part  cut  off  by  the 
opposite  side. 

39.  To  determine  that  point  in  the  base  produced  of  a  right- 
angled  triangle,  from  which  the  line  drawn  to  the  angle  opposite  to 
the  base  shall  have  the  same  ratio  to  the  base  produced,  which  the 
perpendicular  has  to  the  base  itself. 

40.  If  the  base  of  any  triangle  be  divided  into  two  parts  by  a 
line  which  is  a  mean  proportional  between  them,  and  which  being 
drawn  parallel  to  the  second  side  b  terminated  in  the  third ;  any 
line  parallel  to  the  base  will  be  divided  by  the  mean  proportional 
(produced  if  necessary)  into  segments  which  will  be  to  each  other 
inversely  as  tlie  whole  mean  proportional  to  that  segment  which  is 
terminated  in  the  third  side  of  the  triangle. 

41.  If  from  the  extremities  of  the  base  of  any  triangle,  two 
straight  lines  be  drawn  intersecting  each  other  in  the  perpendicular, 
and  terminating  in  the  opposite  sides;  straight  lines  drawn  from 
thence  to  the  intersection  of  the  perpendicular  with  the  base,  will 
make  equal  angles  with  the  base. 

42.  In  any  triangle,  the  intersection  of  the  perpendiculars  drawn 
from  the  angles  to  the  opposite  sides,  the  intersection  of  the  lines 
from  the  angles  to  the  middle  of  the  opposite  sides,  and  the  inter- 
section of  the  perpendiculars  from  the  middle  of  the  sides,  are  all  in 
the  same  straight  line.  And  the  distances  of  those  points  from  one 
another  are  in  a  given  ratio. 

• 

43.  If  straight  lines  be  drawn  from  the  angles  of  a  triangle 

through  any  point,  either  within  or  without  the  triangle,  to  meet  Uie 
sides,  and  the  lines  joining  these  points  of  intersection  and  the  sides 
of  the  triangle  be  produced  to  meet ;  the  three  points  of  concourse 
will  be  in  the  same  straight  line. 
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SECTION  IV.    Page  120. 

1.  The  diameters  of  a  rhombus  bisect  each  other  at  right 
angles.  « 

2.  If  the  opposite  sides  or  opposite  angles  of  a  quadrilateral 
figure  be  equal ;  the  figure  will  be  a  parallelogram. 

3.  To  bisect  a  parallelogram  by  a  line  drawn  from  a  point  io  one 
of  its  sides. 

4.  If  from  any  point  in  the  diameter  (or  diameter  produced)  of 
a  parallelogram  straight  lines  be  drawn  to  the  opposite  angles;  they 
will  cut  ofi  equal  triangles. 

5.  From  one  of  the  angles  of  a  parallelogram  to  draw  a  line  to 
the  opposite  side,  which  shall  be  equal  to  that  side  together  with  the 
segment  of  it  which  is  intercepted  between  the  line  and  the  opposite 
angle. 

6.  If  from  one  of  the  angles  of  a  parallelogram  a  straight  line  be 
drawn^  cutting  the  diameter,  a  side  and  a  side  produced  ;  the  seg- 
ment intercepted  between  the  angle  and  the  diameter  is  a  mean 
proportional  between  the  segments  Intercepted  l>etween  the  diameter 
and  the  sides. 

7.  The  two  triangles,  formed  by  drawing  straight  lines  firom  any 
point  within  a  parallelogram  to  the  extremities  of  two  opposite  sides, 
are  together  half  of  the  parallelogram. 

8.  If  a  straight  line  be  drawn  parallel  to  one  of  the  sides  of  a 
parallelogram,  and  one  extremity  of  this  line  be  joined  to  the  opposite 
one  of  the  parallel  side,  by  a  line  which  also  cuts  the  diameter ;  the 
segments  of  the  diameter  made  by  this  line  will  be  reciprocally  pro- 
portional to  the  segments  of  that  part  of  it  which  is  intercepted 
between  the  side  and  the  parallel  line. 

9.  If  two  lines  be  drawn  parallel  and  equal  to  the  adjacent  sides 
of  a  parallelogram ;  the  lines  joining  their  extremities,  if  produced, 
will  meet  the  diameler  in  the  same  point. 

10.  If  in  the  sides  of  a  square,  at  equal  distances  from  the  four 
angles,  four  other  points  be  taken,  one  in  each  side ;  the  figure  con- 
tained by  the  straight  lines  which  join  them  shall  also  be  a  square. 
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*  1 1.  Tba  snin  of  the  diagMiais  of  a  trapezium  U  kss  than  the  9U111 
of  toy  four  lines  which  can  be  drawn  to  the  four  angles  from  any 
point  within  the  figure,  except  from  the  intersection  of  the  diagonal«« 

12.  E^ery  trapezium  is.  divided  hy  its  diagonals  into  four  tri- 
angles proportional  to  each  other. 

13.  If  two  opposite  angles  of  a  trapezium  be  right  angles;  the 
angles  subtended  by  either  side  at  the  two  opposite  angular  points 
shali  be  e^ual. 

14.  To  determine  the  figure  formed  by  joining  the  points  of 
bisection  of  the  sides  of  a  trapezium ;  and  its  ratio  to  the  trapezium. 

15.  To  deternmie  the  figure  formed  by  joining  the  points  where 
the  diagonals  of  the  trapesium  cut  the  parallelogram  (in  the  last 
problem);  and  its  ratio  to  the  trapezium. 

16.  If  two  sides  of  a  trapezium  be  parallel ;  its  area  is  equal  to 
half  that  of  a  parallelognim  whose  base  is  the  sum  of  those  two  sides, 
and  altitude  the  perpendicular  distance  between  them. 

!/•  If  firora  any  angle  of  a  rectangular  parallelogram  a  line  be 
drawn  to  the  opposite  side,  and  fironi  the  adjacent  angle  of  the  tra- 
pcanutt  that  formed  another  be  drawn  perpendicular  to  the  former ; 
the  lectangk  contained  by  these  two  lines  b  equal  to  the  given 
parallelogram. 

18.  To  divide  a  parallelogram  into  two  parts  which  shall  have  a 
given  ratio,  by  a  line  drawn  parallel  to  a  given  line. 

19.  To  bisect  a  trapezium  by  a  line  drawn  finom  one  of  its  angles. 

20.  To  bisect  a  trapezinm  by  a  line  drawn  from  a  given  point  in 
one  of  its  sides. 

21  •  If  two  sides  of  a  trapezium  be  parallel ;  the  triangle  contained 
by  either  of  the  other  sides,  and  the  two  straight  lines  drawn  from  its 
extremities  to  the  bisection  of  the  opposite  side,  is  half  the  trapezium. 

22.  To  divide  a  given  trapezium,  whose,  opposite  sides  are  pa- 
rallel, in  a  given  ratio,  by  a  line  drawn  through  a  given  point,  and 
terminated  by  the  two  parallel  sides. 

23.  If  a  trapezinm,  which  has  two  of  its  adjaceut  angles  right 
angles,  be  bisected  by  a  line  drawn  from  the  middle  of  one  of  those 
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sM08  which  are  not  parallel ;  the  sum  of  the  parallel  ndes  will  hate 
to  one  of  them  the  same  ratio,  that  the  side  which  is  not  hiseeted  has 
to  that  segment  of  it  which  is  adjacent  to  the  other. 

24.  If  the  sides  of  an  equilateral  and  equtaognlar  pentagon  be 
produced  to  meet ;  the  angles  formed  by.  these  lines  are  together 
equal  to  two  right  angles. 

25.  If  the  sides  of  an  equilateral  and  equiangular  hexagon  be  pro- 
duced to  meet ;  the  angles  formed  by  these  lines  are  together  equal 
to  four  right  angles. 

26.  The  area  of  any  two  parallelograms  described  on  the  two 
sides  of  a  triangle  is  equal  to  that  of  a  parallelogram  on  the  base, 
whose  side  is  equal  and  parallel  to  the  line  drawn  from  the  vertex  of 
the  triangle  to  the  intersection  of  the  two  sides  of  the  former  parall^- 
ograms  produced  to  meet. 

27*  The  perimeter  of  an  isosceles  triangle  is  greater  than  the 
perimeter  of  a  rectangular  parallelogram,  which  is  of  the  same  alti- 
tude with,  and  equal  to  the  given  triangle. 

28.  If  from  one  of  the  acute  angles  of  a  right-angled  triangle, 
a  line  be  drawn  to  the  opposite  side ;  the  squares  of  that  side  and 
the  line  so  drawn  are  together  equal  to  the  squares  of  the  segment 
adjacent  to  the  right  angle  and  of  the  hypothenuse. 

29.  In  any  triangle,  if  a  line  be  drawn  from  the  yertex  at  right 
angles  to  the  base ;  the  difference  of  the  squares  of  the  sides  is  eqqal 
to  the  difference  of  the  squares  of  the  segments  of  the  base. 

30.  In  any  triangle,  if  a  line  be  drawn  from  the  vertex  bisecting 
the  base ;  the  sum  of  the  squares  of  the  two  sides  of  the  triangle  is 
double  the  sum  of  the  squares  of  the  bisecting  line  and  of  half  the 
base. 

31.  If  from  the  three  angles  of  a  triangle  lines  be  drawn  to  the 
points  of  bisection  of  the  opposite  sides ;  the  squares  of  the  distances 
between  the  angles  and  the  common  intersection  are  together  one 
third  of  the  squares  of  the  sides  of  the  triangle. 

32.  If  from  any  point  within  or  without  any  rectilineal  figure, 
perpendiculars  be  let  fall  on  every  side ;  the  sum  of  the  squares  of 
the  alternate  segments  made  by  them^will  be  equal. 
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3d.  If  from  any  point  within  a  rectangular  parallelogram  lines  be 
^rawn  to  the  angular  points ;  the  sums  of  the  squares  of  those  which 
iire  drawn  to  the  opposite  angles  are  equal. 

34.  The  squares  of  the  diagonak  of  a  paraUelogram  are  together 
^nal  to  the  squares  of  the  four  sides. 

35.  If  two  sides  of  a  trapezium  be  paratle]  to  each  other ;  the 
squares  of  its  diagonals  are  together  equal  to  the  squares  of  its  two 
sides  which  are  not  parallel,  and  twice  the  rectangle  contained  by 
Its  parallel  sides. 

36.  The  squares  of  the  diagonals  of  a  trapezium  are  together 
double  the  squares  of  the  two  lines  joining  the  bisections  of  the  op- 
^site  sides. 

37.  The  squares  of  the  diagonals  of  a  trapezium  are  together 
less  than  the  squares  of  the  four  sides,  by  four  times  the  square  of 
the  line  joining  the  points  of  bisection  of  the  diagonals. 

38.  In  any  trapezium^  if  two  opposite  sides,  be  bisected;  the 
sum  of  the  squares  of  the  two  other  sides,  together  with  the  squares 
of  the  diagonaky  is  equal  to  the  sum  of  the  squares  of  the  bisected 
sidesy  together  with  four  times  the  square  of  the  line  joining  those 
points  of  bisection. 

39.  If  squares  be  described  on  the  sides  of  a  right-angled 
triangle ;  each  of  the  lines  joining  the  acute  angles  and  the  opposite 
angle  of  the  square,  will  cut  off  from  the  triangle  an  obtuse-angled 
triangle,  which  will  be  equal  to  that  cut  off  from  the  square  by  a 
line  drawn  from  the  intersection  with  the  side  to  that  angle  of  the 
square  which  is  opposite  to  it. 

40.  If  squares  be  described  on  the  two  sides  of  a  right-angled 
triangle ;  the  lines  joining  each  of  the  acute  angles  of  the  triangle 
and  the  opposite  angle  of  the  square  will  meet  the  perpendicular 
drawn  from  the  right  angle  upon  the  hypothenuse,  in  the  same  point. 

41.  If  squares  be  described  on  the  three  sides  of  a  right-angled 
triangle,  and  the  extremities  of  the  adjacent  sides  be  joined ;  the 
triangles  so  formed  are  equal  to  the  given  triangle  and  to  each  other. 

42.  If  the  sides  of  the  square  described  on  the  hypothenuse  of 
a  right-angled  triangle  be  produced  to  meet  the  sides  (produced  if 
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■ecessmry)  of  the  squares  described  apon  the  legs ;  thej  will  cut  off 
truuigles  eqoiaiigolar  mod  equal  to  the  giTen  triangle* 

43.  If  from  the  angular  points  of  the  squares  described  upon  the 
sides  of  a  riglitrangled  triangle  perpendiculars  be  let  fidi  upon  the 
hypothenuse  produced ;  they  wOl  cut  off  equal  segaienls;  and  the 
perpendieuburs  will  together  be  equal  to  the  hypothenuse. 

4i.  If  on  the  two  sides  of  a  right-angled  triangle  squares  be 
described ;  the  lines  joining  the  acute  angles  of  the  triangle  and  the 
opporite  angles  of  the  squares  will  cut  off  equal  segments  from  the 
sides ;  and  each  of  these  equal  segments  wifl  be  a  mean  proportional 
between  the  remaining  segments. 

45.  If  squares  be  described  on  the  hypothenuse  and  sides  of  a 
right-angled  triangle,  and  the  extremities  of  the  sides  of  the  former 
and  the  acyacent  sides  of  the  others  be  joined ;  the  sum  of  the 
squares  of  the  lines  joining  them  will  be  equal  to  five  times  the 
square  of  the  hypothenuse. 

46.  If  a  line  be  drawn  parallel  to  the  base  of  a  triangle,  and 
terminated  in  the  sides;  to  draw  a  line  cutting  it,  and  terminated 
also  by  the  sides,  so  that  the  rectangle  contained  by  their  segments 
may  be  equal. 

47.  II  the  sides,  or  sides  produced,  of  a  triangle  be  cut  by  any 
line ;  the  solids  formed  by  the  segmeaots  which  have  not  a  common 
extremity  are  equal. 

48.  If  through  any  point  within  a  triangle,  three  lines  be  drawn 
parallel  to  the  sides;  the  solids  formed  by  the  alternate  segments  of 
these  lines  areequal. 

49.  If  through  any  point  within  a  triangle  lines  be  drawn  from 
the  angles  to  cut  the  opposite  sides ;  Ae  segments  of  any  one  side 
will  be  to  each  other  in  the  ratio  compounded  of  the  ratios  of  the 
segments  of  the  other  sides. 

50.  If  from  each  of  the  angles  of  any  triangle,  a  line  be  drawn 
through  any  point  within  the  triangle  to  the  opposite  side ;  the  solid 
formed  by  the  segments  thereof,  intercepted  between  the  angles  and 
the  pobt,  will  have  to  the  solid  formed  by  the  three  remaining 
segments,  the  same  ratio  that  the  solid  formed  by  the  three  sides 
of  the  triangle  has  to  either  of  the  (equal)  solids  formed  by  the 
'dUemate  segments  of  the  sides. 
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SECTION  V.    Page  133. 

1.  A  STRAIGHT  line  of  given  length  being  drawn  from  the 
centre  at  right  angles  to  the  plane  of  a  circle ;  to  determine  that 
point  in  it  which  is  equally  distant  from  the  upper  end  of  the  line, 
and  the  circumference  of  the  circle. 

2.  To  determine  a  point  in  a  line  given  in  position,  to  which 
lines  drawn  from  two  given  points  may  have  the  greatest  difference 
possible. 

3.  A  straight  line  being  divided  in  two  given  points ;  to  deter- 
mine a  third  such  that  its  distances  from  the  extremities  may  be 
proportional  to  its  distances  from  the  given  points. 

4.  In  a  straight  line  given  in  position,  to  determtoe  a  point,  al 
which  two  straight  lines  drawn  from  given  points  on  the  same  side, 
will  contain  the  greatest  angle. 

5.  To  determine  the  position  of  a  point,  at  which  lines  drawn 
from  three  given  points  shall  make  with  each  other  angles  equal  to 
given  angles. 

6.  To  divide  a  straight  line  into  two  parts  such  that  the  rectangle 
contained  by  them  may  be  equal  to  the  square  of  their  difference. 

T.  If  a  straight  line  be  divided  into  any  two  parts ;  to  produce  it 
%o  that  the  rectangle  contained  by  the  whole  line  so  produced  and  the 
part  produced,  may  be  equal  to  the  rectangle  contained  by  the  given 
line  and  one  segment. 

Cor.  I.  To  produce  the  line,  so  that  tlie  rectangle  contained  by 
the  whole  line  ai^d  the  part  produced  may  be  equal  to  the  rectangle 
contained  by  two  given  lines. 

Cor.  2.  To  produce  the  line,  so  that  the  rectangle  contained  by 
the  whole  line  produced  and  the  part  produced  may  be  equal  to  a 
given  square. 

8.  To  determine  two  lines  such  that  the  sum  of  theif  squares 
may  be  equal  to  a  given  square,  and  their  rectangle  equal  to  a  given 
rectangle. 

9.  To  divide  a  straight  line  into  two  parts,  so  that  the  rectangle 
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contained  by  the  whole  and  one  of  the  parts  may  be  equal  to  the 
square  of  a  given  line,  which  is  less  than  the  line  to  be  divided. 

10.  To  divide  a  given  line  into  two  such  parts,  that  the  rectangle 
contained  by  the  whole  line,  and  one  of  the  parts  may  be  (m)  times 
the  square  of  the  other  part;  (m)  being  whole  or  fractional. 

11.  To  divide  a  given  line  into  two  such  parts,  that  the  square 
of  the  one  shall  be  equal  to  the  rectangle  contained  by  the  other  and 
a  given  line. 

12.  A  straight  line  being  given  in  magnitude  and  position;  to 
draw  to  it,  from  a  given  point,  two  lines,  whose  rectangle  shall  be 
equal  to  a  given  rectangle,  and  which  shall  cut  off  equal  segments 
from  the  given  line. 

13.  To  draw  a  straight  line  which  shall  touch  a  given  circle,  and 
make  with  a  given  line,  aa  an^e  equal  to  a  given  angle. 

14.  Through  a  given  point  to  draw  a  line  terminating  in  two 
lines  given  in  position,  so  that  the  rectangle  contained  by  the  two 
parts  may  be  eqnal  to  a  given  rectangle. 

15.  From  a  given  point  to  draw  a  line  cutting  two  given  parallel 
lines,  so  that  the  difference  of  its  segments  may  be  equal  to  a  given 
line. 

16.  From  a  given  point  without  a  circle,  to  draw  a  straight  line 
cutting  the  circle,  so  that  the  rectangle  contained  by  the  part  of  it 
without,  and  the  part  within  the  circle  shall  be  equal  to  a  given 
square. 

1 7*  From  a  given  point  in  the  circumference  of  a  semicircle,  to 
draw  a  straight  line  meeting  the  diameter,  so  that  the  difference 
between  the  squares  of  this  line  and  a  perpendicular  to  the  diameter 
from  the  point  of  intersection  may  be  equal  to  a  given  rectangle. 

18.  From  a  given  point  to  draw  two  lines  to  a  third  given  in 
positiotti  so  that  the  rectangle  contained  by  those  lines  may  be  equal 
to  a  given  rectangle,  and  the  difference  of  the  angles  which  they 
make  with  that  part  of  the  third  which  is  intercepted  between  them 
may  be  equal  to  a  given  angle. 

ip.  Two  points  being  given  without  a  given  circle;  to  determine 
a  point  in  the  circumference,  from  which  lines  drawn  to  the  two 
given  points  shall  contain  the  greatest  possible  angle. 
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SO.  Flroni  the  Useetion  of  a  given  »rc  of  a  circle^  to  draw  a 
straight  line  such  that  the  part  of  it  intercepted  between  the  chord  of 
that  and  the  opposite  circumference  shall  be  equal  to  a  given  straight 
line. 

21.  To  draw  a  straight  line  through  a  given  pointy  so  that  the 
snm  of  the  perpendiculars  to  it  from  two  other  given  points  may  be 
equal  to  a  given  line. 

22.  To  draw  a  straight  line  through  one  of  thfee  points  given  in 
position,  80  that  the  rectangle  contained  by  the  perpendiculars  let 
fall  upon  it  from  the  other  two,  may  be  equal  to  a  given  square. 

23.  A  given  straight  line  being  divided  into  two  parts ;  to  cut  off 
a  part  which  shall  be  a  mean  proportional  lietween  the  two  remaining 
s^ments. 

24.  To  draw  a  straight  line  making  a  given  angle  with  one  of  the 
sides  of  a  given  triangle*  so  that  the  triangle  cut  off  may  be  to  the 
whole  in  a  given  ratio. 

25.  Between  two  given  straight  lines  containing  a  given  angle,  to 
place  a  straight  line  of  given  length,  and  subtending  that  angle,  so  that 
the  segment  of  the  one  of  them  adjacent  to  the  angle  may  be  to  the 
segment  of  the  other  which  is  not  adjacent,  in  the  ratio  of  two  given 
lines. 

26.  From  two  given  points  to  draw  two  lines  to  a  point  in  a  third, 
such  that  the  difference  of  their  squares  may  be  equal  to  a  given 
square. 

27.  To  divide  a  given  straight  line  into  two  such  parts,  that  the 
square  of  one  may  be  to  the  excess  of  a  given  rectangle  above  the 
square  of  the  other,  in  a  given  ratio. 

28:  From  any  angle  of  a  triangle,  not  isosceles  about  the  angle, 
to  draw  a  line  without  the  triangle  to  the  opposite  side  produced, 
which  shall  be  a  mean  proportional  between  the  segments  of  the  side. 

29-  From  the  obtuse  angle  of  any  triangle,  to  draw  a  line  within 
the  triangle  to  the  opposite  side,  which  shall  be  a  mean  proportional 
between  the  segments  of  the  side. 

30.  From  the  common  extremity  of  the  diameters  of  two  semi- 
circles, given  in  magnitude  and  position ;  to  draw  a  line  meeting  the 
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eiramfcraieM  §o  that  tbe  Kdangle  coataiaed  by  the  tin>  chords 
■ay  be  cqoal  to  a  given  sqaare. 

31.  To  draw  a  line  parallel  to  a  given  line,  which  shall  be  termi- 
nated by  two  otben  given  in  position,  so  as  to  form  with  them  a 
triangle  equal  to  a  given  rectilineal  figure. 

32.  To  bisect  a  triangle  by  a  line  drawn  parallel  to  one  of  its 
sides. 

33.  To  divide  a  given  triangle  into  any  number  of  parts,  having 
a  given  ratio  to  each  other,  by  lines  drawn  parallel  to  one  of  the 
sides  of  the  triangle. 

34.  To  divide  a  given  triangle  into  any  number  of  equal  parts, 
by  lines  drawn  parallel  to  a  given  line. 

35.  To  divide  a  trapezium,  which  has  two  sides  parallel,  into 
any  number  of  equal  parts,  by  lines  drawn  parallel  to  those  sides. 

S6.  From  one  of  the  angular  points  of  a  given  square,  to  draw 
a  line  meeting  one  of  the  opposite  sides  and  the  other  produced,  in 
such  a  manner,  that  the  exterior  triangle  formed  thereby  may  have 
a  given  ratio  to  the  square. 

37 •  From  a  given  point  In  tiie  side  produced  of  a  given  rectangu- 
lar parallelogram,  to  draw  a  line  which  shall  cut  the  perpendicular 
sides  and  the  other  side  produced,  so  that  the  trapezium  cut  off, 
which  stands  on  the  aforesaid  side,  may  be  to  the  triangle  which 
stands  upon  the  produced  part  of  the  opposite  side,  in  a  given  ratio. 

38.  Through  a  given  point  between  two  straight  lines  containing 
a  given  angle,  to  drew  a  line  which  shall  cut  off  a  triangle  equal  to 
a  given  figure. 

39-  Between  two  lines  given  in  position,  to  draw  a  line  equal  to 
a  given  line,  so  that  the  triangle  thus  formed  may  be  equal  to  a 
given  rectilineal  figure. 

40.  From  two  given  lines  to  cut  off  two  others,  so  that  the  re* 
mainder  of  one  may  have  to  the  part  cut  off  from  the  other,  a  given 
ratio ;  and  the  difference  of  the  squares  of  the  other  remainder  and 
part  cut  off  from  the  first  may  be  equal  to  a  given  square. 

41.  From  two  given  lines  to  cut  off  two  others  which  shall  have 
a  given  ratio,  so  that  the  difference  of  the  squares  of  the  remainders 
may  be  equal  to  a  given  square. 
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At*  From  two  g;iTeii  lines  to  cut  off  two  others,  so  that  the  re> 
iiuiiiideffs  may  have  a  given  ratio,  and  the  sum  of  the  sqoares  of  the 
parts  cut  off  may  be  equal  to  the  square  of  a  given  line. 

43.  Two  points  being  given  in  a  given  straight  line;  to  determine 
a  third,  such  that  the  rectangles  contained  by  its  distances  from  each 
extremity  and  the  given  point  adjacent  to  that  extremity  may  be 
equal. 

44.  Through  the  point  of  intersection  of  two  given  circles,  to 
draw  a  line  in  such  a  manner,  that  the  sum  of  the  respective 
rectangles  contained  by  the  parts  thereof,  which  are  intercepted 
between  the  said  point  and  their  circumferences,  and  given  lines 
A  and  B,  may  be  equal  to  a  given  square. 

45.  Through  a  given  point,  to  draw  an  indefinite  line  such,  that 
if  lines  be  drawn  from  two  other  given  points  and  forming  given 
angles  with  it,  the  rectangle  contained  by  the  segments  intercepted 
between  the  given  point  and  the  two  lines  so  drawn,  shall  be  equal  to 
the  square  of  «  given  )ine. 

46.  Through  a  given  point  between  two  straight  lines  containing 
a  given  angle,  to  draw  a  line  such  that  a  perpendicular  upon  it  from 
the  given  angle  may  have  a  given  ratio  to  a  line  drawn  from  one  ex- 
tremity of  it,  parallel  to  a  line  given  in  position. 

47*  Through  a  g^ven  point  between  two  indefinite  straight  lines, 
not  parallel  to  one  another,  to  draw  a  line,  which  shall  be  terminated 
by  them,  so  that  the  rectangle  contained  by  its  segments  shall  be  less 
than  the  rectangle  contained  by  the  segments  of  any  other  line  drawn 
through  the  same  point. 


SECTION  VI.    Page  184. 
1  •  Xo  describe  an  isosceles  triangle  on  a  given  finite  straight 


3.    To  describe  a  square  which  shall  be  equal  to  the  difference 
of  two  squares,  whose  sides  are  given. 

Con.  Hence  a  mean  proportional  between  the  sum  and  difference 
of  two  given  lines  may  be  determined. 
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3.  To  describe  a  rectangular  paraUelogram,  ivhich  shaH  be  equal 

to  a  given  square,  and  have  its  adjacent  sides  together  equal  to  a 
given  line. 

4.  To  describe  a  rectangular  parallelogram,  which  shall  be  equal 
to  a  given  square,  and  have  the  difference  of  its  acyacent  sides  equal 
to  a  given  line. 

5.  To  describe  a  triangle,  which  shall  be  equal  to  a  given  equi- 
lateral and  equiangular  pentagon,  and  of  the  same  altitude. 

6.  To  describe  an  equilateral  triangle,  equal  to  a  given  isosceles 
triangle. 

7.  To  describe  a  parallelogram,  the  area  and  perimeter  of  which 
shall  be  respectively  equal  to  the  area  and  perimeter  of  a  given 
triangle. 

8.  To  describe  a  parallelogram,  which  shall  be  of  given  altitude, 
and  equiangular  and  equal  to  a  given  parallelogram.  . 

9-  To  describe  a  square  which  shall  be  equal  to  the  sum  of  any 
number  of  given  squares. 

10.  Having  given  the  difference  between  the  diameter  and  sida 
of  a  square ;  to  describe  the  square. 

11.  To  divide  a  circle  into  any  number  of  concentric  equal. 
annuli. 

Cor.  To  divide  it  into  annuli  which  shall  have  a  given  ratio. 

12.  In  any  quadrilateral  figure  circumscribing  a  circle,  the  oppo- 
site sides  are  equal  to  half  the  perimeter. 

13.  If  the  opposite  angles  of  a  quadrilateral  figure  be  equal  to 
two  right  angles,  a  circle  may  be  described  about  it. 

14.  A  quadrilateral  figure  may  have  a  circle  described  about  it, 
if  the  rectangles  contained  by  the  segments  of  the  diagonals  be  equal. 

15.  If  from  any  point  within  a  regular  figure-circumscribed  about 
a  circle,  perpendiculars  be  drawn  to  the  sides ;  they  will  together  be 
equal  to  that  multiple  of  the  semi-diameter  which  is  expressed  by  the 
number  of  the  sides  of  the  figure. 

16.  If  the  radius  of  a  circle  be  cut  in  extreme  and  mean  ratio; 
the  greater  segment  will  be  equal  to  the  side  of  an  equilateral  and 
equiangular  decagon  inscribed  in  that  circle. 
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17*  Any  segment  of  a  circle  being  described  on  the  base  of  a 
triangle ;  to  describe  on  the  other  sides  segments  similar  to  that  ou 
the  base* 

18.  If  an  equilateral  triangle  be  inscribed  in  a  circle ;  the  square 
described  on  a  side  thereof  is  equal  to  three  times  the  square 
described  upon  the  radius. 

19*  To  inscribe  a  square  in  a  given  right'-angled  isosceles  triangle. 

20.  To  inscribe  a  square  in  a  given  quadrant  of  a  circle. 

21.  To  inscribe  a  square  in  a  given  semicircle. 

22*   To  inscribe  a  square  in  a  given  segment  of  a  circle. 

2.3.  Having  given  the  distance  of  the  centres  of  two  equal  circles 
which  cut  each  other ;  to  inscribe  a  sqnare  in  the  space  included 
between  the  two  circumferences. 

24.  In  a  given  segment  of  a  circle  to  inscribe  a  rectangular 
parallelogram,  whose  sides  shall  have  a  given  ratio. 

25.  In  a  given  circle  to  inscribe  a  rectangular  parallelogram 
equal  to  a  given  rectilineal  figure. 

q6.  In  a  given  segment  of  a  circle  to  inscribe  an  isosceles 
triangle,  such  that  its  vertex  may  be  in  the  middle  of  the  chord,  and 
the  base  and  perpendicular  together  equal  to  a  given  line. 

27.  In  a  given  triangle,  to  inscribe  a  parallelogram  similar  to  a 
given  parallelogram. 

28.  In  a  given  triangle,  to  inscribe  a  triangle  similar  to  a  given 
triangle. 

29.  In  a  given  equilateral  and  equiangular  pentagon,  to  inscribe 
a  square. 

30.  In  a  given  triangle,  to  inscribe  a  rhombus,  one  of  whose 
angles  shall  be  in  a  given  point  in  the  side  of  the  triangle. 

31.  To  inscribe  a  circle  in  a  given  quadrant. 

32.  To  describe  a  circle,  the  circumference  of  which  shall  pass 
through  a  given  point,  and  touch  a  given  straight  line  in  a  given 
point. 

33.  To  describe  a  circle,  which  shall  pass  through  a  given  point, 
have  a  given  radius,  and  touch  a  given  straight  line. 

e 


/ 


/ 


XXXiv  CONTENTS. 

34.  To  describe  a  circle,  which  shall  pass  through  two  given 
points,  and  touch  a  given  straight  ^ne. 

35.  To  describe  a  circle,  the  circumference  of  which  shall  pass 
through  a  given  point,  and  touch  a  circle  in  a  given  point;  the  two 
points  not  being  in  a  tangent  to  the  given  circle. 

36.  To  describe  a  circle,  the  centre  of  which  may  be  id  the  per- 
pendicular of  a  given  right-angled  triangle,  and  the  circumference 
pass  through  the  right  angle  and  touch  the  hypothenuse. 

37.  To  describe  a  circle,  which  shall  pass  through  the  extremities 
of  a  given  line,  so  that  if  from  any  point  in  its  circumference  a  line 
be  drawn  making  a  given  angle  with  the  given  line ;  the  rectangle 
contained  by  the  segment  it  cuts  off  and  the  given  line,  may  be 
equal  to  the  square  of  the  line  drawn  from  the  same  point  to  the 
farther  extremity  of  the  given  line. 

38.  To  determine  a  point  in  the  perpendicular  let  fall  from  the 
vertical  angle  of  any  triangle  on  the  base;  about  which  as  a  centre  a 
circle  may  be  described  touching  the  longer  side,  and  passing  through 
the  opposite  angular  point. 

39.  To  describe  a  circle  which  shall  have  a  given  radius,  its 
centre  in  a  given  straight  line,  and  shall  also  touch  another  given 
straight  line  inclined  at  a  given  angle  to  the  former. 

40.  To  describe  a  circle  which  shall  touch  a  straight  line  in  a 
given  point,  and  also  touch  a  given  circle. 

41.  To  describe  two  circles,  each  having  a  given  radius,  which 
shall  touch  each  other,  and  the  same  given  straight  line  on  the  same 
side  of  it. 

42.  To  describe  a  circle  passing  through  two  given  points,  and 
touching  a  given  circle. 

43.  To  describe  a  circle  which  shall  pass  through  a  given  point, 
and  touch  a  given  circle  and  a  given  straight  line. 

44.  To  describe  a  circle  which  shall  touch  a  straight  }\ne  and 
two  circles  given  in  magnitude  and  position. 

45.  To  describe  a  circle  which  shall  touch  two  given  straight 
lines,  and  pass  through  a  given  point  between  them. 

46.  To  describe  a  circle  which  shall  touch  two  given  straight 
linec:,  and  also  touch  a  given  circle. 
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4/.  To  describe  a  circle  which  shall  touch  a  circle  and  straight 
line,  both  given  in  position,  and  have  its  centre  also  in  a  ^given 
straight  line. 

48.  Througli  two  given  points  within  a  given  circle,  to  describe 
a  circle,  which  shall  bisect  the  circumference  of  the  other.     ' 

49.  Through  two  given  points  without  a  given  circle,  to  describe 
a  circle  which  shall  cut  off  from  the  one,  an  arc  equal  to  a  given  arc. 

50.  To  describe  three  circles  of  equal  diameters,  which  shall 
touch  each  other. 

i^'  61.   Every  thing  remaining  as  in  the  last  proposition  ;  to  describe 

a  circle  which  shall  touch  the  three  circles. 

5Q,  To  determine  how  many  equal  circles  may  be  described 
round  another  circle  of  the  same  diameter,  touching  each  other  apd 
the  interior  circle* 

53.  To  draw  two  lines  parallel  to  the  adjacent  sides  of  a  given 
rectangular  parallelogram,  which  shall  cut  off  a  portion,  whose 
breadth  shall  be  every  where  the  same,  and  whose  area  shall  be  to 
that  of  the  parallelogram  in  any  given  ratio. 

54.  To  describe  a  triangle  equal  to  a  given  rectilinear  figurCf 
having  its  vertex  io  a  given  point  in  a  side  of  the  figure,  and  its  base 
in  the  base  (produced  if  necessary)  of  the' figure. 

55.  On  the  base  of  a  given  triangle  to  describe  a  quadrilateral 
figure  equal  to  the  triangle,  and  having  two  of  its  sides  parallel,  one 
of  them  being  the  base  of  the  triangle ;  and  one  of  its  angles  being 
an  angle  at  the  base,  and  the  other  equal  to  a  given  angle. 

56.  A  trapezium  being  given,  two  of  whose  sides  are  parallel ; 
to  describe  on  one  of  those  sides  another  trapezium,  having  its  oppo- 
site side  also  parallel  to  thb,  one  of  the  angles  at  the  base  the  same 
as  the  former,  and  the  other  equal  to  a  given  angle. 

57^  If  with  any  point  in  the  circumference  of  a  circle  as  centre, 
and  distance  from  its  centre  as  radius,  a  circular  arc  be  described  ; 
and  any 'two  chords  be  drawn,  one  from  the  centre  of  the  circular 
arc,  and  the  other  through  the  point  where  this  cuts  the  arc,  and 
parallel  to  the  line  joining  the  centres;  the  segments^of  each  chord 
intercepted  between  the  circumferences  which  are  concave  to  each 
other,  will  be  equal  respectively  to  those  of  the  other  between  the 
other  circumference. 


XXXVl  CONTENTS. 

58.  |f  the  diagonals  of  an  equilateral  and  e<)ttiangiilar  pentagon 
be  drawn  to  eut  one  another^  the  greater  segments  will  be  equal  to 
the  side  of  the  pentagon ;  and  the  diagonals  cut  each  other  in  ex- 
treme and  mean  ratio. 

59*  If  the  sides  of  a  triangle  inscribed  in  the  segment  of  a  circle 
be  produced  to  meet  lines  drawn  from  the  extremities  of  the  base, 
forming  with  it  angles  equal  to  the  angle  in  the  segment;  the 
rectangle  contained  by  these  lines  will  be  equal  to  the  square  de- 
scribed  on  the  base. 

60.  If  two  triangles  (one  of  them  right-angled)  have  the  same 
base  and  altitude,  and  the  hypothenuse  intersect  a  line  which  is 
drawn  bisecting  the  right  angle ;  a  line  passing  through  this  point  of 
intersection  parallel  to  the  base,  and  terminated  by  the  sides  of  the 
other  triangle,  shall  be  a  side  of  the  square  inscribed  within  it. 

61.  If  on  the  side  of  a  rectangular  parallelogram,  as  a  diameter, 
a  semicircle  be  described,  and  from  any  point  in  th^'circumfel^nce 
lines  be  drawn  through  its  extremities  to  meet  the  opposite  side  pro- 
duced ;  the  altitude  of  the  parallelogram  will  be  a  mean  proportional 
between  the  segments  cut  off. 

62.  If  on  the  diameter  of  a  semicircle  a  rectangular  parallelogram 
be  described,  whose  altitude  is  equal  to  the  chord  of  half  the 
semicircle,  and  lines  drawn  from  any  point  in  the  circumference  to 
the  extremities  of  the  base  intersect  the  diameter,  the  squares  of  the 
distances  of  each  point  of  section  from  the  farthest  extremity  of  the 
diameter  will  be  together  equal  to  the  square  of  the  diameter. 

Cor.  The  square  of  the  part  of  the  diameter  intercepted  between 
the  two  lines  drawn  from  the  point  in  the  semicircle  is  double  of  the 
rectangle  contained  by  the  two  extreme  segments. 

63.  If  on  the  radius  drawn  from  the  point  of  contact  of  a  circle 
and  its  circumscribed  square,  another  circle  be  described ;  and  from 
any  point  in  the  outer  circumference  a  line  be  drawn  through  its . 
centre  to  the  inner  circumference,  and  through  the  same  point 
anotlier  line  be  drawn  parallel  to  the  common  tangent  to  the  circles, 
and  terminated  by  the  side  of  the  square  and  its  diagonal ;  these  two 
lines  are  equal. 

64.  If  two  sides  of  a  trapezium  inscribed  in  a  circle  be  pro- 
duced, and   from  the  saq^e  |>oiut  in  one  side  produced,  a  line  be 
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drawn  parallel  to  the  other,  intenecting  the  adjacent  side  of  the 
tfapexinm,  and  a  second  line  to  the  extrcmitj  of  that  other  inter- 
secting the  cireninference :  the  line  joming  the  two  points  of  inter- 
section will  pass  through  the  same  point. 

65.  If  the  diagonals  of  a  quadrilateral  figure  inscribed  in  a  circle^ 
cut  each  other  at  right  angles ;  the  rectangles  contained  by  the  oppo- 
site sides  are  together  double  of  the  quadrilateral  figure. 

66.  If  a  rectangular  parallelogram  be  inscribed  in  a  right-angled 
iriangle,  and  they  have  the  right  angle  common ;  the  rectangle  con- 
tained by  the  segments  of  the  hypothenuse  is  equal  to  the  sum  of  the 
rectangles  contained  by  the  segments  of  the  sides  about  the  right 
angle. 

67.  If  on  the  diameter  of  a  semicircle  two  equal  circles  be  de« 
scribedy  and  in  the  curvilinear  space  included  by  the  three  circum* 
ferences  a  circle  be  inscribed ;  its  diameter  will  be  to  that  of  the 
equal  circles  in  the  proportion  of  two  to  three. 

68.  If  through  the  middle  point  of  any  chord  of  a  circle  two 
chords  be  drawn ;  the  lines  joiuing  their  extremities  will  intersect 
the  first  chord  at  equal  dktances  from  the  middle  point. 

69.  The  longest  side  of  a  trapezium  being  given,  and  made  ther 
diameter  of  the  circumscribed  circle ;  also  the  distance  between  its 
extremity  and  the  intersection  of  the  opposite  side  produced  to  meet 
it»  and  the  angle  formed  by  the  intersection  of  the  diagonab:  t» 
c(mstruct  the  trapezium. 

70.  The  diagonals  of  a  quadrilateral  figure  iuscribed  in  a  circle 
are  to  one  another  as  the  sums  of  the  rectangles  of  the  sides  which 
meet  their  extremities. 

71.  The  square  described  on  the  side  of  an  equilateral  and  equi^ 
angular  pentagon  inscribed  in  a  circle,  is  equal  to  the  sum  of  the 
squares  of  the  side  of  a  regular  hexagon  and  decagon  inscribed  in  the 
same  circle. 

72.  If  the  opposite  sides  of  an  irregular  hexagon  inscribed  in  a 
circle  be  produced  till  they  meet ;  the  three  points  of  intersection 
will  be  in  the  same  straight  line. 
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SECTION  VIL    Page  232. 

1.  X  HE  ▼ertical  aogle  of  an  oblique-aDgled  triangle  inscribed  in 
a  circle^  is  greater  or  less  than  a  right  angle,  by  the  angle  contained 
by  the  base  and  the  diameter  drawn  from  the  extremity  of  the  base. 

2.  If  from  the  vertex  of  an  bosceles  triangle  a  circle  be  described 
with  a  radius  less  than  one  of  the  equal  sides,  but  greater  than  the 
perpendicular;  the  parts  of  the  base  cut  off  by  it  will  be  equal. 

3.  If  a  circle  be  inscribed  in  a  right-angled  triangle ;  the  differ- 
ence between  the  two  sides  containing  the  right  angle  and  the 
hypothenuse,  is  equal  to  the  diameter  of  the  circle. 

4.  If  a  semicircle  be  inscribed  in  a  right-angled  triangle  so  as  to 
touch  the  hypothenuse  and  perpendicular,  and  from  the  extremity  of 
its  diameter  a  line  be  drawn  through  the  point  of  contact,  to  meet 
the  perpendicular  produced ;  the  part  produced  will  be  equal  to  the 
perpendicular. 

5.  If  the  base  of  any  triangle  be  bisected  by  the  diameter  of  its 
circumscribing  circle,  and  from  the  extremity  of  that  diameter  a  per- 
pendicular be  let  fall  upon-  the  longer  side;  it  will  divide  that  side 
into  segments,  one  of  which  will  be  equal  to  half  the  sum,  and  the 
other  to  half  the  difference  of  the  sides* 

6.  The  same  supposition  being  made  as  in  the  last  proposition ; 
if  from  the  point  where  the  perpendicular  meets  the  longer  side, 
another  perpendicular  be  let  fall  on  the  line  bisecting  the  vertical 
angle ;  it  will  pass  through  the  middle  of  the  base. 

7-  If  a  point  be  taken  without  a  circle,  and  from  it  tangents  be 
drawn  to  the  circle,  and  another  point  be  taken  in  the  circumference 
between  the  two  tangents,  and  a  tangent  be  drawn  to  it;  the  sum  of 
the  sides  of  the  triangle  thus  formed  is  equal  to  the  sum  of  the  two 
tangents. 

8.  Of  all  triangles  on  the  same  base  and  between  the  same 
parallels,  the  isosceles  has  the  greatest  vertical  angle. 

Cor.  Of  all  triangles  on  the  same  base,  and  having  the  same 
vertical  angle,  the  isosceles  is  the  greatest. 

g.  If  through  the  vertex  of  an  equilateral  triangle  a  perpendicular 
be  drawn  to  the  side,  meeting  a  perpendicular  to  the  base  drawn 
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from  its  extremity;  the  line  iotercepted  between  the  vertex  and  the 
latter  perpendicular  is  equal  to  the  radius  of  the  circumscribing 
circle. 

10.  If  a  triangle  be  inscribed  in  a  semicircle,  and  a  perpeiH 
dicular  drawn  from  any  point  in  the  diameter  meeting  one  side,  the 
circumference,  and  the  other  side  produced ;  the  segments  cut  off 
will  be  in  continued  proportion. 

11.  If  a  triangle  be  inscribed  in  a  semicircle,  and  one  side  be 
equal  to  the  seroidiameter ;  the  other  side  will  be  a  mean  proportional 
between  that  side  and  a  Une  equal  to  that  side  and  the  diameter 
together. 

12.  If  a  circle  be  inscribed  in  a  right-angled  triangle;  to  deter- 
mine the  least  angle  that  can  be  formed  H[>y  two  lines  dra^vn  from  the 
extremity  of  the  hypothenuse  to  the  circumference  of  the  circle. 

13*  If  an  equibiteral  triangle  be  inscribed  in  a  circle,  and  through 
the  angular  points  another  be  circumscribed ;  to  determine  the  ratio 
which  they  bear  to  each  other. 

14.  A  straight  line  drawn  from  the  vertex  of  an  equilateral 
triangle  inscribed  in  a  circle  to  any  point  in  the  opposite-  circum- 
ference, is  equal  to  the  two  lines  together,  which  are  drawn  from 
the  extremities  of  the  base  to  the  same  point. 

15.  If  the  base  of  a  triangle  be  produced  both  ways,  so  that  each 
part  produced  may  be  equal  to  the  adjacent  side,  and  through  the 
extremities  of  the  parts  produced  and  the  vertex  a  circle  be  de- 
scribed ;  the  line  joining  its  centre  and  the  vertex  of  the  triangle 
will  bisect  the  angle  at  the  vertex. 

16.  If  an  isosceles  triangle  be  inscribed  in  a  circle,  and  from  the 
vertical  angle  a  line  be  drawn  meeting  the  oiicumference  and  the 
base ;  either  equal  side  is  a  mean  proportional  between  the  segments 
of  the  line  thus  drawn. 

17-  If  from  the  extremities  of  one  of  the  equal  sides  of  an 
isosceles  triangle  inscribed  in  a  circle,  tangents  be  drawn  to  the  circle 
and  produced  to  meet ;  two  lines  drawn  to  any  point  in  the  circum- 
.ference  from  the  point  of  concourse  and  one  point  of  contact,  will 
divide  the  base  (produced  if  necessary)  in  geometrical  proportion. 

18.  If  on  the  sides  of  a  triangle  segments  of  circles  be  described 
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similar  to  a  segment  on  the  base,  and  from  the  extremities  of  the 
base  tangents  be  drawn  intersecting  their  circumferences ;  the  points 
of  intersection  and  the  vertex  of  the  triangle  will  be  in  the  same 
straight  line. 

19'  The  centre  of  the  circle  which  will  touch  two  semicircles 
described  on  the  sides  of  a  right-angled  triangle  is  in  the  middle 
point  of  the  hypothenuse. 

Cor.    Its  diameter  will  be  equal  to  the  sides  together. 

20.  If  on  the  three  sides  of  a  right-angled  triangle  semicircles  be 
described,  and  with  the  centres  of  those  described  on  the  sides, 
circles  be  described  touching  that  described  on  the  base ;  they  will 
also  touch  the  other  semicircles. 

21.  If  from  any  point  in  the  circumference  of  a  circle  perpen- 
diculars.be  drawn  to  the  sides  of  the  inscribed  triangle ;  the  three 
points  of  intersection  will  be  in  the  same  straight  line. 

22.  The  base  of  a  right-angled  triangle  not  being  greater  than 
the  perpendicular ;  if  on  any  line  drawn  from  the  vertex  to  the  base 
a  semicircle  be  described,  and  a  chord  equal  to  the  perpendicular 
placed  in  it,  and  bisectefl ;  the  point  of  bisection  will  always  fieill 
within  the  triangle. 

23.  The  straight  line  bisecting  any  angle  of  a  triangle  inscribed 
in  a  given  circle,  cuts  the  circumference  in  a  point,  which  is  equi- 
distant from  the  extremities  of  the  side  opposite  to  the  bisected 
angle,  and  from  the  centre  of  a  circle  inscribed  in  the  triangle. 

24.  The  perpendicular  from  the  vertex  on  the  base  of  an  equi- 
lateral triangle  is  equal  to  the  side  of  an  equilateral  triangle  inscribed 
in  a  circle  whose  diameter  is  the  base. 

25.  If  an  equilateral  triangle  be  inscribed  ip  a  circle,  and  the 
adjacent  arcs  cut  off  by  two  of  its  sides  be  bisected ;  the  line  joining 
the  points  of  bisection  will  be  trisected  by  the  sides. 

26.  If  any  triangle  be  inscribed  in  a  circle,  and  from  the  vertex 
a  line  be  drawn  parallel  to  a  tangent  at  either  extremity  of  the  base  ; 
this  line  will  be  a  fourth  proportional  to  the  base  and  two  sides« 

27-  If  a  triangle  be  inscribed  in  a  circle,  and  from  its  vertex 
lines  be  drawn  parallel  to  tangents  at  the  extremities  of  its  base ;  they 
will  cut  off  simitar  triangles. 
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OoB.  I.  The  Rectangle  contained  by  tlie  segments  of  tiie  base 
^jftcenft  lo  the  angles  is  equal  4o  the  square  ^f  eitlier  line  drawn 
from  the  vertex* 

Cor.  2.  Those  segments  are  also  in  the  dnplkate  ratio  of  iff^ 
adjacent  sides. 

128.   If  one  -cncle  be  circumscribed  and  imotber  inscribed  in  a 

-giren  tnangie,  and  a  liae  be  dfawa  from  tbeTertical  angle  to  the 

,  centre  of  the  inner,  and  prodoced  to  the  drcttmfeaence  of  4iM  outer 

circle ;  the  whole  line  thus  produced  has  to  the  part  produced  the 

same  ratio  that  the  sum  of  the  sides  of  the  triangle  iias  to  the  base. 

29.  If  in  «Tigfbt-angled  triangle,  a  p^erpendjcuiar  be  drawn  from 
the  right  angle  to  the  hypothenuse,  and  circles  inscribed  within  the 
triangles  on^each  side  of  it;  their  diameters  ^11  be  to -each  other  as 
tjbe  snblendiii^  sides  of  the  right-^ii^led  triaiigle* 

30.  To  &id  the  locus  of  the  vertex  of  a  triangle,  whose  base  and 
vatio  of  %he  other  two  sides  arc  given. 

91.  A  gijran  ftwght  Kne  bAig  ^Ayjtied  mtb  any  three  parts ;  to 
determine  a  point  snch,  that  lines  drawn  to  th^  points  otf  section  and 
to  the  extremities  of  the  line*  shall  contain  three  e^ufii  angles. 

32.  Tf  t^iro  «qual  Hnes  touch  two  unequal  circles,  and  from  the 
^xtaenitties  of  them  fines  ^containing  equal  angles  be  drawn  cutting 
Ae  circles,  and  the  points  of  section  joined ;  the  triangles  so  ftmned 
will  be  redprocally  proportional. 

33.  If  from  an  angle  of  « triangle  a  line  be  'drawn  to  cut  the 
opposite  side,  «o  that  the  rectangle  contained  by  the  sides  including 
the  angle  be  equal  to  the  rectangle  contained  by  the  segments  of  the 
^de  together  with  the  square  of  the  line  so  drawn ;  that  line  bisects 
the  angle. 

34.  In  any  triangle,  if  perpendiculars  be  drawn  from  tb^angles 
to  the  opposite  sides,  they  will  all  meet  in  a  poipt. 

35.  If  from  the  extremities  of  the  base  of  «ny  triangle,  twp  pei^ 
pendiculars  be  let  £dl  on  the  line  bisecting  the  vertical  angle ;  and 
through  the  :points  where  th^  meet  that  lioe,  3fid  .the  pomt  in  the 
hfl^,  whereon  the  peipe&^K^ular  froqa  ,^e  vierUcal^fu^le  &lla,.a.cjriple 
he  diescdbed ;  tj^t  circle  will  bisectth^bascpfthetpaffgle* 

S6.   If  ^m  one  of  the  angles  of  a  triangle  a  vlraight  line  -ho 

/ 
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drawn  through  the  centre  of  its  inscribed  circle,  and  a  perpendicular 
be  drawn  to  this  line  from  one  of  the  other  angles ;  the  point  of 
intersection  of  the  perpendicular,  and  the  two  points  of  contact  of 
the  inscribed  circle  which  are  adjacent  to  the  remaining  angle,  are  in 
the  same  straight  line. 

37.  If  from  Ibe  three  angles  of  any  triangle  three  straight  lines 
be  drawn  to  the  points  where  the  inscribed  circle  touches  the  sides; 
these  lines  shall  intersect  each  other  in  the  same  point. 

'  38.  If  three  circles  touch  each  other,  two  of  which  are  equal; 
the  .vertical  angle  of  the  triangle  forined  by  joining  the  points  of  con- 
tact, is  equal  to  either  of  the  angles  nt  the  base  of  the  triangle,  which 
is  formed  by  joining  their  cenlres. 

39.  If  three  equal  circles  tonch  each  other ;  to  compare  the  area 
of  the  triangle  formed  by  joining  their  centres  with  the  area  of  the 
triangle  formed  by  joining  the  points  of  contact. 

40.  If  four  straight  lines  intersect  each  other,  and  form  four 
triangles ;  the  circles  which  circumscribe  them  will  pass  through  one 
and  the  same  point. 

41.  Having  given  the  base  and  vertical  angle  of  a  triangle;  to 
determine  the  locus  of  the  extremity  of  the  line,  which  always  bisects 
the  vertical  angle,  and  is  equal  to  half  the  sum  of  the  sides  contain- 
ing that  angle. 

42.  If  from  the  extremities  of  the  base  of  a  triangle  inscribed  in 
a  circle,  perpendiculars  be  drawn  to  the  opposite  sides,  intersecting 
a  diameter  which  Is  perpendicular  to  the  base ;  the  segments  of  the 
diameter  intercepted  between  these  points  and  a  point  in  it,  whose 
distance  from  the  liase  is  equal  to  the  lesser  segment  of  the  diameter 
made  by  the  base,  will  be  to  one  another  in  the  ratio  of  the  sides  of 
the  triangle. 

43.  If  the  exterior  angle  of  a  triangle  be  bisected  by  a  straight 
line  which  cuts  the  base  produced ;  the  square  of  the  bisecting  line 
is  equal  to  the  difference  of  the  rectangles  of  the  segnlients  of  the  base 
and  of  the  siJes  of  the  triangle. 
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SECTION  VIII.    Pag€  ^63. 

1.  If  from  the  centre  of  a  circle  a  line  be  drawii  to  any  point  in 
the  chord  of  an  arc ;  the  square  of  that  line  together  with  the  rectangle 
contained  by  the  segments  of  the  chord  will  be  equal  to  the  square 
described  on  the  radius. 

3.  If  two  straight  lines  in  a  circle  cut  each  other  at  right  angles ; 
the  sums  of  the  squares  of  tlie  two  lines  joining  their  extremities  will 
be  equal. 

3.  If  two  points  be  taken  in  the  diameter  of  a  circle,  equidistant 
from  the  centre ;  the  sum  of  the  squares  of  the  two  lines  drawn  from 
these  points  to  any  point  in  the  circumference  will  be  always  the 
same. 

4.  If  from  any  pomt  in  the  diameter  of  a  semicircle  there  be 
drawn  two  straight  lines  to  the  circumference,  one  to  its  point  of 
biiectiouy  and  the  other  at  right  angles  to  the  diameter;  the  squares- 
of  these  two  lines  are  together  double  of  the  square  of  the  semi- 
diameter. 

5.  If  a  straight  line  be  drawn  at  right  angles  to  the  diameter  of 
a  circle,  and  be  out  by  any  other  line ;  the  rectangle  contained  by  the 
segments  of  this  cutting  line,  together  with  the  square  of  that  part  of 
the  perpendicular  line  which  is  intercepted  between  it  and  the 
diameter,  is  always  of  the  same  magnitude. 

6.  A  straight  line  b^ing  drawn  from  the  centre  of  a  quadrant, 
bisecting  the  arc  and  meeting  a  tangent  drawn  from  one  extremity : 
if  firom  any  point  in  the  bounding  radius  a  line  be  drawn  parallel  to 
the  tangent;  the  sum  of  the  squares  of  the  segments  of  it,  cut  off  by 
the  aforesaid  line  and  by  the  circumference  will  be  equal  to  the 
square  of  the  radius. 

7.  If  from  a  point  without  a  circle  there  be  drawn  two  straight 
lines,  one  of  which  is  perpendicular  to  a  diameter,  and  the  other 
cuts  the  circle;  the  square  of  the  perpendicular  is  equal  to  the 
rectangle  contained  by  the  whole  cutting  line  and  the  part  without 
the  circle,  together  with  the  rectangle  contained  by  the  segments  of 
the  diameter. 

8.  If  any  straight  line  be  drawn  perpendicular  to  the  diameter  of 
a  given  circle,  and  produced  to  cut  any  chord ;  the  rectangle  con- 
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tained  by  the  segments  of  the  diameter  will  be  less  or  greater  tbas 
the  rectangle  contained  by  the  segments  of  the  chord,  by  the  square 
of  the  Hne  intercepted  between  them,  according  as  it  is  drawn  without 
or  within  the  citcle. 

9*  If  a  diameter  of  a  circle  be  produced  to  bisect  a  line  at  right 
angles,  the  length  of  which  is  the  double  of  a  mean  proportional 
between  the  whole  line  through  the  centre  and  the  pact  without  the 
circle ;  and  from  any  point  in  the  double  of  the  mean  proportional 
a  line  be  drawn  cutting  the  circle ;  the  sum  of  the  squares  of  the 
segments  of  the  double  mean  proportional  will  be  equal  to  twice  the 
rectangle  contained  by  this  cutting  line  and  the  part  without  the 
circle. 

10..  If  from  a  point  without  a  circle  two  straight  lines  be  drawn^ 
one  through  the  centre  to  the  circumference,  and  the  other  perpen- 
dknlar  to  it»  and  on  the  former  a  mean  proportional  be  taken, 
betweea  the  whole  line  and  the  part  without  the  circle ;  any  ottito 
line  passing  through  that  extremity  of  the  mean  proportional  iriueh^  ia 
within  the  circle,  and  terminated  by  the  circumference  and  perlpeDf* 
dicular»  will  be  similarly  divided. 

11.  f  f  a  chord  be  drawn  parallel  to  the  diametei  of  a  circle,  and 
from  any  point  in  the  diameter  lines  be  drawn  to  its  extremities ;  the 
sum  of  their  squares  will  be  equal  to  the  snm  of  the  sqilaiei  of  the 
segments  of  the  diameter. 

12.  If  through  a  point  within  or  without  a  circle,  two  straight 
lines  be  drawn  at  right  angles  to  each  other,  and  meeting  the  cir- 
cumference ;  the  squares  of  the  segments  of  them  aie  together  equal 
to  the  square  of  the  diameter. 

13.  If  from  a  point  without  a  circle  there  be  drawn  two  straight 
lines,  one  of  which  touches  the  circle  and  the  other  cuts  it,  and 
from  tlie  point  of  contact  a  perpendicular  be  drawn  to  the  diameter; 
the  square  of  the  line  which  touches  the  circle  is  equal  to  the  square 
of  that  part  of  the  cutting  line  which  is  intercepted  by  the  perpen- 
dicular, together  with  the  rectangle  contained  by  the  segments  of 
that  part  of  it  which  is  within  the  circle. 

14.  A  straight  line  drawn  from  'the  concourse  of  two  tangents  to 
the  concave  circumference  of  a  circle  is  divided  harmonically  by  the 
convex  chrcumferencc  and  the  chord  which  joins  the  points  of 
contact. 
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15.  If  from  the  extremities  of  any  chord  in  a  circle  straight  Uaes 
be  drawn  to  any  point  in  the  circumference  meeting  a  diameter  per* 
pendicular  to  the  chord ;  the  rectangle  contained  by  the  distances  of 
their  points  of  intersection  from  the  centre  is  eqaal  to  the  square 
described  upon  the  radius. 

16.  If  from  any  point  in  the  base^  or  base  produced,  of  the  seg*' 
ment  of  a  eitcle,  a  line  be  drawn,  making  therewith  an  angle  equal  to 
the  angle  in  the  segment,  and  from  the  extremity  of  the  base  any  line 
be  drawn  to  the  former,  and  cutting  the  circumference;  the  rectangle 
contained  by  this  line  and  the  part  of  it  within  the  segment  is  always 
of  the  same  magnitude. 

17*  TV)  determine  the  locus  of  the  extremities  of  any  number  of 
straight  lines  drawn  horn  a  given  point,  so  that  the  rectangle  con* 
tained  by  each  and  a  segmoit  cut  off  from  each  by  a  line  given  ia 
position  may  be  equal  to  a  given  rectangle. 

18.  If  from  a  given  point  two  straight  lines  be  drawn  containing 
«  given  angle,  and  such  that  their  rectangle  may  be  equal  to  a  given 
rectilineal  figure,  and  one  of  them  be  terminated  by  a  straight  line 
given  in  position ;  to  determine  the  locus  of  the  extremity  of  the 
other. 

19.  If  from  the  vertical  angle  of  a  triangle  two  lines  be  drawn  to 
the  base  making  equal  angles  with  the  adjacent  sides ;  the  squares  of 
those  sides  will  be  proportional  to  the  rectangles  contained  by  the 
adjacent  segments  of  the  base. 

20.  If  a  line  placed  in  one  circle  be  made  the  diameter  of  a 
second,  the  circumference  of  the  latter  passing  through  the  centre  of 
the  former,  and  any  chord  in  the  former  circle  be  drawn  through  this 
diameter  perpendicularly ;  the  rectangle  contained  by  the  segments 
made  by  the  circumference  of  the  latter  circle  will  be  equal  to  that 
contained  by  the  whole  diameter  and  a  mean  proportional  between 
its  segments. 

21.  If  semicircles  be  described  on  the  segments  of  the  base  made 
by  a  perpendicular  drawn  from  the  right  angle  of  a  triangle;  they 
will  cut  off  from  the  sides,  segments  which  will  be  in  the  triplicate 
ratio  of  the  sides. 

22.  If  from  any  point  in  the  diameter  of  a  semicircle  a  per- 
pendicular be  dn^wn,  and  from  the  extremities  of  the  diameter  lines  be 
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drawn  to  any  point  in  the  circumference,  apd  meeting  the  perpen- 
dicnlar;  the  rectangle  contained  by  the  segments  which  they  cut  off 
from  the  perpendicular,  will  be  equal  to  the  rectangle  contained  by 
the  segments  of  the  diameter. 

23.  If  from  the  point  of  bbection  and  any  other  point  in  a  given 
arc  of  a  circle,  two  parallel  lines  be  drawn,  the  former  terminated 
by  the  circumference,  the  latter  by  the  chord  of  the  arc ;  the  rect- 
angle contained  by  these  two  Unes  will  be  equal  to  that  contained  by 
the  lines  which  join  the  latter  point  with  each  extremity  of  the  given 
arc. 

24.  If  two  circles  cut  each  other,  and  from  either  point  of  inter- 
section lines  be  drawn  meeting  both  circumferences;  the  rectangles 
contained  by  the  segment^  of  these  lines  are  to  one  another  in  the 
ratio  of  the  perpendiculars  drawn  from  their  intersection  with  the 
inner  circumferences  upon  the  line  joining  the  intersections  of  the 
circles. 

25.  If  on  opposite  sides  of  any  point  in  tlie  chord  of  a  circle,  two 
lines  be  taken,  one  terminating  in  the  chord  the  other  in  the  chord 
produced,  whose  rectangle  is  equal  to  that  contained  by  the  segments 
of  the  chord;  and  the  extremities  of  the  lines  so  taken  be  joined  to 
those  of  any  other  chord  passing  through  the  same  point ;  the  line 
joining,  their  intersections  of  the  circle  will  be  parallel  to  the  first 
chord. 

26.  If  from  two  points  without  a  circle  two  tangents  be  drawn, 
the  sum  of  the  squares  of  which  is  equal  to  the  square  of  the  line 
joining  those  points ;  and  from  one  of  them  a  line  be  drawn  cutting 
the  circle,  and  two  Hues  from  the  other  point  to  the  intersections  with 
the  circumference ;  the  points  in  which  these  two  lines  cut  the  circle, 
are  in  the  same  straight  line  with  the  former  point. 

27.  If  from  the  vertex  of  a  triangle  there  be  drawn  a  line  to  any 
point  in  the  base,  from  which  point  lines  are  drawn  parallel  to  the 
sides ;  the  sum  of  the  rectangles  of  each  side  and  its  segment  adja- 
cent to  the  vertex  will  be  equal  to  the  square  of  the  line  drawn  from 
the  vertex,  together  with  the  rectangle  contained  by  the  segments  of 
the  base. 

28.  if  on  the  chord  of  a  quadrantal  arc  a  semicircle  be  described; 
the  area  of  the  lune  so  formed  will  be  equal  to  the  area  of  the  triangle 
formed  by  the  chord  and  terminating  radii  of  the  quadrant. 
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29.  If  from  the  extremities  of  the  side  of  a  square  circles  be 
described  with  radii  equal,  the  former  to  the  side  and  the  latter  to 
the  diagonal  of  the  square ;  the  area  of  the  lune  so  formed  will  be 
equal  to  the  area  of  the  square. 

30.  If  on  tlie  sides  of  a  triangle  inscribed  in  a  circle,  semicircles 
be  described ;  the  two  lunes  formed  thereby  will  together  be  equal 
to  the  area  of  the  triangle. 

31.  If  on  the  two  longer  sides  of  a  rectangular  ^parallelogram  as 
diameters,  two  semicircles  be  described  towards  the  same  parts ;  the 
figure  contained  by  the  two  remaining  sides  of  the  parallelogram  and 
the  two  circumferences  shall  be  equal  to  the  parallelogram. 

32.  If  two  points 'be  taken  at  equal  distances  from  the  extremities 
of  a  quadrant,  and  perpendiculars  be  drawn  from  these  points  to  the 
radius ;  the  mixtilinear  space  cut  off,  shall  be  equal  to  the  sector 
which  stands  on  the  arc  between  them. 

33.  If  the  arc  of  a  semicircle  be  trisected,  and  from  the  points  of 
section  lines  be  drawn  to  either  extremity  of  the  diameter;  the 
difference  of  the  two  segments  thus  made  will  be  equal  to  the  sector 
which  stands  on  either  of  the  arcs. 

34.  If  a  straight  line  be  placed  in  a  circle,  and  on  the  radius 
passing  through  one  extremity,  as  a  diameter,  another  circle  be  de- 
scribed ;  the  segments  of  the  two  circles  cut  off  by  the  above  straight 
line  will  be  similar^  and  in  the  ratio  of  four  to  one.. 

35.  If  on  any  two  segments  ofjhe  diameter  of  a  semicircle  semi- 
circles be  described ;  the  area  included  between  the  three  circum- 
ferences will  be  equal  to  the  area  of  a  circle  whose  diameter  is  a 
mean  proportional  between  the  segments.  . 

36.  If  the  diameter  of  a  semicircle  be  divided  into  any  number 
of  parts,  and  on  them  semicircles  be  described ;  their  circumferences 
will  together  be  equal  to  the  circumference  of  the  given  semicircle. 

37*  If  two  equal  circles  cut  each  other,  and  from  either  point  of 
section  a  line  be  drawn  meeting  the  two  circumferences ;  the  area 
cut  off  by  the  part  of  this  line  between  the  two  circumferences  will 
be  equal  to  the  area  of  the  triangle  contained  by  that  part  and  lines 
drawn  to  its  extremities  from  the  other  point  of  section. 

38.  If  two  equal  circles  touch  each  other  externally,  and  through 
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the  point  of  contact  another  he  described  with  the  same  radius ;  the 
area  contained  by  the  convex  circumferences  cut  off  from  the  touch- 
ing circles,  and  tlie  part  of  the  third  without  them,  is  equal  to  the 
area  of  the  quadrilateral  figure  formed  by  lines  drawn  from  the  points 
of  intersection  to  the  point  of  contact^  and  to  the  point  where  the 
third  circle  is  cut  by  a  tangent  drawn  to  the  point  of  contact  of  the 
two  circles. 

39.  If  a  straight  line  be  divided  into  any  two  parts,  and  upon 
the  whole  and  the  two  parts  semicircles  be  described ;  and  from  the 
point  of  section  a  perpendicular  be  drawn,  on  each  side  of  which 
circles  are  described  toucliiog  it  and  the  semicircles ;  these  circles 
will  be  equal. 


SECTION  IX.    Page  291. 

1.  GiVKN  one  angle,  a  side  adyacent  to  it,  and  the  difference  of 
the  other  two  sides ;  to  construct  the  triangle. 

2.  Given  one  angle,  a  side  opposite  to  it,  and  the  difference  of 
the  other  two  sides ;  to  construct  the  triangle* 

3.  Given  the  base,  and  one  of  the  angles  at  the  base ;  to  con- 
'  struct  the  triangle  when  the  side  opposite  to  the  given  angle  is  equal 

to  half  the  sum  of  the  other  side  and  a  given  line. 

4.  Given  the  iMse  of  a  right-angled  triangle,  and  the  sum  of  the 
faypothenuse  and  a  straight  line,  to  which  the  perpendicular  has 
a  given  ratio;  to  construct  the  triai^le. 

5.  Given  the  perpendicular  drawn  from  the  vertical  angle  to  the 
base,  and  the  difference  between  each  side  and  the  adjacent  segment 
of  the  base  made  by  the  perpendicular ;  to  construct  the  triangle. 

6.  Given  the  vertical  angle,  and  the  base;  to  construct  the 
triangle  when  the  line  drawn  from  the  vertex  cutting  the  iMse  in  any 
given  ratio,  bisects  the  vertical  angle. 

7.  Given  the  vertical  aqgle,  and  one  of  the. sides  containing  it; 
to  construct  the  triangle,  when  the  line  drawn  from  the  vertex 
making  a  given  angle  with  the  base,  bisects  the  triangle. 
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8.  Given  one  angle,  a  side  opposite  to  tt«  and  the  sum  of  the 
other  two  sides ;  to  construct  the  triangle. 

9.  Given  the  vertical  angle,  the  line  bisecting  the  base,  and  the 
angle  which  the  bisecting  line  makes  with  the  base ;  to  construct  the 
triangle. 

10.  Given  the  vertical  angle,  the  perpendicular  drawn  from  it  to 
the  base,  and  the  ratio  of  the  segments  of  the  base  made  by  it ;  to 
construct  the  triangle.^ 

11.  Given  the  vertical  angle,  the  base,  and  a  line  drawn  from 
either  of  the  angles  at  the  base  to  cut  the  opposite  side  in  a  given 
ratio ;  to  construct  the  triangle. 

12.  Given  the  perpendicular,  the  line  bisecting  the  vertical  jangle, 
and  the  line  bisecting  the  base;  to  construct  the  triangle. 

13.  Given  the  line  bisecting  the  vertical  angle,  the  line  bisecting 
the  base,  and  the  difference  of  the  angles  at  the  base ;  to  construct 
the  triangle. 

14.  Given  the  vertical  angle,  and  the  line  drawn  to  the  base 
bisecting  the  angle,  and  the  difference  between  the  base  and  the  sum 
of  the  sides ;  to  construct  the  triangle. 

15.  Given  the  line  bisecting  the  vertical  angle,  the  perpendicular 
drawn  to  it  from  one  of  the  angles  at  the  base,  and  the  other  angle  at 
the  base ;  to  construct  the  triangle. 

16.  Given  the  line  bisecting  the  vertical  angle,  and  the  perpen- 
diculars drawn  to  that  line  from  the  extremities  of  the  base ;  to 
construct  the  triangle. 

17.  Given  the  vertical  angle,  the  difference  of  the  two  sides  con- 
taining it,  and  the  difference  of  the  segments  of  the  base  made  by 
a  perpendicular  from  the  vertex ;  to  construct  the  triangle. 

18.  Given  the  base,  and  vertical  angle;  to  construct  the  triangle, 
when  the  square  of  one  side  is  equal  to  the  square  of  the  base,  and 
three  times  the  square  of  the  other  side. 

19.  Given  the  base  and  perpendicular ;  to  construct  the  triangle, 
when  the  rectangle  contained  by  the  sides  is  equal  to  twice  the 
rectangle  contained  by  the  segments  of  the  base  made  by  the  line 
bisecting  the  vertical  angle. 

g 
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20.  Id  a  right-angled  triangle,  having  given  the  sum  of  the  base 
and  hypothenuse,  and  the  sum  of  the  base  and  perpendicular ;  to 
construct  the  triangle. 

21.  Given  the  perimeter  of  a  right-angled  triangle  whose  sides 
are  in  geometrical  progression ;  to  construct  the  triangle. 

22.  Given  the  difference  of  the  angles  at  the  base,  the  ratio  of 
the  segments  of  the  base  made  by  the  perpendicular,  and  the  sum  of 
the  sides ;  to  construct  the  triangle.  . 

23.  .Given  the  difference  of  the  angles  at  the  base,  the  ratio  of 
the  sides,  and  the  length  of  a  third  proportional  to  the  difference  of 
the  segments  of  the  base  made  by  a  perpendicular  from  the  Tertes^ 
and  the  shorter  side;  to  construct  the  triangle. 

24.  Given  the  base  of  a  right-angled  triangle ;  to  construct  it, 
vphen  parts,  equal  to  given  lines,  being  cut  off  from  the  hypothenuse 
and  perpendicular,  the  remainders  have  a  given  ratio. 

25  Given  one  angle  of  a  triangle,  and  the  sums  of  each  of  the 
sides  containing  it  and  the  third  side ;  to  construct  the  triangle. 

26.  Given  the  vertical  angle,  and  the  ratio  of  the  sides  contain- 
ing it,  as  also  the  diameter  of  the  circumscribing  circle  ;  to  construct 
the  triangle. 

27.  Given  the  vertical  angle,  and  the  radii  of  the  inscribed  and 
circumscribing  circles ;  to  construct  the  triangle. 

28.  Given  the  vertical  angle,  the  radius  of  the  inscribed  circle, 
and  the  rectangle  contained  by  the  straight  lines  drawn  from  the 
centre  of  that  circle  to  the  angles  at  the  base;  to  construct  the 
triangle. 

29.  Given  the  base,  one  of  the  angles  at  the  base,  and  the  point 
in  which  the  diameter  of  the  circumscribing  circle  drawn  from  the 
vertex  meets  the  base  ;  to  construct  the  triangle. 

30.  Given  the  vertical  angle,  the  base,  and  the  difference  between 
two  lines  drawn  from  the  centre  of  the  inscribed  circle  to  the  angl^ 
at  the  base;  to  construct  the  triangle. . 

31.  Given  that  segment  of  the  line  bisecting  the  vertical  angle 
which  is  intercepted  by  perpendiculars  let  fall  upon  it  from  the  angles 
at  the  basQ ;  the  ratio  of  the  sides  ;  and  the  ratio  of  the  radius  of  the 
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inscribed  circle  to  the  segment  of  the  base  which  is  intercepted 
between  the  line  bisecting  the  vertical  angle  and  the  point  of  contact 
of  the  inscribed  circle ;  to  construct  the  triangle. 

32.  Given  the  line  bisecting  the  vertical  angle,  and  the  differences 
between  each  side  and  the  adjacent  segment  of  the  base  made  by  the 
bisecting  line ;  to  construct  the  triangle^ 

35.  Given  one  of  the  angles  at  the  base,  the  side  opposite  to  it, 
and  the  rectangle  contained  by  the  base  and  that  segment  of  it  made 
by  the  perpendicular  which  b  adjacent  to  the  given  angle ;  to  coifr- 
struct  the  triangle. 

34.  Given  the  vertical  angle,  and  the  lengths  of  two  lines  drawn 
from  the  extremities  of  the  base  to  the  points  of  bisection  of  the 
sides ;  to  construct  the  triangle. 

35.  Given  the  lengths  of  three  lines  drawn  from  the  angles  to  the 
points  of  bisection  of  the  opposite  sides ;  to  constroct  the  triangle. 

36.  Given  the  segments  of  the  base  made  by  the  perpendicular, 
and  one  of  the  angles  at  the  base  triple  the  other ;  to  construct  the 
triangle. 

37-  The  area  and  hypothenuse  of  a  right-angled  triangle  being 
given ;  to  construct  the  triangle. 

38 r  Given  one  angle,  and  a  line  drawn  from  one  of  the  others 
bisecting  the  side  opposite  to  it ;  to  construct  the  triangle,  when  the 

area  is  also  given. 

» 

39.  In  two  similar  right-angled  triangles,  the  sum  of  the  base  of 
one  and  perpendicular  of  the  other  is  given ;  to  determine  the 
triangles  such  that  their  hypotfienuses  may  contain  the  right  angle  of 
another  triangle  similar  to  them,  and  the  sum  of  the  three  areas  may 
be  equal  to  a  given  area. 

40.  Given  the  vertical  angle,  the  area,  and  the  distance  between 
the  centres  of  the  inscribed  circle  and  the  circle  which  touches  the 
base  and  the  two  sides  produced ;  to  construct  the  triangle. 

41.  Given  the  area,  the  line  from  the  vertex  idividing  the  base 
into  segments  which  have  a  given  ratio,  and  either  of  the  angles  at 
the  base;  to  construct  the  triangle. 


lii 
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42.  Given  the  difference  between  the  segments  of  the  base  made 
by  the  perpendicular,  the  sum  of  the  squares  of  the  sides,  and  the 
area ;  to  construct  the  triangle. 

43.  Given  the  base,  one  of  the  angles  at  the  base,  and  the  differ-* 
ence  between  the  side  opposite  to  it  and  the   perpendicular;    to 
construct  the  triangle. 

44.  Given  the  vertical  angle,  the  difference  of  the  base  and  one 
side,  and  the  sum  of  the  perpendicular  drawn  from  the  angle  at  the 
base  contiguous  to  that  side  upon  the  opposite  side  and  the  segment 
cut  off  by  it  from  that  opposite  side  contiguous  to  the  other  angle  at 
the  base ;  to  construct  the  triangle. 

45.  Given  the  base,  the  difference  of  the  sides,  and  the  se^rment , 
intercepted  between  the  vertex  and  a  perpendicular  froJh  one  of  the 
angles  at  the  base  upon  the  opposite  side ;  to  construct  the  triangle. 

.46.  Given  the  vertical  angle,  the  side  of  the  inscribed  square, 
and  the  rectangle  contained  by  one  side  and  itd  segment  adjacent  to 
the  base  made  by  the  angular  point  of  the  inscribed  square;  to 
construct  the  triangle. 
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PROBLEMS. 


Sect.  I.. 

(1.)    From  a  given  pointy  to  draw  the  shortest  Knt 
possible  to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BD 
the  given  line.  From  A  let  fall  the 
perpendicular  AC;  this  will  be  less 
than  any  other  line  AD  drawn  from 
A  to  BD. 

For  since  AC  is  perpendicular  to  BD,  the  angle 
ACD  is  a  right  angle,  therefore  the  angle  ADC  is  less 
than  a  right  angle  (EucL  i.  32.)  and  consequently  less 
than  ACD.  But  the  greater  angle  is  subtended  by  the 
greater  side  (Eucl.  i.  19*) ;  therefore  AD  is  greater  than 
AC.  In  the  same  manner  every  other  line  drawn  from 
A  to  BD  may  be  shewn  to  be  greater  than  AC ;  there^ 
fore  AC  is  the  least. 


»»^*^»»^^>»»»^^i^»»»»»*^»>*^ 


(2.)    ff  a  perpendicular  be  drawn  bisecting  a  given 
straight  line ;  any  point  in  this  perpendicular  is  at  equal 
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distances,  and  any  point  unthout  the  perpendicular  is  at 
unequal  distances  from  the  extremities  of  the  Hne. 

From  C  the  point  of  bisection  let 
CD  be  drawn  at  right  angles  to  AB ; 
any  point  D  is  at  equal  distances  from 
ji  and  B. 

Join  AD,  DB.    Since  ^C=  CB 
and   CD  is  common,  an^  the  angle 
JCD^  BCD  being  right  angles,  AD 
= DB.    And  the  same  may  be  proved  of  lines  drawn 
from  any  other  point  in  CD  to  A  and  B. 

But  if  a  point  E  be  taken  which  is  not  in  CD,  join 
jEA  cutting  the  perpendicular  in  D;  join  BB,  DB. 
Then  ADzzDB  from  the  first  part,  and  AE  is  equal  td 
AD,  DE,  that  is,  to  BD,  DE,  and  is  therefore  greater 
than  BE,  (Eucl.  i.  20.) ;  therefore,  &c. 


(3.)  Through  a  given  point  to  draw  a  straight  Une 
which  shall  make  e^iol  angles  with  twq  straight  lines 
given  in  position. 

Let  P  be  the  given  point,  and 
BE,  CF  the  lines  given  in  position. 
Produce  BE,  CF  to  meet  in  A,  and 
bisect  the  angle  BAC  by  the  line 
AD,  From  P  let  fall  the  perpendicular  PD,  and  pro- 
duce it  both  ways  to  E  and  F.  It  will  be  the  line  r^* 
quired. 

For  the  angle  EAD  is  equal  to  the  angle  FAD,  the 
angles  at  D  right  angles^  and  AD  common,  therefore 
(End.  i..  26.)  the  angle  AED  is  equal  to  the  angle 
AFD ;  therefore^  &c. 


^^^^#<».»'^^^^'»^^»#>»^#-»*>^^^*^ 
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(4«)  From  two  given  paints  to  drMo  tv>o  equal  s\ 
tinea  which  ehaU  meet  in  the  same  point  of  a  line  given 
in  position. 

Let  A  and  B  be  the  given  points, 
and  CD  the  given  straight  line.  Join 
AB,  and  bisect  it  in  JP^  and  from  F 
draw  FE  at  right  angles  to  AB  meet* 
ing  CD  in  E;  E  is  the  point  required. 

Join  4E,  EB.  Since  ilFrr  FB, 
and  FE  is  common,  and  the  angles  at 
JP  are  right  angles,  therefore  AE  ss 
EB. 


»^»#i*»^»J>**>#^»*<M>»i^»»< 


(5.)  From  two  given  points  on  the  same  side  of  a 
tine  given  in  position,  to  draw  two  lines  which  shall  meet 
in  that  Une^  and  make  equal  angles  with  it^ 

Let  A  and  B  be  the  given  points, 
and  DE  the  line  given  in  position. 
From  A  let  fall  the  perpendicular 
AD,  and  produce  it  to  C  making 
DC^AD.  Join  CB,  AP.  AP, 
PB  will  be  the  lines  required. 

Since  AD=DC,  and  DP  is  common^  and  the  angles 
at  D  are  right  angles,  therefore  the  triangles  APD, 
CPD  are  equal,  and  the  angle  APD  s:  CPD  a  the 
vertically  opposite  angle  BPE. 


^^»<M«^^.»<»»ii^^^»»«i»^^  »^<». 


(6.)  From  two  given  points  on  the  same  side  of  a 
tine  given  in  position,  to  draw  two  Hnes  which  shall  meet 
in  a  point  in  this  line,  so  that  their  sum  shall  be  less 
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than  the  sum  of  anjf  two  lines  drawn  from  the  "same 
points  and  terminated  at  any  other  point  in  the  same  line. 

■ 

Let  A  and  B  be  the  given 
points,  and  DE  the  line  given  in 
^position;  from  ^andB  let  fall  the 
perpendiculars  j4D,  BE,  and  pro- 
duce AD  to  C  making  CD  =^ 
DA.  Jom5Ccuttingl>£inP. 
Join  ^P;  AP  and  PB  shall  be 

leBs  than  any  other  two  lines  Ap^  p£  drawn  from  A 
and  M  to  any  other  point  p  in  the  line  DE. 

For  AD=DC  and  DP  is  common  and  the  angles 
at  D  are  right  angles,  .•.  AP  —  PC.  In  the  same  man- 
ner, ifpC  be  joined,  it  may  be  shewn  that  Ap=^pC. 
Hence  AP  and  BP  together  are  equal  to  BCy  and  Ap, 
pB  are  equal  to  Cp,pB.  Now  (Eucl.  i.  20.)  BCis  less 
than  Bp,  pC,  and  therefore  AP,  PB  are  less  than  Ap, 
pB ',  therefore,  &c. 


(7.)  Of  all  straight  Unes  which  can  be  drawn  from 
a  given  point  to  an  indefinite  straight  Une,  that  which 
is  nearer  to  the  perpendicular  is  less  than  the  more  re^ 
mote.  And  from  the  same  point  there  cannot  be  drawn 
more  than  two  straight  lines  equal  to  each  other,  viz. 
one  on  each  side  of  the  perpendicular. 

Let  A  be  the  given  point, 
and  BC  the  given  indefinite 
straight  line.  From  A  let  fall 
the  perpendicular  AD,  and  draw 
any  other  lines  AF,  AG,  AH,     ^  /   bI       5" 


F    G  H 


&c.  of  which  AF  is  nearer  to  AD  than  AG  is,  and 
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AG  than  AH;  then  JF  will  be  less  than  AG  and  AG 
than  AH.  • 

For  since  the  angle  at  Z)  is  a  right  angle,  the  angle 
AFG  is  greater  than  a  right  angle  (Eucl.  i.  l6.),  and 
therefore  greater  than  AGF,  hence  (Eucl.  i.  19,)  AG  is 
greater  than  AF.  In  the  same  manner  it  may  be  shewn 
that  AH  is  greater  than  AG.*' 

And  from  A  there  can  only  be  drawn  to  BC  two 
straight  lines  equal  to  each  other^  viz.  one  on  each  side 
of  AD.  Make />£  =  Z>jP,  and  join  ^JE.  Then^£=: 
AF  (i.  2.).  And  besides  AE  no  other  line  can  be  drawn 
equal  to  AF.  For,  if  possible^  let  AI^  AF.  Then  be- 
cause AI^AF  and  AF^AE,  therefore  Al^^AEy  i,  e» 
a  line  more  remote  is  equal  to  one  nearer  the  perpendi- 
cular, which  is  impossible  ;  therefore  AI  is  not  equal  to 
AF.  In  the  same  manner  it  may  be  shewn  that  no 
other  but  AE  can  be  equal  to  AF^  therefore,  &a 


'■^■^^>^^s»^^^»^  1^^  ^^ 


(8.)  Through  a  given  pointy  to  draw  a  straight  line^ 
so  that  the  parts  of  it  intercepted  between  that  point 
and  perpendiculars  drawn  from  two  other  given  points 
may  have  a  given  ratio. 

Let  A  and  B  be  the  points  from 
which  the  perpendiculars .  are  to  be 
dcawn,  and  C  the  point  through  which 
the  line  is  to  be  drawn.  Join  AC^  and 
produce  it  to  />,  making  AC  :  CD  in 
the  given  ratio  ;  join  BD,  and  through 
C  draw  ECF  perpendicular  to  BD. 
ECFh  the  Hne  required. 

Draw  AE  parallel  to  BD,  and  .-.  perpendicular  to 
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EF.    The  triangles  ACE,  DFC,  having  each  a  right 

angle,  and  the  angles  at  C  equal,  are  equiangular,  whenoe 

CE  :  CF ::  AC  :  CDy  i.  c.  in  the  given  ratio. 


^»^^^^ti^X^>»^*S»^4 


(9.)  Fhnn  a  given  pmnt  between  ftjoo  indefinite  right 
lines  given  in  position,  to  draw  a  line  which  shaU  he 
terminated  hy  the  given  lines,  and  bisected  in  the  given 
point. 

Let  AB,  AC  he  the  given  lines,  meet- 
ing in  A.  From  P  the  given  point  draw 
PD  parallel  to  AC  one  of  the  lines,  and 
make  DE = DA.  Join  EP,  and  produce  it 
to  F\  then  will  J^Fbe  bisected  in  P.  jr 

For  since  DP  is  parallel  to  AF,  (EucK  vi.  2.) 
EP  :  PF::  ED:  DA,  i.e.  in  a  ratio  of  equality. 

CoR.  If  it  be  required  to  draw  a  line  through  P 
which  shall  be  terminated  by  the  given  lines,  and  divided 
in  any  given  ratio  in  P,  draw  PD  parallel  to  AC,  and 
take  AD  :  DE  in  the  given  ratio,  and  draw  EPF,  it  will 
be  the  line  required. 


^»^«^»^^i^».^^^^<»^^^«^i^^^j^^^i^^ 


(10.)  From  a  given  point  without  two  indefinite 
right  lines  given  in  position ;  to  draw  a  line  such  that 
the  parts  intercepted  by  the  point  and  the  lines  may  have 
a  given  ratio. 

Let  AB,  AC  be  the  given  lines,  and 
P  the  given  point.  Draw  PD  parallel  to 
ACj  and  take^D :  DE\n  the  given  ratio. 
Join  PE,  and  produce  it  to  F  Then 
PF :  PE  will  be  in  the  given  ratio. 

For  the  triangles  PDE  and  AEF  are 
similar,  having  the  angles  at  E  equal,  as 
also  the  angles  PDE,  EAF,  (Eucl.  i.  39-) 
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/.  FE  :  EP  .:  AE  :  ED 

and  ««»/».  PF:  PE::  AD  :  D£,  i.e.  in  the  given  ratio. 

9 

(11.)  From  a  given  point  to  draw  a  straight  line, 
which  shall  cut  off  from  lines  containing  a  given  angle, 
segments  that  shall  have  a  given  ratio. 

het  ABC  be  the  given  angle,  and  P 
thegiven  point,  either  without  or  within. 
In  BA  take  any  point  A,  and  take  AB : 
jBC  in  the  given  ratio.  Join  AC,  and 
from  P  dr?LW  PDE  parallel  to  AC. 
PDE  is  the  line  required. 

For  since  DE  is  parallel  to  AC,  (Eucl.  vi.  2.)  DB  : 
BE  ::  AB  :  BC,  i.  e.  in  the  given  ratb. 


(1^0  ^ffi^^^  ^  given  point  >any  number  of  straight 
lines  he  drawn  to  a  straight  line  given  in  position ;  to 
determine  the  locus  of  the  points  of  section  which  divide 
them  in  a  given  ratio. 

Let  A  be  the  given  point,  and  BC  the 
line  given  in  position.  From  A  draw  any  line 
AB,  and  divide  it  at  E  in  the  given  ratio  ; 
through  E  draw  EF  parallel  to  BD ;  it  is 
the  locus  required.  i  i> — n 

From  A  draw  any  other  line  AD  meeting  EF  in  F\ 
then  (Eucl.  vi.  2.)  AF :  FD  ::  AE  :  EB,  i.  e.  in  the 
given  ratio.  In  the  same  manner  any  other  line  drawn 
from  A  to  BD  will  be  divided  in  the  given  ratio  by  EF, 
which  therefore  is  the  locus  required. 


«'«>«s#'«yy^s»  •>«  ^  #  ^-.tfs^^sr ^'^  «s»  «sr <#' ^<* 
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(13.)  A  straight  line  being  draum  parallel  to  one  of 
the  lin^  containing  a  given  angle  and  produced  to  meet 
tlie  other ;  through  a  given  point  within  the  angle^  to 
draw  a  line  cutting  the  other  threCy  so  that  the  part  in-- 
tercepted  between  the  two  parallel  lines  may  have  a  given 
ratio  to  the  part  intercepted  between  the  given  point  and 
the  other  line. 

Let  ABC  be  the  given 
angle,  DE  parallel  to  AB,  and 
P  the  given  point. 

From  P  draw  PC  parallel 
to  DE  or  ABy  and  take  BE  :  CF  in  the  given  ratio. 
Join  FP and  produce  it  to  A;  APF is  the  line  required. 

For  since  DE  and  CP  are  parallel  to  A  By 
AD  :  EB  ::  DF :  EF::  PF  :  CF 
.\  alt.  AD  :  PF  ::  EB  :  CF  i.  e.  in  the  given  ratio. 


■^*^>»-^*-^* 


(14.)  Two  parallel  lines  being  given  in  position; 
to  draw  a  third,  such  that^  if  from  any  point  in  it  lines 
be  drawn  at  given  angles  to  the  parallel  lines,  the  in-* 
tercepted  parts  may  have  a  given  ratio. 

Let  AB,  CD  be  the  given  parallel 
lines  ;  in  AB  take  any  point  E ;  and 
draw  EF,  EG  making  angles  equal 
to  the  given  angles ;  produce  ,£F,  and 
take  EH :  EG  in  the  given  ratio ; 
produce  FE  to  /so  that  FI :  IE  ::  HE  :  EF;  through 
./draw  L/ parallel  to  AB ;  it  is  the  line  required. 

Draw  IK  parallel  to  EG ;  then  the  triangles  lEK, 
EFG  are  equiangular, 


Sect.  ].]  GEOMETRICAL   PROBLEMS.  9 

.'.IE:  IK::  EF  :  EG 
but  F/:  IE::  HE:  EF; 
.\  ex  cegu.  FI :  IK ::  HE  :  EG,  t.  e.  in  the  given  ratio ; 
and  IKE=^EGF  which  is  one  of  the  given  angles^  and 
by  constraction  IFG  is  equal  to  the  other.  Also  lines 
drawn  from  any  point  in  Lly  making  with  AB  and  CD 
angles  equal  to  the  given  angles  will  be  parallel  and 
equal  toFI,  IKy  and  .*.  in  the  given  ratio. 


^^^^^<»«#>i*>^»*^^^^«*>i»#'^#'»^^>»^^^ 


(15.)  ^  three  straight  lines  drawn  Jrom  the  same 
point  and  in  the  same  direction  he  in  continued  propor^ 
tion,  and  Jrom  that  point  also  a  line  equal  to  the  mean 
proportional  he  inclined  at  any  angle ;  the  lines  joining 
the^extrem^ty  of  this  line  and  ^  the  proportionals  mil 
contain  equal  angles. 

Let  AB  :  AC  ::  AC  :  AD,  and 
from  A  let  AE  be  drawn  equal  to 
ACj  inclined  at  any  angle  to  AB ; 
join  EB,  EC,  ED;  the  angle  BEC 
is  equal  to  the  angle  CED. 

For  since  AB  ;  AC  ::  AC :  AD,  and  AE^AC; 

/.  AB  :  AE  ::  AE  :  AD,  i.  e.  the  sides  about 
the  angle  A  are  proportional^  and  .*.  the  triangles  AEB, 
AED  are  similar^  and  the  angle  AED  is  equal  to  EBA. 
Also  since  CA^AE,  th^  angle  AEC^ECA;  but  ECA 
is  equal  to  the  two  BEC,  EBC,  (Eucl.  i.  33.)  .-.  also 
AECis  equal  to  the  two  BEC,  EBC;  of  which  DEA 
18  equal  to  EBC;  /.  the  remainder  DEC  is  equal  to  the 
remainder  BEC. 


^«>»  #^^^^«^^ « -^^^^.^^^-^  ^■^^^^■^^ 
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(16.)    To  trisect  a  right  angle. 

Let  ACB  be  a  right  angle.  In  CA 
take  any  point  A^  and  on  CA  describe  an 
equilateral  triangle  ACD,  and  bisect  the 
angle  DCA  by  the  straight  line  CE ;  the 
angles  BCD,  DCB,  ECA  are  equal  to 
one  another. 

For  the  angle  DCA  being  one  of  the  angles  of  an 
equilateral  triangle  is  one  third  of  two  right  angles,  and 
therefore  equal  to  two  thirds  of  a  right  angle  Bt!A ;  con- 
sequently BCD  is  one  third  of  BCA;  and  since  the 
angle  DCA  is  bisected  by  CE,  the  angles  DCE^  ECA 
are  each  of  them  equal  to  one  third  of  a  right  angle^  and 
are  therefore  equal  to  BCD  and  to  each  other. 

(17.)    To  trisect  a  given  finite  straight  line. 

Let  AB  be  the-  given  straight 
line.  On  it  describe  an  equilateral 
triangle  ABC;  bisect  the  angles 
CAB,  CBA  by  the  lines  AD,  BD 
meeting  in  D,  and  draw  DE,  DF 
parallel  to  CA  and  CB  respectively. 
AB  will  be  trisected  in  E  and  F. 

Because  ED  is  parallel  to  AC,  the  angle  EDA  =3 
DAC^DAE  and  therefore  AE—ED.  For  the  same 
reason  DF=^FB.  But  DE  being  parallel  to  CA  and 
DF  to  CB,\  the  angle  DEF  is  equal  to  the  angle  CAB, 
and  DFE  to  CBA,  and  therefore  EDF^ACB-,  and 
hence  the  triangle  EDF  is  equiangular,  and  conse- 
quently equilateral ;  therefore  DE  =  EF  s  FD,  and 
hence  AE=EF:=FB,  and  AB  is  trisected. 


**»*<**»»^»^*^<^»»^<»^<#i^*»»» 
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(18.)  To  divide  a  given  Jinite  straight  Une  info  any 
number  of  equal  parts. 

Let  AB  be  the  given  straight  line. 
Let  AC  be  any  other  indefinite  straight 
line  making  any  angle  with  AB,  and  in 
it  take  any  point  D,  and  take  as  many 
lines  DE,  £F,  FC  &c.  each  equal  to 
AD  as  the  number  of  parts  into  which 
AB  is  to  be  divided.  Join  CB,  and 
draw  DG,  EH,  F/ &c.  parallel  to  BC;  and  therefore 
parallel  to  each  other  ;  and  draw  DK  parallel  to  AB. 

Then  because  GD  is  parallel  to  HE  one  of  the  sides 
of  the  triangle  AHE,  AG  :  GH  ::  AD  :  DE;  hence 
AG  =  GH.  For  the  same  reason  DL  =  LM.  But 
DM  being  parallel  to  GI,  and  DG,  LH  to  Mly  the 
figures  DHy  HM^ire  parallelograins ;  therefore  DL  =  GH 
and  LM=:HI,  consequently  GHszHI.  In  the  same 
manner  it  may  be  shewn  that  /r/=  IB  i  and  so  on,  if 
there  be  any  other  parts;  therefore  AG,  GH,  HI^  IB^ 
&c.  are  all  equal,  and  AB  is  divided  as  was  required. 

Cor.  If  it  be  required  to  divide  the  line  into  parts 
which  shall  have  a  given  ratio ;  take  AD,  DE,  EF,  &c« 
in  the  given  ratio^  and  proceed  as  in  the  proposition. 


(19.)    To  divide  a  given  Jinite  straight  line  harmoni- 

Let  AB  be  the  given  straight 
line.  From  B  draw  any  straight 
line  BCi  and  join  AC;  and  from 
any  point  E  in  AC  draw  ED 
parallel  to  CB,  and  make  FD  » 
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FE,  join  DC  cutting  AB  in  G.    AB  is  harmonically 
divided  in  6  and  F. 

Since  BC\%  parallel  to  FD,  the  angle  5CG  is  equal 
to  GZ>F and  the  vertically  opposite  angles  at  G  are  equal; 
therefore  the  triangles  DGF^  BGC  are  similar, 

and  BC  ;  BG  ::  FD  :  FG. 
But  FE  being  parallel  to  BC, 
(Eucl.  vi.  2.)  AB  :  BC    :  AF  :  FE^FD, 
/.  ex  (Fjtia/i,  ^B  :  BQ  ::  ^F  :  FG 
or  ^B  ;  ^F  ::  BG  :  FG. 


(20.)  If  a  ghfenjinite  straight  line  he  harmonically 
divided^  and  from  its  extremities  and  the  points  of  divi- 
sion lines  be  drawn  to  meet  in  any  pointy  so  that  those 
from  the  extremities  of  the  second  proportional  may  be 
perpendicular  to  each  other,  the  line  drawn  from  the 
extremity  of  this  proportional  will  bisect  the  angle 
formed  by  the  Knes  drawn  from  the  extremities  of  the 
ether  two. 

Let  the  straight  line  AB  be 
divide  harmonically  in  the  points 
G  and  F,  and  let  the  lines  AC, 
BC,  GC,  FC  be  drawn  to  any 
point  C,  so  that  GCmay  be  per- 
pndicular  to  CA;  the  angle  BCFwill  be  bisected  by  CG. 

Through  G  draw  EGD  parallel  to  CA,  meeting  CF 
in  D ;  then  EG  being  parallel  to  AC,  the  triangles  EGB, 
ACB  are  similar;  as  also  thfe  triangles  ACF,  DFG; 
^ence 


/ 


AF  :  AC 

but  AB  :  AF 

/.  ex  asquo  AB  :   AC 


FG  :  DG 

GB  :  GF, 

BG  :   GD. 
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But^B:  AC::  GB  :  GE 
.:  (Eucl.  V.  15.)  BG  :  GD::  BG  :  GE, 
and  therefore  GD=GE,  and  GC  is  common,  and  the 
angles  at  G  are  right  angles,  therefore  the  angle  DCO 
=  GCE,  and  FCB  is  bisected  by  CG.    . 


^^•f'^^1*^'^^^  »»^  »  ^#^^  » 


(21.)    TjTa  straight  line  he  drawn  through  any  point 

in  the  lin^  bisecting  a  given  angle,  -and  produced  to  ait 

the  sides  containing  that  angle,  as  also  a  line  drawn 

from  the  angle  perpendicular  to  the  bisecting  line;  it 

toiU  be  harmonically  divided. 

• 

Let  the  angle  ABC  be  bi- 
sected by  the  line  BD,  and 
through  any  point  D  in  this 
line  draw  GDFE  meeting  the 
sides  in  G  and  F,  and  BE  a 
perpendicular  to  BD  in  E ; 
then  will  EG  :  EF  ::  GD  : 
FD. 

For  through  D  draw  AC  parallel  to  BE  and  therefore 
perpendicular  to  BD%  then  the  angles  ADB,  CDB 
being  right  angles  are  equal,  and  ABD^CBD^  and 
BD  is  common  to  the  triangles  ADB^  CDB,  .*.  AD  = 
DC.     But  DC  being  parallel  to  EB, 

EG  :  GD  ::  EB  :  DC ::  EB  :  AD  ::  EF:  FD, 
since  the  triangles  EFB  and  AFD  are  similar, 

/.  EG:  EF:;  GD  :  FD. 


■*^»^ 


(83.)    If  from  a  given  point  there  be  drawn  three 
straight  lines  forming  angles  less  than  right  angles,  and 
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Jrom  another  given  point  without  them  a  line  he  drawn 
intersecting  the  others  so  as  to  he  harmonically  divided ; 
then  will  all  lines  drawn  from  that  point  meeting  the 
three  lines  he  harmonically  divided. 

From  A  letJB,  AC,  AD 
be  drawn  making  each  of  the 
angles  BAC,  CAD  less  than 
a  right  angle,  and  from   a 
given  point  E  let  EBD  be 
drawn  so  as  to  be  harmoni- 
cally divided  in  C  and  B;  then  will*  any  other  line  EF 
be  harmonically  divided  in  G  and  H. 
Through  G  draw  IK  parallel  to  BD, 
then  DC  :  CB  ::  KG  :  Gl, 

But  DC  :  CB  ::  DE  :  EB 

.-.  (Eucl.  V.  16.)  DE  :  EB  ::  KG  :  GI 

and  alt.  DE  :  KG  ::  EB  :  GI 

and  since  DE  is  parallel  to  GK,  (Eucl.  vi.  2.) 

DE  :  KG  ::  EF  :  FG 
and  EB  being  parallel  to  GI, 

.'.  EB  :    GI  ::  EH  :  HG, 
whence  (Eucl.  v.  15.) 

EF  :  FG  ::  EH  :  HG 

and  alt.  EF  :  EH  ::   FG  :  HG. 


^^«l»^^^>i#^l^#»»«^»^i»  ^  ^  l»l»^  i#  ^««S#^^  ^1^ 


(23.)  If  a  straight  line  he  divided  into  two  equal,  and 
also  into  two  unequal  parts,  and  he  produced,  so  that  the 
part  produced  may  have  to  the  whole  Une  so  produced 
the  same  ratio  that  the  unequal  segments  of  the  line 
have  to  each  other ;  then  shall  the  distances  of  the  point 
of  unequal  section  from  one  extremity  of  the  given  Une, 
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Jrom  its  middle  pointy  fi'^^^  the  extremity  of  the  pari 
produced^  and  from  the  at  tier  extremity  of  the  given  line, 
be  proportionals. 

Let  AB  be  divided  into  two  equal  5  SlS  c  1 
parts  in  C  and  into  two  unequal  parts  in  Z>,  and  produced 
to  £,  so  that  BE  :  EA  ::  BD  \  DA;  then  will  AD  : 


DC  :: 

ED  :  DB. 

t 

For  since  BE  :  EA  :: 

Bi> 

:  DA 

« 

inv.  AE  :  EB  :: 

AD 

:  2)5 

div.  AB  :  BE  :: 

2  CD 

:  DB 

and  AC  :  BE  :: 

CD 

:  D^ 

a//.  ^C  :  CD  :: 

BE 

:  BD 

.'♦  com/>.  ^D  :  DC  :: 

ED 

:  DB. 

CoR.    The  converse  may  easily  be  proved  to  be  true. 


(24.)  Three  points  being  given ;  to  determine  another^ 
through  which  if  any  straight  line  be  drawn,  perpen- 
diculars upon  it  from  two  of  the  former,  shall  together 
be  equal  to  the  perpendicular  from  the  third. 

Let  A,  B,  C  he  the  three  given 
points.  Join  AB,  and  bisect  it  in  D. 
Join  CDy  frooi  which  cut  off  DE 
equal  to  a  third  part  of  it.  E  is  the 
point  required. 

Through  E,  let  any  line  FG  be  drawn,  and  let  fall 
on  it  the  perpendiculars  A  I,  BG,  DH,  CF;  then  the 
angles  at  F  and  H  being  right  angles,  and  the  vertical 
angles  at  E  equals  the  triangles  CFE,  DHE  are  equi* 
angular. 
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/.  FC :  DH ::  CE:  EDv.2:  1, 
»••  FC=  2  DHv  but  since  J  I,  BO,  DH  are  parallel,  and 
AD=DB, .'.  AI+BG-2DHz=FC. 


«^<^«»^«»  *  ^  ^  ^^  «S^«<i»« 


(25.)  From  a  ^'£;en  />o/n^  in  one  of  two  straight 
lines  given  in  position,  to  draw  a  line  to  cut  the  other,  so 
that  if  from  the  point  of  intersection  a  perpendicular  be 
let  fall  upon  the  former ,  the  segment  intercepted  between 
it  and  the  given  point,  together  with  the  first  drawn  line 
may  be  equal  to  a  given  line. 

Let  AB,  jBCbe  the  lines  given  in  position,  and  A  the 


given  point.  Draw  AD  perpendicular  to  AB,  and  meet->- 
ing  BC  in  D ;  draw  DE  parallel  to  AB,  and  equal  to 
the  given  line.  And  draw  J?jP parallel  to  AD,  meeting 
CB  in  F.  Join  FA^  and  produce  it,  and  from  D  draw 
DGszDE,  meeting  FG  in  G,  and  draw  ^^  parallel  to 
DG,  and  let  fell  the  perpendicular  HI;  AH  and  AI 
together  are  equal  to  the  given  line. 

Through  ^draw  KL  parallel  to  DE ;  then,  since  GD 
is  parallel  to  AH  and  HL  to  DE, 

.-.  DG  :  AH  ::  FD  :  FH  ::  DE  :  HL, 
but  DG^DE,  .\  AH^  HL, 
4H+AI^KL=:DE^the  given  line. 


•  X, 
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(S6.)  One  of  the  lines  which  contain  a  given  angle^ 
is  also  given.  To  determine  a  point  in  it  such,  that  if* 
Jrom  thence  to  the  indefinite  line  there  he  drawn  a  line 
having  a  given  ratio  to  that  segment  of  it  which  is  adja-* 
cent  to  the  given  angle ;  the  line  so  drawn,  and  the  other 
segment  of  the  given  line,  may  together  be  equal  to 
another  given  Une. 

Let  JlB  be  the  given  line,  and 
BACAe  given  angle.  From  B  draw 
BD  to  ACf  such  that  it  may  be  to  AB 
in  the  given  ratio*;  produce  it  till 
BE ^thc  other  given  line.  Through 
E  draw  EC  parallel  to  AB,  meeting  AC'm  C.  Join  BC, 
and  draw  DF  so  that  it  may=Z>£,  and  draw  BG,  GH 
respectively  parallel  to  FD,  EB ;  Hh  the  point  required. 

For  produce  HG  tm  meet  CE  in  K; 
then  (Eud.  vi.  2.)  ED  :  KG  ::  CD  :  CG  ::  DF:  BG, 

hut  ED^DF,  .-.  KG=BG, 
and  HG+  GB=  HG^^  GK^BE  =:the  given  line, 

and  HG  :  HA  ::  BD  :  AB  i.  e.  in  the  given  ratio. 


^^w»i»^^^^^«^^^^ . 


(27.)  Two  straight'  lines'  and  a  point  in  each  being 
given  in  position ;  to  determine  the  position  of  another 
point  in  each,  so  tfiat  the  straight  line  joining  these  latter 
points  may  be  equal  to  a  given  line,  and  their  respective 
distances  Jrom  the  former  points  in  a  given  ratio. 

Let  A  and  B  be  the  given  points  in  the  lines  AC, 
BD  which  are  given  in  position^  and  produced  to  meet 


*  That  is,  the  given  ratio  must  be  le.ss  than  that  of  AB  to  the  peiv 
p«ndicular  on  AD, 

C 
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in  e.,  Take  BD  :  AC  in  the 
given  ratio,  and  from  B  draw  BE 
parallel  and  equal  to  AC*    Join 
D^y  and  produce  it  to  meet  CF 
drawn  at  any  angle  from  C,  equal 
to  the  given  line ;  draw  FG  parallel  to  EB^  ^xsA  from  G 
draw  G/f  parallel  to  FC\  G  and  if  are  the  points  requirerfi 
For  BE  being  parallel  to  GF, 
DG  :  GF  ::  DB  :  BE, 
or  DG  :  UC  ::  DB  :  AC, 
r.  (Eucl.  V.  19.  Cor.) 
BG  :  AH  ::  DB  :  AC  in  the  given  ratio, 
and    fl'G  =  CF=  the  given  line. 


^■^l,#.^^N^^^^i^>^»^<^^»^^»<^N^^S^i^^N^^^^^^*^ 


(28.)  Jfa  straight  line  be  divided  into  any  two  partSy 
and  produced  so  that  the  segments  may  have  the  same 
ratio  that  the  whole  Kne  produced  has  to  the  part  produced, 
and  from  the  extremities  of  the  given  line  perpendiculars 
he  erected ;  then  any  line  drawn  through  the  point  of 
section^  meeting  these  perpendiculars,  will  he  divided  at 
that  point  into  parts,  which  have  the  same  ratio  that 
those  lines  have,  which  are  drawn  from  the  extremity  of 
the  produced  line  to  the  points  of  intersection  with  the 
perpendiculars. 

Let  AB  be  divided  into  any 
two  parts  in  C  and  produced  to 
Dsothat^C:  CBiADiDB, 
and  from  A  and  B  let  AE,  BF 
he  drawn  perpendiculars  to  AB, 
and  through  Clet  any  line  ECG 
be  drawn  meeting  them  in  E  and 
G,  and  join  DE,  DG;  then  DE  :  DG  ::  CE  :  CG. 
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For  because  ^C  :  CB  ::  AD  :  DB 
and  EA  :  BG  ::  AC  :  CB, 
(by  8im.  tri.  ACE,  BC6) 
.'.  (Eticl.  V.  11.)  EA  :  BG  ::  DA  :  DB, 
.'.  (Eucl.  vi.  6.)  the  triangles  £^D^  6D3  are  equiangular, 
and  ED  :  DG  ::  AE  :  BG  ::  CE  :  CG. 


^  ^^^^^^^^^^tx^N^^^'^^y^^i^^^^^^^ 


(29.)  From  ^too  g^t^en  pointSy  to  draw  two  straight 
tines  which  shall  contain  a  given  angle,  and  meet  two 
Unes  given  in  position,  so  that  the  parts  intercepted  be-- 
tween  those  points  and  the  lines  may  have  a  given  ratio. 

Let  AB,  CD  be  the  lines  given  in 
position,  and  E,  F  the  givea  points. 
From  E  draw  EA  perpendicular  to 
AB,  and  make  the  angle  ^GF  equal 
to  the  given  angle.  In  GF  produced 
take  FH suchy  that  the  ratio  of  EA  : 
FH  may  be  the  same  as  the  given 
ratio.  Draw  HD  perpendicular  to 
G/f  meeting  CD  in  Z).  Draw  DF/ 
and  BEI  to  include  the  given  angle, 
lines  required. 

For^  since  the  angles  FGE,  FIE  are  equal,  as  also 
FKG,  EKIy  .\  GFK,  lEK  or  their  vertically  opposite 
angles  DFHy  AEB  are  equal,  and  the  angles  at  H  ^nd 
A  are  right  angles,  .'.  the  triangles  FDH,  AEB  are 
equiangular,  and 

SB  :  FD  ::  EA  :  FH,  i.  e.  in  the  given  ratio. 


These  are  the 


^^  #»*«»^^  ^^^■^^ 


(30.)    The  length  of  one  of  two  Uiies  which  contain 
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a  given  angle  being  given ;  to  draw  from  a  given  point 
without  them  a  straight  line  which  shall  cut  the  given 
line  produced,  so  that  the  part  produced  may  he  in  a 
given  ratio  to  the  part  cut  off  from  the  indefinite  line. 

Let  AB  be  the  given 
line^  and  ABC  the  given 
angle;  and  D  the  given 
point.  Draw  AE,  DE 
parallel  to  BC^  BA  respec* 
lively ;  and  take  EF  :  EA 
in  the  given  ratio.     Divide 

DF  so  that  FE  :  DG  ::  FG  :  AB.  Join  AG;  and 
draw  DH  parallel  to  AG,  and  it  will  be  the  line  cutting 
BC  in  H,  and  BA  produced  in  /,  as  was  required. 

Join  AF;  and  draw  BK  parallel  to  AG  cutting  AF 
in  L ;  and  draw  LM  parallel  to  KE  cutting  AE  in  M 
and  AG  in  A^. 

Then  FE ,:  LM  ::  GF  :  (iVL  =  )  AB 
and   FE  :  DG  ::  FG  :  -^B  by  construction ; 
.*.  LM'=DG:=^IA ;  if  therefore  ILO  be  drawn^  IL  must 
be  equal  and  parallel  to  AM,  and  10  to  AE  (Eucl.  i.  33.). 
In  the  same  manner  it  is  evident  that  HB  =  IL^AM; 
and  by  similar  triangles  AFE,  ALM, 

FE  :  EA  ::  LM  :  MA 

::    lA    :  HB, 
.'.  I  A  :  HB  in  the  given  ratio. 


(31 .)  From  two  given  straight  lines  to  cut  off*  two 
parts,  which  may  have  a  given  ratio ;  so  that  the  ratio 
of  the  remaining  parts  may  also  be  equal  to  the  ratio  of 
two  other  given  lines. 
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Let  AB  be  one  of  the  given 
lines ;  draw  BQ  to  make  any  angle 
with  ABj  and  let  BD  be  equal  to 
the  other  given  line.  Take  AB  : 
BE  in  the  given  ratio  of  the  re- 
maining part8»  and  BF  :  BE  in 
the  given  ratio  of  the  parts  to  be  cut  off.  Join  AE,  FE ; 
and  draw  DH  and  BC  parallel  to  EF,  and  HC  parallel 
to  DB  meeting  BC  in  Cy  and  AB  in  /. 

Then  (Eucl.  vi.  2.)  AI  :  IH  ::  AB  t  BE  in  the 
given  ratio  of  the  remainders;  and  the  triangles  BCI, 
BFE  having  the  angle  C£/=the  alternate  angle  BFE, 
and  CIB  =  FBE,  are  equiangular, 

.-.  BI  :  IC  ::  BF  :  BE, 

in  the  ratio  of  the  parts  to  be  cut  off;  and 

ABy  HC  ( =  DB)  are  the  given  lines. 


(SS.)  Three  Unes  being  given  in  position ;  to  deters 
mine  a  point  in  one  of  them^  from  which  if  tux)  lines  be 
drawn  at  given  angles  to  the  other  two,  the  two  lilies  so 
drawn  may  together  be  equal  to  a  given  line. 

4 

Let  AB,  AC,  BC  be  the  three  lines  given  in  position, 
take  ^2)= the  given  line,  and  making  with  AB  an  angle 
equal  to  one  of  the  given  angles.  Through  D  draw  Dba 
parallel  to  AB,  and  meeting  AC  and  BC  in  a  and  6. 
Draw  AE  to  meet  CB  in  E  making  the  angle  AEC^ 
the  given  angle  to  be  made  by  the  line  to  be  drawn^ 
with  BC  In  AE  tske  Ad^AD,  and  join  ai2  cutting 
BC  in  F.  Draw  JPG  parallel  to  EA  meeting  AC  in  G, 
which  is  the  point  required. 
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For  through   G  draw  'lOH  parallel  to  DA,  then 
the  triangles  a  Ol,  a  AD  are  similar,  and 


p_ll 


aA  :  AD^Ad  ::  aG  :  GI; 
but  a^  :  Ad  ::  aG  :  GF, 
and  /.  GI^GF,  ..  GH+GF^GH+Gl=AD=the 
given  line;  and  the  angle  GHB^DAB,  and  GFC= 
AECj  :.  GHB,  GFC^re  equal  to  the  given  angles. 


^^l^^»■*|y^>^^^^«l»*^»^|»^^^l^■^>^^^ 


(33.)  If  from  a  given  point  two  straight  lines  he 
drawn  including  a  given  angle,  and  having  a  given  ratio, 
and  one  of  them  be  always  terminated  by  a  straight  line, 
given  in  position ;  to  determine  the  locus  of  the  extremity 
of  the  other. 

Let  A  be  the  given  point,  and 
BCthe  line  given  in  position.  From 
A  draw  any  line  AD,  and  make  the 
angle  DAE  equal  to  the  given  angle, 
and  take  AE  such  that  AD  :  AE 
may  be  in  the  given  ratio;  and 
through  E  draw  EF  making  the 
angle  AEF=ADB ;  EF  is  the  locus  required. 
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Draw  any  other  line  ABy  and  make  the  angle  BAF 
=DAE.  Then  the  angle  BAD^PAE  and  ADB^ 
AEFj  /.  the  triangles  ABD,  AEF  are  equiangular, 
whence  AB  :  AF ::  AD  :  AE,  in  the  given  ratia*  The 
same  may  be  proved  of  any  other  lines  drawn  froo)  A 
and  containing  an  angle  equal  to  the  given  angle,  and 
one  of  them  terminated  in  BC. 


(34.)  If  from  two  given  points^  straight  lines  be 
draumy  containing  a  given  angle,  and  from  each  of  them 
segments  be  cut  offj  having  a  given  ratio ;  and  the  ex^ 
tremities  cf  the  segments  of  the  lines  drawn  from  one  of 
the  points  be  in  a  straight  line  given  in  position ;  to  de- 
termine  the  locus  of  the  extremities  of  the  segments  if 
lines  drawn  from  the  other. 

Let  A  and  B  be  the  given 
points,  and  CD  the  line  given  in 
position.  From  A  to  CD  draw 
any  line  AE.  Make  the  angle 
EAFzs  the  given  angle^  and  AE  : 
AF  in  the  given  ratio,  and  let  FG 
be  the  locus  of  the  points  F  (i.  33.).  Draw  BH  equal 
and  parallel  to  AF,  and  through  H  draw  HI  parallel  to 
GF.     It  is  the  locus  required. 

Praw  any  lines  AK^  BK  containing  the  angle  at  K 
sthe  given  angle.  Make  the  angle  LAM  =s  the  given 
angle ;  AL  :  AM  in  the  given  ratio,  and  M  is  in  the 
line  GF.  And  since  AF  is  parallel  to  BH,  and  FM  to 
HNy  and  BK  to  ^M  (since  the  angles  BKAy  LAM  are 
equal)  and  AF=BH,  .'.  the  triangles  BHN,  AFM  are 
similar  and  equal,  ,'.AM:sBN; 
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but  JL  :  AM  is  equal  to  the  given  ratio, 
/.  also  JL  :  BN  is  equal  to  the  given  ratio. 
And  the  same  may  be  proved  of  any  other  lines  drawn  in 
the  same  manner. 


Sect.  II. 

n.)  Zf  a  straight  line  be  drawn  to  touch  a  eureka 
and  be  parallel  to  a  chord ;  the  point  of  cotUact  wUl  be 
the  middle  point  of  the  arc  cut  off  by  that  chord. 

Let  CD  be  drawn  touching  the  cir- 
cle ABE  in  the  point  E,  and  parallel 
to  the  chord  AB;  E\%  the  middle  point 
of  the  arc  AEB. 

Join  AE,  EB.  The  angle  BAE  is 
equal  to  the  alternate  angle  CEA,  and  therefore  to  the 
angle  EBA  in  the  alternate  segment,  whence  AE=EBy 
and  (Eucl.  iii.  38.)  the  arc  AE  is  equal  to  the  arc  EB. 

Cor.  1.  Parallel  lines  placed  in  a  circle  cut  off  equal 
parts  of  the  circumference. 

If  FG  be  parallel  to  AB  -,  the  arc  EF=^  EG,  whence 

AG^BF. 

Cor.  3.  The  two  straight  lines  in  a  circle,  which  join 
the  extremities  of  two  parallel  chords  are  equal  to  each 
other.  For  if  AB,  FG  be  parallel,  the  arcs  AG,  BF 
are  equal,  therefore  (Eucl.  iii.  39.)  the  straight  lines  ^(?, 
BFare  also  equal. 


^^^^■*^^^'^0'*-0^^**'^^'-*  *v#>.»vr^ 
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(8.)  Ifjrom  a  paint  without  a  circle^  two  straight 
lines  be  drawn  to  the  concave  part  of  the  drcumference^ 
making  equal  angles  with  the  line  joining  the  same  point 
and  the  centre,  thepartsqftke  lines  which  are  intercepted 
within  the  circle  are  equal* 

From  the  point  P  without 
the  circle  ABC  let  two  lines 
PJB,  PD  be  drawn  making 
equal  angles  with  POj  the  line 
joining  P  and  the  centre ;  AB 
^hall  be  equal  to  CD. 

Let  fall  the  perpendiculars  OEy  OF ;  then  since  the 
angle  at  E  is  equal  to  the  angle  at  F,  and  EPO—FPO, 
and  the  side  PO,  ^  opposite  to  one  of  the  equal  angles  in 
each  is  common,  .•.  OE^OF,  and  consequently  (Eucl. 
m.\A.)AB^CD. 


(3.)  Of  all  straight  lines  which  can  he  drawn  from 
two  given  points  to  meet  on  the  convex  circnmference  of 
a  given  circle;  the  sum  of  those  tuio  will  be  the  least, 
which  make  equal  angles  with  the  tangent  at  the  point 
of  concourse. 

Let  A  and  B  be  two  given 
points,  CE  a  tangent  to  the  circle 
at  C»  where  the  lines  AC,  BC 
make  equal  angles  with  it ;  and  let 
lines  AD,  BD  be  drawn  from  A 
and  B  to  any  other  point  D  on  the 
convex  circumference ;  AC  and  CB  together  are  less  than 
^D;  DB  together. 

D 
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Let  AD  meet  the  tangent  in  E.  Join  EB;  then 
(i.  6.)  AC  and  CB  together  are  less  than  AE  and 
EB ;  but  AE,  EB  are  less  than  AD,  DB  (Euch  i.  19.)» 
/•  a  fortiori  AC,  CB  are  less  than  AD^  DB.  And  the 
same  may  be  proved  of  lines  drawn  to  every  other  point 
in  the  convex  circumference. 


(4.)  If  a  circle  he  described  on  the  radius  of  another 
circle ;  any  straight  line  drawn  from  the  point  where 
they  meet,  to  the  outer  circumference,  is  bisected  by  the 
interior  one. 

Let  ADB  be  a  circle  described 
on  the  radius  AB  of  the  circle  ACE. 
Draw  any  line  ^C  meeting  the  circle 
ABD  in  D;  AD  is  equal  to  DC. 

Join  DB.     Then  the  angle  ADB 
being  in  a  semicircle  is  a  right  angle ; 
and  therefore  BD  being  drawn  from  the  centre  B  of  the 
circle  ACE  bisects  AC  (Eucl.  iii.  3.). 


r.^^^v^'^s^^  ^■^^.^•*-^»-»-4 


(5.)  If  two  circles  cut  each  other,  and  from  either 
point  of  intersection  diameters  be  drawn;  the  extremities 
of  these  diameters  and  the  other  point  of  intersection 
shall  be  in  the  same  straight  line. 

Let  the  two  circles  ABC,  ABD  cut 
each  other  in  A  and  B;  draw  the  diameters 
AC,  AD,  and  join  BC,  BD ;  CB  and  BD 
are  in  the  same  straight  line« 

Join  AB;  the  angles  ABC,  ABD 
being  angles  in  semicircles  are  right  angles, 
and  therefore  (Eucl.  i.  13.)  CB  and  BD 
are  in  the  same  straight  line. 


^^^^^^■^^^^^■^^l/y^^^^^^^  #•■»»■ 
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(6.)    jy  two  circles  cut  each  other  J  the  straight  line 
joining  their  points  of  intersection,  is  bisected  at  right 
angles  hf  the  straight  line  joining  their  centres. 

Let  the  two  circles  whose  cen- 
tres are  C  and  D  cut  each  other 
in  A  md  B;  join  AB^  DC.  DC 
bisects  AB  at  right  angles. 

Join  BD,  DA,  AC,  CB. 
Since  AD^=:DB,  and  DC  is  common  to  the  triangles 
ADC,  BDC,  and  the  base  AC=CB,  .-.  (Eucl  i.  8.)  the 
angle  ADE^BDE.  Hence  the  two  sides  AD,  DE 
are  equal  to  the  two  BD^  DE,  and  the  included  angles 
are  equal,  /.  (Gucl.  i.  4.)  AE  =?  EB,  and  the  angle 
DEA = DEB,  and  being  adjacent,  they  are  right  angles* 
i.  e.  DC  bisects  AB  at  right  angles. 


(7.)    Td  draw  a  straight  line  which  shall  touch  two 
given  circles. 

I.    If  the  circles  be  equal. 
Let  A  and  B  be  the  centres,  join  AB ;  and  from  A 


and  B  draw  AC,  BD  at  right  angles  to  it;  join  CD. 
Then  AC  being  parallel  and  equal  to  DB ;  CD  is  parallel 
to  AB,  .'.  CABD  is  a  rectangular  parallelogram;  and 
the  angles  at  C  and  D  being  right  angles,  CD  is  a  tan- 
gent  to  both  circles  (Eucl.  iii.  l&.  Cor.). 
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S.  If  the  circles  be  uneqaal^  and  tbe  line  be  required 
to  touch  them  on  the  same  side  of  the  line  joining  the 
centres. 

Let  A  and  B  be  the  centres ;  join  AB\  and  with  the 


centre  JB,  and  distance  equal  to  the  difference  of  the  given 
radii,  describe  a  circle ;  and  from  A  draw  AE  touching 
it  Join  BEy  and  produce  it  to  Z) ;  draw  AC  parallel  to 
BD,  and  join  CD. 

Then  AC  being  parallel  and  equal  to  DEy  CD  is 
equal  and  parallel  to  AE,  /.  ACDE  is  a  parallelogram ; 
and  the  angle  AEB  being  a  right  angle^  AED  is  also  a 
right  angle ;  hence  the  angles  at  C  and  D  are  right 
angles^  and  therefore  CD  touches  both  circles. 

3.  If  the  line  be  required  to  touch  them  on  opposite 
sides  of  the  line  joining  the  centres. 

With  the  centre  B  and  radius  equal  to  the  sum  of 


the  given  radii  describe  a  circle^  to  which  from  A  dfaw  a 
tangent  AE.  Join  BE, .  and  let  it  cut  the  giyen  circle 
in  D.     Draw  AC  parallel  to  BE ;  join  CD. 
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Tlien  AC  being  equal  and  parallel  to  ED,  ACDE 
is  a  parallelogram ;  and  the  angle  AED  being  a  tight 
angle,  the  angles  at  C  and  D  are  right  angles^  and  there^ 
fore  CD  touches  both  circles. 


^^•^^■^y^^^^*^  ^* 


(8.)    If  a  line  touching  two  circles  cut  another  line 
Joining  their  centres,  the  segments  of  the  latter  will  be 
to  each  other  as  the  diameters  of  the  circles. 

Let  the  line  AB  touch  the 
circles,  whose  centres  are  C  and  * 
Z),  in  A  and  B,  and  cAt  CD  in 
the  point  E;^CE  will  be  to 
ED  in  the  ratio  pf  the  diameters  of  the  circles. 

Join  CAy  BD.  Then  the  angles  at  A  and  B  are 
right  angles^'  and  the  angles  at  E  are  vertically  opposite, 
therefore  the  triangles  AEC,  BED  are  equiangular,  and 
consequently 

CE  :  ED  ::    CA   :  BD 

::  2CA1  2BD. 


^^»»»«^>»^>#^^^^^^i»^<i#»#^»^«»>*«#i* 


(9.)  If  a  straight  line  touch  the  interior  tftwd  con- 
centric  circles,  and  be  placed  in  the  outef;  it  will  be 
kiseeted  at  the  point  of  contact. 

Let  AB  touch  the  interior  of  two  cir- 
cles, whose  common  centre  is  O,  in  the 
point  C ;  AB  is  bisected  in  C. 

Join  OC;    then  (EucL  iii.  18.)  the 
angles  at  Care  right  angles ;  and  OC  drawn 
from  the  centre  of  th$  circle  ADB  at  right  1 
bisects  it  (Eucl.  iii.  3.).. 


30  GEOMSTRICAJL   PROBLEMS.  [5fCl.  t. 

( 10.)  If  any  number  of  eqml  straight  lines  be  placed 
in  a  circle ;  to  determine  the  locus  of  their  points  oj 
bisection. 

Let  there  be  any  number  of  lines  AB, 
CD,  placed  in  the  circle  whose  centre  is  O, 
and  let  them  be  bisected  in  E,  F-,  join 
OEy  OF;  then  (Eucl.  iii.  14.)  these  lines 
are  equal,  and  therefore  the  locus  will  be  a 
circle  whose  centre  is  O,  and  radius  equal  to  the  distance 
of  the  points  of  bisection  from  O. 


^^^^^^^4 


(II .)  Ifjrom  a  point  in  the  circumference  of  a  cir- 
cle any  number  of  chords  be  drawn ;  the  locus  of  their 
points  of  bisection  will  be  a  circle. ' 

From  the  given  point  A  let  any 
chord   AB  be   drawn    in    the  circle, 
whose  centre  is  O;    bisect   it   in   D. 
Join  AO,  BO,  and  draw  DE  parallel     ^    ^ 
to  BO. 

Then  DE  being  parallel  to  BO,  the  triangles  ADE^ 
ABO  are  similar,  and  BO  is  equal  to  AOy .-.  DE^EA; 
but  AE  :  AO  ::  AD  :  AB  (EucK  vi.  3.),  whence  AE^ 
^AO,  .'.  ED  =  EA^^AO,  and  the  locus  will  be  a 
circle  described  on  AO  as  a  diameter. 


(12.)  If  on  the  radius  of  a  given  semicircle j  another 
semicircle  be  described^  and  from  the  extremity  of  the 
diameters  any  lines  be  drawn  cutting  the  circumferences^ 
and  produced  so  thai  the  part  produced  may  always  have 
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a  given  ratio  to  the  part  intercepted  between' the  two 
circufnferences ;  to  determine  the  locus  of  the  extremiiies 
of  these  lines. 

On  AB  the  radius  of  the  semi- 
circle AEC  let  a  semicircle  ADB 
be  described  ;  and  from  A  draw 
any  line  ADE,  which  produce  till 
EF  :  ED  in  the  given  ratio. 

Produce  AC  to  G,  making  CG  :  CB,  in  the  given 
ratio,  and  join  DB,  EC,  FG ; 

then  since  BF  ED  ::  GC  :  CB, 
.-.  FE  :  GC  ::  ED  :  CB  ::  DA  :  AB  ::  EA  :  CA, 
whence  (Eucl.  vi.  2.)  FG  is  parallel  to  CE  and  DJS,  and 
the  angle  AFG  is  a  right  angle,  and  is  in  a  semicircle 
whose  diameter  is  AG ;  hence  the  locus  required  is  a 
semicircle. 


*.*«»  ^■^^^^0^^'^*  tfS«<^s«^^  *<*~<«^*,*»* 


(13.)    If  from  a  given  point  without  a  given  circle, 
straight  lines  be  drawn,  and  terminated  by  the  circum- 
ference ;  to  determine  the  locus  of  the  points  which  divide 
them  in  a  given  ratio. 

Let  A  be  the  given  point 
and  BCD  the  given  circle. 
Find  O  its  centre  and  join 
AO,  and  divide  it  in  E,  so 
that  AO  :  AE  in  the  given  ratio;  and  find  a  point  F,  so 
that  EF  may  be  to  OD  in  the  given  ratio  ;  and  with  the 
centre  E  and  radius  £F  describe  a  circle;  it  will  be  the 
locus  required. 

Draw  any  line  AGC\  join  OC,  EG.     Since  AO  : 
AE  in  a  given  ratio,  as  also  OD  :  EF; 

..DC  :  EG  ::  AG  :  AE, 
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hence  OC  is  parallel  to  EG, 
and  AC  :  AG  ::  OC  :EG,  i.e.  in  the  given  ratio. 

In  the  same  manner  it  may  be  shewn  that  every  line 
drawn  from  A  to  BCD  will  be  divided  by  the  circum- 
ference of  the  circle  GFH  in  the  same  ratio,  i .  e.  GJP/f 
will  be  the  locus  required. 


(14.)  Having  given  the  radius  of  a  circle;  to  de- 
termine its  centrcj  when  the  circle  touches  ttoo  giv^  lines 
wtdch  are  not  parallel. 

Let  BA,  AC  be  the  two  lines  . 
which    touch   the   circle,   whose 
radius  is  given. 

Bisect  the  angle  BAC  by  the 
line  AE,  the  centre  of  the  circle 
will  be  in  this  line  (EucL  iv.  4.) 
From  A  draw  AD  at  right  angles  to  AB,  and  make  it 
equal  to  the  given  radius  ;  through  D  draw  DO  parallel 
to  AB  meeting  AE  in  O ;  then  the  centre  of  the  circte 
being  in  this  line  also,  must  be  at  the  point  of  intersec- 
tion O. 


(15.)  Through  three  given  points  which  are  not  in 
the  same  straight  line^  a  circle  may  he  described ;  hut  no 
other  circle  can  pass  through  the  same  points. 

Let  A,  By  Che  the  three  given  points. 
Join  AB,  BC,  and  bisect  them  in  D  and 
E ;  from  which  points  draw  DOy  EO 
at  right  angles  to  them ;  these  lines  will 
meet  in  some  point  0  j  for  if  not,  they  are 
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paralleij  mnd  therefore  ABy  BC  must  be  purallel,  which  is 
contrary  to  the  supposition.    Join  AO^  BO,  CO. 

Since  AD  s  DB,  and  DO  is  cotnoron^  and  the  angles 
at  D  equal,  .*.  AOsnBO.  In  the  same  manner  it  may 
be  shewn  that  BO=^CO;  and  the  three  lines  OA,  OB, 
OC  being  equal,  a  circle  described  from  the  centre  O  at 
<he  distance  of  any  one  of  them  will  pass  through  the 
extremities  of  the  other  two. 

And  besides  this,  no  other  circle  can  pass  through  A^ 
Bj  C :  for  if  it  could,  its  centre  would  be  in  DF  and  EH^ 
and  .*.  in  their  intersection  ;  but  two  right  lines  cut  each 
other  only  in  one  point,  .\  only  one  circle  can  be  de- 


^»*«»^'>»»#  »<^ » r.»  f*'^^^»<»*'^*'S^ 


(16.)  jFrom  tvxi  given  points  on  the  same  side  of  a  line 
given  in  position,  to  draw  two  straight  lines  which  shall 
contain  a  given  angle ^  and  be  terminated  in  that  line. 

Let  A  and  B  be  the  given  points, 
and  CD  the  given  line. 

Join  ABj  and  on  it  describe  a  segment 
of  a  circle  containing  an  angle  equal  to 
the  given  angle^  and  (if  the  problem  be  possible)  meet- 
ing CD  in  P ;  P  is  the  point  required. 

For  join  PA,  PB ;  the  angle  APB  being  in  the  seg- 
ment is  equal  to  the  given  angle. 


^»«^JK»^«#^»^v» 


(17.)  If  from  the  extremities  of  any  chord  in  a 
circle  perpendiculars  he  drawn^  meeting  a  diameter ;  the 
points  of  intersection  are  equally  distant  from  the  centre. 

E 
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At  Cand  D  the  extremities 
of  the  chord  CD,  let  perpendi* 
culars  to  it  be  drawn  meeting 
a  diameter  JB  in  E  and  F;  E 
and  F  are  equally  distant  from 
the  centre  O. 

Draw  OG  perpendicular  to  CD,  and  therefore  bisect* 
ing  it ;'  then  OG  is  parallel  to  DFi 

whence  GD  :  OF  ::  HG  :  HO  ::  HC  :  HE 
since  the  triangle^  HGO,  HEC  are  equiangular ; 
. .  (Eucl.  V.  18,  16.)  DG  :  OP  ::  GC  i  OE 
but  G/>=xGC,  .'.OF^OE. 


^^  ^.^>^0-»-  »*i<>^»^^i»^^»*»»»l^^^< 


(18.)  If  frmn,  the  extremities  qf  the  diameter  of  a 
semicircle  perpendiculars  be  let  Jail  on  any  line  cutting 
the  semicircle ;  the  parts  intercepted  between  those  per- 
pendiculars  and  the  circumference  are  equal. 

From  A  and  ^,  the  extremities  of 
the  diameter  ABy  let  AC,  BD  be  drawn 
perpendicular  to  any  line  CD  cutting 
the  semicircle  in  E  and  F;  CE  is  equal 
to  FD. 

From  O  the  centre  draw  OG  perpendicular  to  CD, 
it  will  be  parallel  to  AC  and  BD, 
whence  CG  :  GD  ::  AO  :  OB,  i.e.  in  a  ratio  of  equality. 
But  (Eucl.  iii.  3.)  EG^GF,  and  .-.  CE=zFD. 


i»^^^^^^l»<»^^^^»^^<  lO^^^^iO^^^ 


(19.)  In  a  given  circle  to  place  a  straight  Une 
paraUel  to  a  given  straight  Une,  and  having  a  given  ratio 
to  it. 
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Let  AB  be  the  given  line  in  the  cir* 
de  ABC  whose  centre  is  O.  Draw  the 
diameter  CD  at  right  angles  to  AB :  and 
taking  a  line  EF  which  has  to  AB  the 
given  ratio  (Eucl.  vi.  12.),  place  it- in  the 
circk  ABC;  bisect  it  in  G  and  join  00; 
make  OH^  OG,  and  through  H^  draw  IK  parallel  to 
AB ;  IK  is  the  line  required. 

For  since  OG  «  OH,  :.  (Eucl.  Hi.  14.)  IK  =  EF, 
and  EF  :  AB  in  the  given  ratio ;  /•  IK  :  AB  in  the 
given  ratio. 


>#i»i«>»#^ 


(20.)  Through  a  given  pointy  either  without  or  within 
a  given  circle,  to  draw  a  straight  line,  the  part  of  which 
intercepted  hy  the  circle,  shall  be  equal  to  a  given  line, 
not  greater  than  the  diameter  of  the  circle. 

Let  P  be  the  given  point 
without  the  circle  ABQ  whose 
centre  is  0.  In  the  circle  place 
a  straight  line  AB  equal  to  the 
given  straight  line ;  .which  bisect 
in  E ;  and  join  OE.  With  the 
centre  O  and  radius  OE  describe  a  circle ;  this  will  touch 
AB  in  Ef  since  the  angles  at  E  are  right  angles  (EucK 
ill.  3.) ;  from  P  draw  PCD  touching  the  circle  in  F. 
PCD  is  the  line  required. 

Join  OF.  Then  OF  being  equal  to  OE,  CD  will 
be  equal  to  AB  (EucK  iii.  14.),  i.e.  to  the  given  Kne. 


il.)    From 
produced. 
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that  lines  drawn  from  the  points  of  intersecHon  to  the 
extremities  of  the  diameter,  cutting  each  other,  may  have 
a  given  ratio. 

Let  C  be  the  given  point  in 
the  diameter  BA  produced. 
Make  BC  :  CD  in  the  given 
ratio ;  and  from  the  points  E  and 
D,  in  which  CD  cuts  the  semicircle,  draw  EB,  AD  to 
the  extremities  of  the  diameter.     CD  is  the  Kne  required. 

Siijce  the  angles  EDA,  EBA  in  the  same  segment 
are  equal,  and  the  angle  at  C  common  to  the  two  triangles 
ACD,  CEB,  the  triangles  are  equiangular,  whence 

BE  :  AD  ::  BC  :  CD,  i.e.  in  the  given  ratio. 


^^^^»^^^^#»»"»*#'»^»'< 


(22.)  From  the  circumference  of  a  given  circle  ia 
draw  to  a  straight  line  given  in  position,  a  line  which 
shall  be  equal  and  parallel  to  a  given  straight  line. 

Let  AB  be  the  given  cir- 
cle  whose  centre  is  O,  and  DE 
the  line  given  in  position. 
From  O  draw  OF  parallel  and 
equal  to  the  given  line;,  and 

with  the  centre  F,  and  radius  equal  to  OJ3,  the  radius  of 
the  given  circle,  describe  a  circle  cutting  Z>JS  in  G :  join 
FG,  and  drs^w  OA  parallel  to  it ;  join  AG ;  AG  is  the 
line  required. 

Since  FG=:iOB^  OA,  and  is  parallel  to  it,  AG  is 
equal  and  parallel  to  OF,  and  /.  equal  and  parallel  to  the 
given  line. 


^^^  m^^^^^'^^^*^^^)^^  ' 


(23.)  The  bases  of  two  given  circular  segments  being 
in  the  same  straight  line ;   to  detetmine  a  point  in  it 
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such,  that  aline  being  drawn  through  it  making  a  given 
angle,  the  part  intercepted  between  the  circumferences  of 
the  circies  may  he  equal  to  a  given  line. 

Let  AB^  CD,  the  bases  of 
the  segments  be  in  the  same 
line.  Through  O  the  centre 
of  the  circle  ABI,  draw  EOG 
making  with  AB  an  angle  equal  to  the  given  angle,  and 
make  OE  equal  to  the  given  line.  From  E  draw  JBF,  to 
the  circle  CFD,  equal  to  the  radius  OB ;  draw  OI  pa- 
rallel  to  EF\  join  /F cutting  AD  in  H\  His  the  point 
required. 

For  0/ being  equal  and  parallel  to  EF,  OE  is  equal 
and  parallel  to  IF,  .*.  IF  is  equal  to  the  given  line ;  and 
IF  being  parallel  to  EG,  the  angle  FHC  is  equal  to 
EGB,  i.  e.  to  the  given  angle. 

If  the  distance  of  E  from  the  centre  of  the  circle 
CFD  be  less  than  the  sum  of  the  radii,  there  are  two 
points  in  the  circumference  CFD,  and  two  corresponding 
points  in  AD,  which  will  answer  the  conditions. 


(24.)  If  two  chords  of  a  given  circle  intersect  each 
other,  the  angle  of  their  inclination  is  equal  to  half  the 
angle  at  the  centre  which  stands  on  an  arc  equal  to  the 
sum  or  difference  of  the  arcs  intercepted  between  them, 
according  as  they  meet  within  or  without  the  circle. 

Let  AB,   CD  cut  one  other  in  the 
point  E ;  and  first  within  the  circle  ABC  ; 
the  angle  of  inclination  is  equal  to  half  the      ^^ 
angle  at  the  centre  standing  on   an    arc 
equal  to  the  sum  of  CA  and  DB. 
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Through  D  draw  DF  parallel  to  BA.  Fiod  O  the 
centre  of  the  circle ;  join  COj  FO.  Then  AB  being 
parallel  to  FD,  (ii.  1.)  AF  is  equal  to  BDi  and  the 
angle  C£^  is  equal  to  CDFy  i.  e.  to  half  the  angle 
COF,  which  stands  on  the  arc  CF  equal  to  CA  and  BD 
together. 

2.  Next,  let  ABj  CD  intersect  in  -E,  withoiit  the 
circle.  . 

The  same  construction  being 
niade^  the  angle  CEA  is  equal  to 
the  angle  CDF,  i.  e.  to  half  COF, 
f.  e.  to  half  the  angle  standing  on 
CF  which  is  the  difference  between  CA  and  AF,  or  CA 
ancl  BD. 


^»^^^^'^»|»^^0»^^^«^»»^*^<.»*^*#* 


(25.)  If  from  a  point  mthout  two  circles  which  do 
not  meet  each  other,  two  lines  be  drawn  to  their  centres, 
which  have  the  same  ratio  thai  their  radii  have ;  the 
angle  contained  by  tangents  drawn  from  that  point 
towards  the  same  parts  will  be  equal  to  the  angle  con'^ 
tained  by  lines  drawn  to  the  centres. 

From  the  point  A  let  the 
lines  AB,  AE  be  drawn  to  the 
centres  of  two  circles,  and  let 
them  have  the  same  ratio  that 
the  radii  BC,  DE,  have; 
from  A  draw  the  tangents  AC, 
AD;  as  also  AF,  AG;  each 
of  the  angles  CAD,  FAG  will  be  equal  to  BAE. 

SmceAB  :  BC  ::  AE  :  ED,  and  the  angles  ^C 
and  D  are  right  angles,  .*.  the  triangles  ABC,  ADE  are 
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equiangular  (£ucl.  vi.  J.)^  and  the  angle  CAB=DAE  \ 
to  each  of  these  add  the  angle  BAD;  and  CAD^BAE. 

In  the  same  manner  FAG  may  be  shewn  to  be  equal 
to  BAD. 


(26.)    To  determine  the  Arithmetic^  Geometric  and 
Harmonic  means  between  two  given  straight  lines. 

Let  ABy  BC  be  the,  two  given  lines. 
Let  them  be  placed  in  the  same  straight 
line^  and  on  AC  describe  a  semicircle 
ADa  Through  B  draw  BD  at  right 
angles  to  AC,  join  OD,  and  upon  it  let  fall  the  perpen-* 
dicular  BE.  Then  AO  being  half  of  the  sum  of  AB, 
BC  is  the  arithmetic  mean ;  and  since  (Eucl.  vi.  8.) 
AB  :  BD  ::  BD  :  BC,  /.  BI>is  the  geometric  mean. 
And  DE  is  the  harmonic  mean,  for  v(£ucl.  vi.  8.) 
iDO=^)  AO  :  DB  ::  DB  :  DE,  i.  e.  it  is  a  third  pro- 
portional  to.  the  arithmetic  and  geometric  means,  and 
•*•  18  the  harmonic  mean. 


^  ^^^^i^'^^i^fc^^^y  ^  #  »#^.#^##  ^^^  # 


(37.)  If  on  each  side  of  any  point  in  a  circle  any 
number  of  equal  arcs  be  taken,  and  the  extremities  of  each 
pair  joined ;  the  sum  of  4he  chords  so  drawn  wHl  be 
equal  to  the  last  chord  produced  to  meet  a  line  drawn 
from  the  given  point  through  the  extremity  of  the  first 
arc. 

Let  AB,  BC,  CD,  kc,  AE,  EF,  FG,  &c.  be  equal 
arcs  and  let  their  extremities  BE,  CF,  DGhe  joined  j 
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from  J  through  B  draw  j4BHmee6ng  the  last  chord  GD 
in  H;  O/f  is  equal  to  ££,  CF,  DG,  &c  together. 


Join  2>F,  EC,  and  produce  £C  to  /.  Since  JE== 
BC,  ABH  is  parallel  to  ECI.  And  since  the  arcs  are 
equal,  the  lines  BE,  CF,  DG  are  parallel,  whence  BI 
is  a  parallelogram,  and  BE  s  HL  In  the  same  manner 
it  may  be  shewn,  that  CF=ID;  and  so  on,  whatever  be 
the  number  of  equal  arcs ;  hence  GH  is  equal  to  the  sum 
of  BE,  CF.DG. 


>^^^4 


(28.)  If  the  circumference  of  a  semicircle  be  divided 
into  an  odd  number  of  equal  parts,  and  through  the 
points  which  are  equally  distant  Jrom  the  diameter  lines 
be  drawn ;  the  segments  of  these  lines  intercepted  be- 
tween radii  drawn  to  the  extremities  of  the  most  remote, 
will  together  be  equal  to  a  radius  oj  the  circle. 

Let  the  circumference  of  the  semi- 
circle ADB  be  divided  into  any  odd 
number  of  equal  parts,  e.  g.  five,  (the 
demonstration  being  the  same  for  any 
odd  number)  in  the  points  C,  A  JE,  F. 
Join  DE,  CF^  which  are  parallel,  since 
they  intercept  equal  aY^cs.  Join  OD,  OE;  DE  and 
IjM  together  are  equal  to  the  radius  of  the  circle. 
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For  complete  the  circle,  and  divide  the  opposite  semi- 
circle in  the  same  manner ;  join^C,  DG,  EH,  which 
will  be  parallel  to  one  another ;  CH  will  also  be  parallel 
to  DL  Hence  DE=s  OK^  and  OK  is  also  equal  to  each 
of  the  two  PM,  CL,  .\  PM-CL,  whence  LM^CP. 
which  is  equal  to  AK^  since  CF  is  parallel  to  AB, 
and  DE  +  LM  =  KO  +  AK  ^  AO  the  radius  of 
the  circle. 


(29.)  If  from  the  extremities  and  the  point  of  bi- 
section of  any  arc  of  a  circle,  lines  be  drawn  to  any 
point  in  the  opposite  circunference ;  the  sum  if  those 
drawn  from  the  extremities  tvill  have  to  that  from  the 
point  of  bisection,  the  same  ratio  that  the  line  joining  the 
extremities,  has  to  that  joining  one  of  them  and  the  point 
of  bisection. 

Let  the  arc  AB  be  bisected  in  C,  and 
AB,  -4C  joined;  to  any  point  D  in  the 
circumference  draw  AD,  BD,  CD ;  then 
AD+DB  :  DC  ::  AB  :  AC. 

Draw  AE  parallel  to  CD,  and  let  it 
meet  BD  produced    in  E.    The  angle 
EAD  =  ADC^  CAB  (Eucl.  iii.  27.) ; 
to  each  of  these  add  DAB,  and  EAB  =s: 
CAD;  also  ABD=ACD,  ,-.  the  triangles  EAB,ACD 
are  equiangular,  whence  BE  :   CD  ::  BA  :  AC.     But 
since  CDB  is  equal  to  each  of  the  angles  AED,  DAE^ 
they  are  equal  to  one  another,  .-.  DA  =  DE, 
and    AD+DB  :  DC  ::  AB  :  AC. 


V 
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(SO4)  y  two  equai  circles  cut  each  other,  andjrom 
either  point  of  intersection  a  circle  be  described  cutting 
them;  the  points  where  this  circle  cuts  them  and  the 
other  point  of  intersection  ef  the  eqnal  circles  are  in  the 
soane  strcnght  Hne. 

Let  the  two  equat  circles  cut  each 
other  in  ^and  B;  and  with  the  centre  ^4, 
and  any  distance  AC^  describe  a  circle 
FCD  cutting  their  circumferences  in  C 
and  D;  C,  Z>,  B  wiU  be  in  a  straight  line. 

Join  CB,  and  let  it  meet  the  cir- 
cumference ADB  in  E.  Join  AE, 
.  AC.  Since  the  angle  ABC  is  an  angle 
in  each  of  the  twof  equal  circles,  the  ciixumference  AC 
i$  equal  to  the  circumference  AE  (EucK  iii.  26.)^  W  the 
line  AC  is  equal  to  the  line  AE ;  and  /•  J?  is  a  point 
in  the  circle  FDC^  and  being  by  construction  in  the 
circumference  ADB^  it  must  coincide  with  D;  .*.  CB 
passes  through  D,  or  C,  D,  JB  are  in  a  straight  line. 


(31.)  If  two  equal  circles  cut  each  other  ^  and  from 
either  point  of  intersection  a  line  be  drawn  meeting  the 
circumferences ;  the  part  of  it  intercepted  between  the 
circumferences  will  be  bisected  by  the  circle  whose 
diameter  is. the  common  chord  of  the  equal  circles. 

Let  the  two  equal  circles  ADBy 
ACB  cut  each  other  in  A  and  B  \ 
join  AB^  and  on  it  as  a  diameter  let 
a  circle  AEB  be  described,  and 
from  ^  draw  any  line  ADC  meet- 
ing the  circumferences  in  D  and  C;  DC  is  bisected  in  E. 
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Join  BD,  BE,  BC.  Since  the  angle  CAB  k  in 
each  of  the  two  equal  cirdes,  the  ciicumferencea  BD^ 
BC  on  which  it  stan^  are  equal,  and  .*.  the  straight  line^ 
BD^  BC  are  equals  at)d  conaequentiy  the  an^e  BDB  i% 
equsA  to  the  angle  BCE ;  and  the  angle  BED  in  a  semi* 
circle  is  a  right  angle,  and  .*.  equal  to  BEC,  and  BE  is 
common  to  the  two  triangles  BED,  BEC,  /.  DE^EC 


>^^^^^«*>»*i»i^^^  #«i» 


(32.)  If  two  circles  touch  each  other  eistemaUff  or 
internally ;  any  straight  line  drawn  threugh  the  point 
^  contact,  will  cut  off*  similar  segments. 

Let  the   circles   JDC^   BCE 
touch  each  other  in  the  point  C,  and 
let  any  line  ACB  be  drawn  through ' 
the  point  of  contact;  it  will  cut  off 
similar  s^ments. 

For  draw  the  diameters  CD,  CB;  and  join  ^D,  BE. 
Thei^  DCE  being  a  straight  line  (Eucl.  iii.  13.),  the 
angle  ACD  is  equal  to  BCE,  and  DAC^CBE  each 
being  in  a  semicircle,  and  .*•  a  right  angle;  whence  the 
angles  ADC,  CEB  are  equal,  and  the  segments  ADC, 
CEB  similar;  and  /.'the  segments  AC  and  CB  are 
also  similar. 


Xf''^*^**!^ 


(33.)  If  two  circles  touch  each  other  externally  or 
internally ;  two  straight  lines  drawn  through  the  point 
of  contact  will  intercept  arcs,  the  chords  of  which  are 
parallel. 
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Let  the  two  circles  ACD,  ECB  touch 
each  other  in  C,  and  let  jiBC,  DEC  be 
any  two  lines  drawn  through  the  point  of 
contact.    Draw  the  tangent  FCG;   and 
join  JD,  EB,  AD,  EB  are  parallel. 

For  (Eucl.  iii.  33.)  the  angle  ADC 
=  (FCA=)  BEC,  whence  (Eucl.  i.  28.)   AD  is  pa> 
rallel  to  BE. 


^>#* '»«^>«««  ^  «^h«  •>«.< 


(34.)    If  two  circles  touch  each  other  internally  or 
txternaUy ;  any  two  straight  lines  dratpn  through  the 
point  of  contact  and  terminated  both  ways  by  the  circum^ 
ferences  will  be  cut  proportionally  by  the  circumference. 

Let  the  two  circles  touch  each  other  in  C,  (see  last 
Fig.)  and  let  JCB/ DCE  be  any  two  lines  drawn 
through  the  point  of  contact ;  then  it  may  be  shewn  (as 
in  the  last  prop.),  that  AD  is  parallel  to  BE,  and  the 
triangles  ACD,  BCE  are  similar, 

/.  JC  :  CB  ::  DC  :  CE. 


*y  *  ^■*-*^^'»  *  ««N#  ^^■^  *-^-* 


f-*'*^*^ 


(35.)  If  two  circles  touch  each  other  externally ^  and 
parallel  diameters  be  drawn;  the  straight  line  joining 
the  extremities  of  these  diameters,  will  pass  through 
the  point  of  contact. 

Let  ABG,  DGE  be  two  circles 
to^bhing  each  other  externally  in  the 
point  G ;  and  let  AB^  DE  be  parallel 
diameters;  join  AE i  AE  will  pass 
through  G. 
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Join  O,  C  the  centres  of  the  circles ;  OC  will  pass 
through  G :  let  it  meet  AE  in  F.  The  vertically  oppo* 
site  angles  at  ^  being  equal,  and  also  the  alternate  angles 
OAF,  FECy  the  triangles  AOF,  FCE  are  equiangular, 

.♦.  AO  :  CE  ::  OF  :  FC, 

comp.    AO+CE  :  CE  ::  OF+FC  :  FC. 
But  OC^AO-^CE,  and  .\FC=CE=CG,  and  con- 
sequently F  and  O  coincide,  or  AE  intersects  OC  in 
the  point  G,  i.  e.  it  passes  through  the  point  of  con- 
tact. 


^^  #  »^»^^»^»^^>^i»*'*i»^'*-^^^*'^>- 


(36.)  If  two  circles  touch  each  others  and  also  touch 
a  straight  line ;  the  part  of  the  line  between  the  poitUs 
of  contact  J  is  a  mean  proportional  between  the  diameters 
of  the  circles^ 

Let  J/EB,  CED  be  two  circles 
touching  each  other  in  E,  and  a 
straight  line  AC  in  A  and  C;  draw  the 
diameters  A  By  CD;  AC  is  a  mean 
proportional  between  AB  and  CD. 

Join  AD^,  BC;  these  lines  (ii.  25.),  pass  through  the 
point  of  contact  C  And  since  CA  touches  the  circle  in 
j4y  from  which  AE  is  drawn,  the  angle  CAD  is  equal  to 
the  angle  in  the  alternate  segment  ABE ;  also  the  angle 
ACD  being  a  right  angle  is  equal  to  the  angle  CAB^ 
.*.  the  triangles  ACD^  ABC  are  equiangular,  and 

BA  :  AC  ::  AC  :  CD. 


r^.S'.»^^^-»-*.»^*'^*^*^  ■*■»*-* 


(37.)  If  two  circles  touch  each  other  externalh/j  and 
the  line  joining  their  centres  be  produced  to  their  r?>- 
cumferences ;  and  from  its  middle  jmint  as  a  centre  with 
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0mf  T$dms  whatever  a  circle  be  described,  and  omf  line 
pluced  in  it  passing  through  the  point  of  contact ;  the 
parts  of  the  &ne  intercepted  between  the  drcun^erence 
ixfthis  circle  and  each  of  the  others  will  be  equal. 

Let  ABC,  DCE  be  two  circles 
l¥hich  touch  each  other  externally  in 
C;  and  let  AFE  be  the  line  joining 
their  centres,  and  produced  to  the 
circumferences  in  A  and  E.  Bisect 
AE  in  F\  and  with  the  centre  jP  and 
any  radius,  let  a  circle  GHK  be  de- 
acrtbed;  and  in  it  any  line  OCH  drawn  through  C  meet* 
iog  the  circumferences  of  the  cireles  in  B  and  D ;  then 
will  QBr^DH. 

Join  AB,  DE,  and  draw  F/paralld  XoABi  it  will 
be  perpendicular  to  GH,  sihee  ABC  is  an  angle  in  a 
semicircle ;  and  •*.  GH  is  bisected  in  /•  And  since  IF 
is  parallel  to  AB^ 

(Eucl.  vi.  2.)  AF:  BI  ::  FC  :  ICy 
also  the  triangles  ICF,  ECD  being  similar, 

FC  :  CI  v.  EF  :  ID, 
.  •  (Kucl.  V.  15.)  AF  I  BI  ::  EF  :  ID. 
But  AF  =:  FE,  .'.  BI  «  ID, 
and  it  has  been  shewn  that  GI^sIH,  whence  GB:=iDH. 


>»^^#^<»^^^>-»^^^«»*> 


(38.)  If  from  the  point  of  contact  of  two  circles 
which  touch  each  other  inter naUy,  any  number  of  lines  be 
drawn;  and  through  the  points,  where  these  intersect 
the  drcmmferences,  lines  be  drawn  from  any  other  point 
in  each  circumference,  and  produced  to  meet ;  the  angles 
formed  by  these  lines  will  be  equal. 
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Ut  the  two  cWctei  ^J9C,  DEC 
toach  eadi  otlwr  interaatly  in  C, 
from  which  ht  my  lines  CJ,  CB  be 
drawn;  and  takiag  anj  two  pointo 
O  and  ^.  through  £  and  il  draw 
GEit  FBI,  and  through  D  and  ^ 
draw  (?D//,  FJH;  if  those  hncs 
meet,  the  angle  at  /  will  be  equal  to  the  angle  at  ff. 

For  the  angles  CBF,  CAF  standing  on  the  same 
eireumferance  CF,  are  equals  .-.  the  angle  IBE  is  equal 
to  HAB.  Also  the  angles  CEG,  CDG,  standing  on 
the  sube  circumference  C6>,  are  equal,  and  .-,  the  angte 
JBB  is  equal  to  the  angle  HDA\  .*.  the  triangles  lEB, 
ilDA  have  two  angles  in  each  equal,  and  consequently 
the  remaining  angler  are  equal,  t.  e.  EIB  s  S)HA. 

(39.)  If  two  circles  touch  each  other  internally,  and 
taty  two  perpendiculars  to  their  cowtmon  diameter  he  pro- 
dttced  to  cut  the  drcumferences ;  the  lines  joining  the 
points  of  intersection  and  the  point  of  contact  are  prth- 
portionals. 

Let  the  two  circles  ACB,  AEI 
touch  ea<^  other  intcmaUy  in  the 
point  A,  f)*om  which  let  the  com- 
mon diameter  AIB  be  drawn,  and 
fit>m  any  two.pointe  G;  HltA  per- 
pendiculars GC,  HD  meet  the  circumferences  in  C,  D,  E, 
F;  join  AC,  AD,  AE,  AF;  these  lines  are  proportional. 

For  since  ^B  :  AD  ::  AD  :  AH, 
AB  :  AH  in  the  duplicate  ratio  of  ^5  :  AD. 
For  the  nme  renon, 

A6  :  AB  in  the  duplicate  ratio  of  AC  :  AB, 
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.-.  AG  :  AH  in  the  duplicate  ratio  of  AC  :  AD* 
In  the  same  manner  it  may  be  shewn  that 

AG  :  AH'm  the  duplicate  ratio  of  .^£  :  AFy 
.\  (EucK  V.  15.)  the  dupHcate  ratio  of  AC  :  AD, 
is  the  same  with  the  duplicate  ratio  of  A^E  :  AF^ 
and  .-.  AC  :  AD  ::  AE  :  AF. 


(40.)  ^  three  circles,  whose  diameters  are  in  con-- 
tinued  proportion  touch  each  other  intemaUy,  and  from 
the  extremity  of  the  least  diameter  passing  through  the 
point  of  contact,  a  perpendicular  be  drawn,  meeting  the 
circumferences  of  the  other  two  circles ;  this  diaaneter 
and  the  lines  joining  the  points  of  intersection  and  con-- 
tact  are  in  continued  proportion^ 

Let  AB,  AC,  AD  the  diameters  of 
three  circles  tpuchlng  each  other  in  A, 
be  in  continued  proportion,  viz.  AB  : 
AC  ::  AC  :  AD,  and  from  B  the  per- 
pendicular BF  meet  the  circumferences  in  E  and  F; 
join  AE,  AF;  then  AB  :  AE  ::  AE  :  AF. 

For  (Eucl  vi.  8.)  AB  :  AF  ::  AF  :  AD. 
But  by  the  hypothesis  AC 

.'.AC 
whence  AF  =  AC. 

And  (Eucl.  vi.  8.)  AB 

. .  AB 


AB 
AF 


AD 
AF 


AC, 
AC, 


AE 
AE 


AE 
AE 


AC, 
AF. 


(41.)    ^a  common  tangent  be  draum  to  amf  number 
«f  circles  wfiich  touch  each  other  intemtdly ;  andjrom 
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uny  poini  in  this  tangent  as  a  centre,  a  circle  ie  dtscribed 
cutting  the  others,  and  Jram  this  centre  lines  be  drawn 
through  the  intersections  of  the  circles  respectively ;  the 
segments  of  them  within  each  circle  wiU  he  equal.      * 

Let  the  circles  touch  each  other  in 
the  point  B,  to  which  let  a  tangent  BA 
be  drawn,  and  from  any  point  ^  hi  it 
as  a  centre  with  any  radius^  let  a  circle 
EFG  be  described.  Draw  the  lines 
AED,  AFH,  AGI;  then  will  the  parte 
DE,  HF,  IG  be  equal. 

For  since  AB  touches  the  circle^  (EIucl.  iii.  36.) 

DA  :  AB  ::  AB  :  AE, 
For  the  same  reason,  AB  :  AH  ::  AF  :  AB, 
.\  ex  cequo  DA  :  AH  ::  AF  :  AE, 
but  AF=:AE,  /.DA^  AH  and  consequently  DE = HF. 
In  the  same  manner  it  may  be  proved,  that  IG^HF 
or  DE. 


'^■^««»^^>i^«  ^-^  ^^<»^ 


(43.)  If  from  any  point  in  the  diameter  of  a  circle 
produced^  a  torment  he  drawn ;  a  perpendicular  Jrom  the 
point  of  contact  to  the  diameter  will  divide  it  into  seg^ 
ments  which  have  the  same  ratio  that  the  distances  of  the 
point  without  the  circle  Jrom  each  extremity  of  the 
diameter,  have  to  each  other. 

From  any  point  C  in  the  dia- 
meter BA  produced,  let  a  tangent 
CD  be  drawn,  and  from  D,  draw 
I>E  perpendicular  to  AB;  AE  : 
EB  ::  AC  :  CB. 

G 
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Take  O  the  centre  of  the  circle,  join  DO;  then 
(Eucl.  iii.  18.)  the  angle  CDO  is  a  right  angle,  and  .-. 
(Eucl.  vi.  8.) 

CO  :  OD  ::  OD  :  OE, 
or  CO  :  OA  ::  OA  :  OE, 
.•.  div.  and  camp.  AC  :  CB  ::  ^jB  :  EB. 
.  Cor.  '  The  converse  may  easily  be  proved.  ' 


(43.)  If  from  the  extremity  of  the  diameter  of  a 
given  semicircle  a  straight  line  be  drawn  in  it,  equal  to 
the  radius,  and  from  the  centre  a  perpendicular  let  fall 
upon  it  and  produced  to  the  circumference ;  it  will  be  a 
mean  proportional  between  the  lines  drawn  from  the 
point  of  intersection  with  ihe  circumference  to  the  ex- 
tremities  of  the  diameter. 

From  B  the  extremity  of  the  diameter  5 — ^ 

AB  let  a  line  BC  be  drawn,  equal  to  the     ^!^:>-,,^ 
radius  BO ;  and  on   it  let  fall  a   perpen-      boa 
dicular    OD    meeting    the    circumference 
in  D ;  join  DB^  HA ;  DO  is  a  mean  proportional  be* 
twecn  DA  and  DB, 

Join  DC,  Then  the  angles  BAD,  BCD  on  the 
same  base  are  equal.  Also  since  OD  bisects  jBC,  it  bi- 
sects the  arc  BDCy  /.  also  the  straight  line  BD  =  DC 
and  the  angle  PBC=DCB,  but  ODA^OAD,  .\  the 
triangles  ODA,  DBC  are  similar,  .-.  AD.  :  DO  :: 
(jBC=)  do  :  DB. 


K^^^i*^^^^'^^  ^^^^1^^ 


(44.)    If  from  the  extremity  of  the  didmeter  of  a 
cvrcUy  two  lines  be  drawn^  one  of  which  cuts  a  perpen- 
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diciilar  to  the  diameter^  and  the  other  is  drawn  to  the 
point  where  the  perpendicular  meets  the  circumference ; 
the  latter  qf  these  lines  is  a  mean  proportional  between 
the  cutting  line^  and  that  part  of  it  which  is  intercepted  he^ 
tween  the  perpendicular  and  the  extremity  qf  the  diameter. 

Let  CE  be  at  right  angles  to  the  dia- 
meter AB  of  the  circle  ABC^  and  from 
A  let  ADj  AC  be  drawn,  of  which  AD 
cuts  CE  in  F,  then  will 

AD  :  AC  ::  AC  :  AF. 

For  sjnce  the  circumference  AE  is  equal  to  the  cir- 
cumference  AC,  (Eucl.  iii.  270  ^^^  angle  ECA  is  equal 
to  the  angle  ADC\  and  the  angle  at  A  is  common  to  the 
two  triangles  ADC,  ACFj  /.  the  triangles  are  similar, 
and 

AD  :  AC  ::  AC  :  AF, 

But  if  the  point  of  intersection/*  be  without  the  cir- 
cle, draw  dH  parallel  to  CG^  then,  as  before,  the  angle 
HdA  is  equal  to  ACd^  and  the  angle  at  A  common  to 
the  triangles  AHd,  ACdj 

r.  Ad  :  AC  ::  AH  :  Ad  ::  AC  :  Af. 


*.m-»'^*^^*w^^-»-^m 


(45.)  In  the  diameter  of  a  circle  produced^  to  deter* 
mine  a  point,  from  which  a  tangent  drawn  to  the  dr- 
cumference  shall  be  equal  to  the  diameter. 

From  A  the  extremity  of  the  dia- 
meter ABf  draw  AD  at  right  angles 
and  equal  to  AB.  Find  the  centre  0, 
join  OD  cutting  the  circle  in  C ;  and 
through  C  draw  CE  at  right  angles  to 
OD  meeting  BA  produced  in  E. 
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Then  because  the  angle  OAD  is  equal  to  OCB,  each 
being  a  right  angle,  and  the  angle  at  O  is  common  to 
the  two  triangles  OAD,  OCE,  and  OA-OC,  .\  AD=i 
CE.  But  AD  was  made  equal  to  AB,  .\  CE  =s  AR, 
and  E  is  the  point  required. 


>  m^^^^^>^^^^^>^  ^^* 


(46.)  To  determine  a  point  in  the  perpendicular  at 
the  extremity  of  the  diameter  of  a  semicircle,  Jrom  which 
if  a  line  he  drawn  to  the  other  extremity  of  the  diameter, 
the  part  without  the  circle  may  he  equal  to  a  given 
straight  line. 

From  B  the  extremity  of  the  dia- 
meter of  the  semicircle  ADB^  let  a  per- 
pendicular BC  be  drawn ;  in  which 
take  BE  equal  to  the  given  line ;  and 
oa  it  as  a  diameter  describe  a  circle ;  through  the  centre 
of  which  draw  AGF^  and  with  A  as  centre  and  radius 
-rfjF describe  a  circle  cutting  BC  in  C  Join  AC-,  CD 
is  equal  to  the  given  line. 

Join  BD.    Then  BD  being  perpendicular  to  AC^ 
(EucL  vi.  8.  Cor.)  AC  :  AB  ::  AB  i  AD, 
and  (Eucl.  iii.  36.)  AB  :  AF  ::  AG  :  AB,, 
/.  ex  ceqtio,  AC  :  AF  ::  AG  :  AD^ 
whence  AG:c.AD,  and  .-.  DC=GF=^BE. 


(47.)  Through  a  given  point  without  a  given  circle^ 
to  draw  a  straight  line  to  cut  the  circle,  so  that  the  two 
perpendiculars  drawn  Jrom  the  points  of  intersection  to 
that  diameter  which  passes  through  the  given  point,  nwy 
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together  be  equal  to  a  given  line,  not  greater  than  the 
diameter  of*  the  circle. 

Let  P  be  the  given  point  with- 
out the  circle  ABC,  whose  centre 
is    0 ;    AB  the    diameter  which 
passes    through   P.     On  PO  de- 
scribe a  semicircle.    From  P  draw 
PD  at  right  angles  to  PB  and  equal  to  half  the  given 
line ;  through  D  draw  DE  parallel  to  PB  meeting  the 
semicircle  in  jE;  join  PE;  and  produce  it  to  C;  PC 
is  the  line  required. 

For,  draw  FG,  EH^  C/  perpendiculars  to  AB.  Join 
OE\  then  the  angle  PEO  is  a  right  angle,  and.*.  (EucL 
iii.  3.)  -BF=  -EC;  whence  FG  and  CI  together  are 
equal  to  2E/r=2PD=the  given  line. 


(48.)  If  from  each  extremity  of  any  number  of  equal 

adjacent  arcs  in  the  circumference,  of  a  circle,  lines  be 

drawn  through  two  given  points  in  the  opposite  circum^ 

ferenccj  and  produced  till  they  meet ;  the  angles  formed 

by  these  lines  will  be  equal. 

Let  ABf  BC,  be  equal  arcs,  and      j^ 
F,  E  two  points  in  the  opposite  cir-     »| 
cumference,   through   which  let  the      c' 
lines  JFI,  BEI;  BFH,  CEH  be 
drawn,  so  as  to  meet ;  the  angles  at  /  and  H,  will  be 
equal. 

From  E  draw  EK^  EL,  respectively  parallel  to  FA, 
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From  ^  and  B  the  extremities  of  the 
diameter  AB  let  tangents  AD,  BE  be 
drawn,  meeting  a  tangent  to  any  other  point 
Cof  the  circumference,  in  D  and  E;  and 
kt  O  be  the  centre;  join  DO,  EO;  the 
angle  DOE  is  a  right  angle. 

Join  CO.  Then  since  CE  =  EB,  CO  =  OB,  and 
the  angles  at  C  and  B,  being  right  angles,  are  equal, 
.-.  the  angle  CEO-  OEB,  and  CEB  is  bisected  by  EO. 
In  the  same  manner  it  may  be  shewn  that  the  angle 
ADC  is  bisected  by  DO.  And  since  the  angles  CEB, 
CD  A  are  equal  to  two  right  angles,  .*.  CDO  and  CEO 
are  equal  to  one  right  angle,  and  .'.  (Eucl.  i.  32.)  DOE 
is  a  right  angle. 


(53,)  If  from  the  extremities  of  the  diameter  of  a 
circle  tangents  he  drawn ;  any  other  tangent  to  the  crr^ 
cle,  terminated  by  them,  is  so  divided  at  the  point  of 
contact,  that  the  radius  of  the  circle  is  a  mean  propor- 
tional between  its  segments. 

Let  AD,  BE  be  two  lines  touching  the  circle  ABC^ 
(see  the  last  Fig.)  at  A  and  B  the  extremities  of  its  dia- 
meter, and  meeting  DCE  any  other  tangent  to  the  cir- 
cle ;  take  O  the  centre,  and  join  CO ;  then  will  DC  : 
CO  ::  CO  :  CE. 

k 

Join  DO,  EO ;  then  as  in  the  last  poposition,  it 
may  be  shewn  that  DOE  is  a  right  angle  ;  and  since  from 
the  right  angle  OC  is  drawn  perpendicular  to  the  base^ 
.-.  (Eucl.  vi.  8.)  it  is  a  mean  proportional  between  the 
itegments  of  the  base,  or 

DC  :   CO  ::   CO  :   CE. 
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(54.)  7\co  circles' being  given  in  magfdtude  and  posi- 
tion :  to  find  a  point  in  the  circumference  of  one  of  them, 
to  which  if  a  tangent  be  drawn  cutting  the  circumference 
of  the  other,  the  part  of  it  intercepted  between  the  two 
circumferences  may  be  equal  to  a  gh^en  line. 

Let  O  and  C  be  the  centres  of  the 
two  given  circles.  To  any  point  A  in 
the  circumference  of  one  of  them  let  a 
tangent  AB  be  drawn,  and  make  AB 
equal  to  the  given  line.  With  the 
centre  C  and  distance  CB  describe  a  circle  DBD  cutting 
the  other  in  the  point  Dj  and  from  D  draw  DE  touch- 
ing the  former  given  circle;  *J?  will  be  the  point  required. 

Join  CA,  CB,  CD,  CE.  Since  CA^  CE  and  C5= 
CD,  and  the  angles  at  A  and  E  are  right  angles,  •*.  DE 
is  equal  to  BA,  t.  e.  to  the  given  line. 

If  the  circle  DBD  neither  cuts  nor  touches  DD,  it 
is  evident  the  problem  will  be  impossible. 


(55.)  To  draw  a  straight  line  cutting  two  concentric 
circles  so  that  the  part  of  it  which  is  intercepted  by  the 
arcumference  of  the  greater  may  be  double  the  part  in^ 
tercepted  by  the  circumference  of  the  less. 

Let  O  be  the  centre  of  the  two  circles. 
Draw  any  radius  OA  of  the  lesser  circle 
and  produce  it  to  B,  making  AB^AO. 
On  AB  describe  a  semicircle  ACB  cutting 
the  greater  circumference  in  C;  join  AC, 
and  produce  it  to  E\  CE'is  the  line  required. 

Join  CB ;  and  let  fall  the  perpendicular  OD. 

H 


Then 
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'     On  the  radius  AB  of  the  qtiadnmt 

AGB]et  die  semicircle  AEB  be  .de- 

scribed,  and  at  A  dravr  the  tangent  AD. 

From  B  draw  any  line  BECD  meeting 

the  tangent  in  D,  and  the  circumferences 

m  C^  E\  from  E  let  fall  the  perpendicular  EF\  then 

BD,  BCy  BE^  BFzre  in  continued  proportion. 

Since  FE  is  perpendicular  to  BA^  it  is  parallel  to  AD, 

/.  BF  :  BE  ::  (B^=)  BC  :  BD, 

But  (Eucl.  vi.  8.)  BF  :  BE  ::  BE  :  (B^=)  BC, 
/.  (Eucl.  V.  15.)  alsp  BwE  :  BC  ::   BC  :  BD, 

and  BF  :  B£  ::   BE  :  BC  ::  BC  :  BJ5. 


^irf»^^#^^^^>»<^»^^^^^>»#^^i^»^^^ 


(59.)  If  the  chord  of  a  quadrant  be  made  the  dia- 
meter cf  a  semidrck,  and  from  itsi  extremities  two 
straight  lines  be  drawn  to  any  point  in  the  circunference 
of  the  semicircle ;  the  segment  of  the  greater  line  inter- 
cepted between  the  two  circumferences  shall  be  eqwd  to 
the  less  of  the  two  lines » 

Let  O  be  the  centre  of  the  quadrant 
ADB;  join  AB,  and  on  it  let  a  semicircle 
ACB  be  described;  from  any  point  C  in 
which  let  lines  CAy  CB  be  drawn  to  A  and 
By  of  which  CB  is  the  greater;  CD^zzCA. 

Join  ADy  and  complete  the  .circle  ABE ;  take  any 
point  Ej  and  join  EA,  EB.  Since  ADBE  is  a  quadri- 
lateral figure  inscribed  in  a  circle,  the  angles  AEBy 
ADB  are  equal  to  two  right  angles,  and  .*•  equal  to 
ADBy  ADC;  whence  AEB^ADCy  but  AEB  is  half 
of  AOB  which  is  a  right  angle^  •*•  ADC  is  half  a  right 
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angle^  and  ACD  being  a  right  angle  (Eocl.  ii.  3I4),  CAD 
is  half  a  right  angle,  and  /.  equal  to  CD  A,  consequently 
CA=CD. 


^^^^>^>^^0>^^*  i»S» 


(60.)  ff  two  circles  cut  each  other  so  that  the  cir^ 
cumference  of  one  passes  through  the  centre  of  the  other ^ 
and  from  either  point  of  intersection  a  strqfght  line  be 
drawn  cutting  both  circumferences ;  the  part  intercepted 
between  the  two  circumferences  will  be  equal  to  the  chord 
drawn  from  the  other  point  of  intersection  to  the  point 
where  it  meets  the  inner  circumference. 

Through  O  the  centre  of  the  circle 
ABC,  let  the  circle  AOB  be  described, 
cutting  ABC  in  A  and  B.  If  any  line 
AED  be  drawn  from  A,  and  jB£  joined ; 
DE  will  be  equal  to  EB, 

Draw  the  diameter  AOC\  join  i5C,  BD.  Then 
since  the  angle  AOB  is  equal  to  AEB,  .*.  the  angle 
COB  is  equal  to  DEB.  Also  the  angles  OCB,  EDB, 
being  in  the  same  segment,  are  equal  to  one  another, 
/.  the  triangles  OCB,  EDB  are  equiangular,  and  /. 
since  OB  s  OC,  the  angle  OCB  is  equal  to  the  angle 
OBC,  whence  EDB=EBD,  and  .-.  ED^EB. 


(61.)  If  from  each  extremity  of  the  diameter  of  a 
circle  lines  be  drawn  to  any  two  points  in  the  circunfe- 
rence ;  the  sums  of  the  lines  so  drawn  to  each  point  unll 
nave  to  one  another  the  same  ratio  that  the  lines  have, 
which  join  those  points  and  the  opposite  extremity  of  a 
diameter  perp^ntUcular  to  the  former. 
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From  A  and  Cthe  extremities  of  ^C  the  diameter  of 
the  circle  ABC,  let  lines  AE,  EC,  AF,  FC  be  drawn 
to  any  points  E  and  F  in  the  cir- 
cumference, and  draw  the  diameter 
BD  perpendicular  to  AC',  join  ED, 
FD;  then 
AE  +  EC  :  AF+FC  ::  ED  :  FD. 

Join  ^J3 ;  and  with  the  centre  B 
and  distance   BA  describe    a  circle  j, 

AGC-,  produce  AB,  AE,  AF  to  the  circumference. 
Join  QH,  HI,  BE,  EF,  Gl,  BF.  Then  since  AG  and 
BD  are  diameters  of  the  circles,  the  angles  AHG,  AIG 
are  equal  to  DEB,  DFB ;  but  BAE,  EAF  are  equal  to 
BDE,  EDF,  and  the  angle  HIG  he\ng= HAG  ==BDE 
:=zBFEy  .'.  the  ang\e  HIAz^EFD,  and  the  triangles 
GAH,  HAlare  similar  to  BDE,  EDF,  and 

..AH  :  AI ::  ED  ;  FD, 
But  (ii.  60.)  EH=EC,  and  FI=FC, 
.'.  AE  +  EC  :  AF+FC  ::  £D  :  FD. 


■»^«»^^#'»>»l<S».»^^^v»^»^»^^  ^■»*-^^ 


(63.)  If  from  any  tim  points  in  the  circumference  of 
a  circle  there  he  drawn  two  straight  lines  to  a  point  in 
a  tangent  to  thai:  circle;  they  will  make  the  greatest 
angle  when  drawn  to  the  point  of  contact. 

Let  A  and  B  be  the  two  pointSi  and 
CZ>  th^  tangent  at  C;  join  AC,  CB;  the 
angle  ACB  is  greater  than  any  other  angle 
ADB  formed  by  lines  drawn  to  any  other 

point  D. 

Join  BE.    Then  the  angles  ACB,  AEB  in  the  same 


Sect.  2.]  GEOMETRICAL   PROBLEMS.  69 

.segment  are  equal;  but  ADB  is  less  than  the  exterior 
angle  AEB^  inA  .\  is  less  than  ACB. 

Cor.  If  two  circles  touch  each  other  in  C,  it  might 
be  shewn  in  a  similar  manner,  that  the  angle  formed  by 
two  straight  lines  drawn  from  A  and  B  to  C  the  point  of 
contact  will  be  greater  than  the  angle  fornoed  by  lines 
drawn  from  the  same  points  to  any  point  in  the  exterior 
circle. 


(63.)  From  a  given  point  within  a  given  circle  to 
draw  a  straight  line  which  shall  make  with  the  circum- 
ference an  angle  less  than  the  angle  made  by  any  other 
line  dratcnfrom  that  point. 

Let  P  be  the  given  point  within  the 
circle  ABC. 

Find  0  the  centre,  join  OP^  and 
produce  it  to  the  circumference.  From 
P  draw  PB  at  right  angles  to  OA ;  it  is 
the  line  required. 

Join  OB,  and  on  it  as  a  diameter  describe  a  circle 
OPBy  which  will  touch  the  circle  ABC  in  B.  Then 
OBP  is  the  greatest  angle  that  can  be  included  between 
lines  drawn  from  0  and  P  to  the  circumference  ABC 
(ii.  62.  Cor.),  .'.  the  angle  contained  by  PB  and  the  cir- 
cumference AB  will  be  the  least.  ' 


« 

(64.)    To  determine  a  point  in  the  arc  of  a  quadrant^ 
Jrom  which  if  lines  be  drawn  to  the  centre  and  the  point 
of  bisection  of  the  radius^  they  shall  contain  the  greatest 
possible  angle,  . 
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Let  BC  be  the  arch  of  a  quadrant  whose  centre  is  A, 
and  let  the  radius  AC  be  bisected  in  D.     On 
AD  describe  an  equilateral  triangle  ADE, 
and  produce  AE  to  F ;  F  is  the  point  re- 
quired. 

Join  FD.  Then  AF=^AC,  and  AD= 
AE,  but  AD  is  half  of  AC,  and  /.  AE  is  half 
of  AF,  and  /.  equal  to  EF-,  and  EA,  ED,  EF  are 
equal ;  whence  a  circle  described  from  the  centre  E  at 
the  distance  of  any  one  of  them  will  pass  through  the 
extremities  of  the  other  two^  and  touch  the  arc  BC  in 
JP^  because  their  centres  are  in  the  same  straight  line ; 
and  AFD  (ii.  62.  Cor.)  is  greater  than  any  other  angle 
formed  by  Unes  drawn  from  any  point  in  BC  to  A  and  D. 


(65.)  TjT  t/ie  radius  of  a  circle  he  a  mean  proportional 
to  two  distances  Ji'om  the  centre  in  the  same  straight  line ; 
the  lines  drawn  from  their  extremities  to  any  point  in 
the  circumference  will  have  the  same  ratio  that  the  dis^ 
tances  of  these  points  from  the  circumference  have. 

Let  A  and  B  be  the  two  points, 
such  that^O  :  CO  ::  CO  :  BO,  ani 
from  A  and  B  let  lines  AD,  BD  be 
drawn  to  any  point  D  in  the  circu in- 
ference; these  have  always  the  same  ratio,  viz.  AD  : 
BD  ::  AC  :  BC. 

Join  OD.  Then  since  OD^OC,  OA  :OD::OD: 
OB,  L  e.  the  sides  about  the  common  angle  AOD  of  the 
triangles -r^OD,  BOD  are  proportional,  and  /.  the  tri- 
angles are  similar,  consequently 

DA  :  DB  ::  OA  :  {0D:=)  OC. 
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But  since  AO  :  CO  ::  CO  :  BO, 

div.  AG  :  AC  ::  CO  :  CB, 

alL  AO  :  CO  ::  AC  :  CB, 

.-.  (Eucl.  V.  15.)   DA  :  DB  ::  AC  :  CB. 


(66.)  Two  circles  being  given  in  position  and  mag'- 
nitude;  to  draw  a  straight  line  cutting  them  so  that 
the  chords  in  each  circle  may. be  equal  to  a  given  line, 
not  greater  than  the  diameter  of  the  smaller  circle. 

Let  ABC,  EFG  be  the  given  circles  whose  centres 
are  0  and  M.     In  each  place  a  line  AB,  EFy  equal  to 


the  given  line ;  and  irom  the  centres  draw  the  perpen- 
diculars 01,  MK;  and  with  these  distances^  and  centres 
O  and  I,  describe  circles  which  will  touch  AB,  EF  in  I 
and  K;  draw  CDGH  {\\.  70  which  shall  touch  these 
circles  in  L  and  N\  each  of  the  chords  CD  and  GH 
will  be  equal  to  the  given  line. 

Join  OL,  MN;  these  lines  are  perpendicular  to  CD 
and  GH,  and  being  respectively  equal  to  01  and  MK, 
CD^AB  (Eucl.  Hi.  14.),  and  GH^EF;  hut  AB  and 
EF  are  each  equal  to  the  given  line,  /.  CD  and  GH 
are  also  each  equal  to  the  given  line. 

« 

~  Cor.    If  the  intercepted  parts  are  required  to  bwra 

I 
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a  given  ratio^  take  AB  and  EF  in  that  ratio,  and  make 
the  same  construction  as  in  the  proposition. 


i«N##M»< 


(67.)  To  determine  a  point  in  the  arc  of  a  quadrant, 
through  which  if  a  tangent  he  drawn  meeting  the  sides 
of  the  quadrant  produced,  the  intercepted  parts  may 
have  a  given  ratio. 

V 

Let  OA,  OB  be  the  sides  of  a  quad- 
rant produced ;  and  take  M  and  N  two 
r^ht  lines  which  are  in  the  given  ratio, 
and  let  OC  be  a  mean  proportional  be- 
tween the  radius  of  the  quadrant  and  M, 
and  OD  a.  mean  proportional  between  the  radius  and  N^ 
Join  CDy  and  draw  the  radius  OE  cutting  it  at  right 
angles ;  E  is  the  point  required.. 

Through  E  draw  the  tangent  ABB,  which  being  per- 
pendicular  to  OE  (Eucl.  iii.  18.),  will  be  parallel  to  CD, 

/.  AG  :  OB  ::  CO  :  OD, 
and  since  OC  and  OD  are  mean  proportionals  between 
ilf  .and  the  radius,  and  N  and  the  radius  respectively, 
M  :  iV  in  the  duplicate  ratio  of  OC  :  OD, 
i.  e.  in  the  duplicate  ratio  of  AO  :  OB. 
But  (Eucl.  vi.  8.  Cor.) 

AE  :  EB  in  the  duplicate  ratio  of  ^0  :  OB, 
:.  AE  :  EB  ::  M  :  N,  i.e.  in  the  given  ratio. 


(68.)  ya  tangent  be  drawn  to  a  circle  at  the  extre^ 
mity  of  a  chord  which  cuts  the  diameter  at  right  angles, 
mud  from  ^ny  point  in  it  a  perpendicular  be  let  fall;  the 
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segment  of  the  diameter  intercepted  between  that  per^ 
pendicular  and  chord  is  to  the  intercepted  part  of  the 
tangent f  as  the  chord  is  to  the  diameter. 

Let  the  chord  CD  be  perpendicular  to 
the  diameter  AB^  and  let  CE  touch  the 
circle  at  C;  from  any  point  E  in  which 
let  EF  be  drawn  perpendicular  to  AB -^ 
FG  :  CE  ::  CD  :  AB. 
Draw  the  diameter  CH;  join  ifD,  and  draw  C/ per- 
pendicular to  EF.    Since  EC  touches  the  circle,  the 
angle  ECH  (Eucl.  iii.  18.)  is  a  right  angle,  and  •*.  equal 
to  1CD\   whence,  taking  away  from  each  ICH^  the 
angle  ECI^  HCD,  and  EIC,  HDC  are  right  angles, 
.*•  the  triangles  ECIy  HDC  are  equiangular* 
whence  IC  :  CE  ::  DC  :  CH, 
or  OF  :  CE  ::  CD  :  JB. 


^^i*'*- 


(69.)    ^  a  straight  line  be  placed  in.  a  circle,  and 

Jrom  its  extremities  perpendiculars  be  let  Jail  upon  any 

diameter ;  these  perpendiculars  together  will  have  to  the 

part  of  the  diameter  intercepted  between  them,  the  same 

ratio  that  a  line  placed  in  the  circle  perpendicular  to  the 

former  line,  has  to  the  former  line  itself. 

Let  the  line  CD  be  placed  in  the  cir- 
cle ABC,  and  from  its  extremities  let 
CE,  DF  be  drawn  perpendicular  to  a  di- 
ameter AB.  From  D  let  DG  be  drawn 
perpendicular  to  DC;  then  will 

CE^DF:  EF::  GD  :  DC. 

Join  CG,  which  is  therefor^  a  diameter  of  the  circle ;: 
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and  produce  CE  to  /:  join  DI,  and  draw  DH  perpen- 
dicular tp  CE.  Since  CI  is  perpendicular  to  AB,  CE= 
EI,  but  HE  =  DF,  .-.  ^7=  CE+DF.  Now  (Eucl, 
iii.  21.)  the  angle  at  G  is  equal  to  the  angle  at  /^  and 
CZ>G,  DHI  are  right  angles,  /.  the  triangles  CGD^ 
HID  are  equiangular, 

and  HI  :  HD  ::  DG  :  DC, 
or  CE+DE  :   J^F  ::  DG  :  DC. 


^«^^«^i^«#'^i»^<i^«*^N^>^^^'0<»^^«rf»<«<^>»i» 


(70.)  /»  a  ctrcfe  to  place  a  straight  line  o/*  given 
lengthy  so  that  perpendictdars  drawn  to  itjrom  two  given 
points  in  the  circumference  may  have  a  given  ratio. 

Let  A  and  jB  be  the  given 
points  in  the  circumference  of  jthe 
circle  whose  centre  is  O.  Join 
BAy  and  produce  it;  and  take  AC :  . 
CB  in  the  given  ratio.  In  the 
circle  place  a  straight  line  equal  to  the  given  straight  line, 
andirom  the  centre  0  let  fall  a  perpendicular  upon  it. 
With  O  as  centre,  and  distance  equal  to  this  perpendi* 
cular  describe  a  circle  DG,  and  from  C  draw  CEDFvl 
tangent  to  it ;  then  HF  is  the  line  required. 

For  (EucL  iii.  14.)  it  is  equal  to  the  given  straight 
line.  And  if  from  A  and  £,  AE,  BI  be  drawn  perpen- 
dicular to  CFy  they  are  parallel  to  each  other,  and  the 
triangles  CAE,  CJBf  are  similar, 

.-.  AE  :  BI  ::  CA  :  CB^  i.  e,  in  the  given  ratio. 


^^^^^»»^^^^^»i»^»»»i»^^i»«^^>^#» 


(71.)    If  from  any  point  in  the  arc  of  a  segment  of 
a  arcle  a  line  he  drawn  perpendicular  to  the  base ;  and 
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firam  the  greater  segment  of  the  base,  and  arc,  parts  be 
cut  off"  respectivefy  eqiud  to  the  less ;  the  remaining 
pari  of  the  base  shall  be  equal  to  the  chord  of  tjie  re^ 
maimng  arc. 

From  any  point  B  in  the  arc  ABC,  let 
BD  be  drawn  perpendicular  to  AC ;  make 
BF^BC,  and  DE=^DC;  join  JF;  AF 
will  be  equal  to  AE.  ^      *^ 

Join  FE,  EB,  FB,  BC.  Since  the  arc  BC=the  arc 
BF,  the  straight  line  £C=  BF;  and  DE  being  equ^l  to 
DC,  and  DB  common,  and  at  right  angles  to  EC, .'. 
BE^BC^BF,  and  the  angle  BFE  is  equal  to  the 
angle  BEF.  Now  since  AFBC  is  a  quadrilateral  figure 
inscribed  in  a  circle,  the  angles  AFB,  ACB  are  equal  to 
two  right  angles,  and  /•  equal  to  AEB,  CEB,  of  which 
JCB  =  CEB,  .-.  AFB  =  AEB;  but  BFE  =  BEF, 
cotksequenily  AFE=AEF;  v^hence  AF=AE. 


(72-)  If  from  the  point  of  bisection  of  any  arc  of 
a  circle  a  perpendicular  be  drawn  to  the  diameter, 
which  passes  through  one  extremity;  it  will  bisect  the 
segment  of  the  chord  cut  off*  by  the  line  joining  the 
point  of  bisection  of  the  arc  and  the  other  extremity  of 
the  diameter. 

Let  jiC  be  the  arc  bisected  in  D.  Join 
AC;  and  from  D  draw  DE  perpendicular 
to  the  diameter  AB,  and  meeting  AC  in  G ; 
join  BD;  AG=GF. 

Because  AC  is  bisected  in  D,  the  angle  CAD  is 
equal  to  the  angle  DBA,  i.  e.  to  the  angle  EDA  (Eucl. 
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vi.  8.),  .*.  the  right-angled  triangle  ADF  is  equiangular 
to  the  two  triangles  BED,  DEA  .*.  the  angle  6FD=s 
ODF,  and  consequently  OD—GFi  also  OADsz  QDA, 
.'.  AG=6D,  whence  AG=GF. 


ir<#i^^s^<r  ^^»^^»^i^#s^^^^^^»  ^^#  ^^ 


(73.)  In  a  given  circle  to  draw  a  chord  parallel  to 
a  straigfU  line  given  in  position ;  so  that  the  chord  and 
perpendicular  drawn  to  it  from  the  centre  may  together 
be  equal  to  a  given  line. 

• 

Let  O  be  the  centre  of  the  circle,  OA  the 
straight  line  given  in  position ;  draw  OB  per- 
pendicular to  it,  and  equal  to  the  given  line. 
Take  O^  equal,  to  the  half  of  0B\  and  join 
AB^  cutting  the  circle  in  C ;  through  C  draw 
CD  parallel  to  OA ;  CD  is  the  chord  required. 

Because  OA  is  half  of  Ofi,  and  OA^  EC  are  parallel, 
.-.  (Eucl.  vi.  3.)  EC  is  half  of  J^B,  and  DC=z  EB; 
therefore  DC  and  OE  together  are  equal  to  BE  and  OE 
together,  t.  e.  to  BO,  or  to  the  given  line. 


<»-»«»^^i»»<»^^i^«#^»»^»^i^»i#»i«>y.^'^ 


(74.)  Through  a  given  point  within  a  given  circle, 
to  draw  a  straight  line  such  that  the  parts  of  it  inter- 
cepted between  that  point  and  the  circumference  may 
have  a  given  ratio. 

Let  P  be  the  given  point  within  the  cir- 
cle ABD.  Through  P  draw  the  diameter 
APBy  and  take  AP  :  PC  in  the  given  ratio. 
With  P  as  centre,  and  radius  equal  to  a 
mean    proportional   between  BP  and   PC, 
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describe  a  circle  cutting  ADB  in  D ;  join  DP,  and  pro- 
duce it  to  £ ;  DE  is  the  chord  required. 

Since  BP  :  PD  :f  PD  :  PC, 
and  (Eucl.iii.  35.)  BP  :  PD  ::  PE  :  PA, 

..  PE  :  PA  ::  PD  :  PC, 
and  alt.  PE  :  PD  ::  AP  :  PC,  i.e.in 
the  given  ratio. 

CoR.  Since  one  circle  cuts  another  in  two  points, 
there  wilt  be  two ,  chords  which  answer  the  conditions. 
If  C  coincides  with  A,  the  ratio  is  one  of  equality^  and 
DE  will  be  perpendicular  to  AB. 


(75.)    From  two  given  points  in  the  circurnference  of 

a  given  circle^  to  draw  two  lines  to  a  point  in  the  circum- 

Jerence,  which  shall  cut  a  line  given  in  position^  so  that 

the  part  of  it  intercepted  by  them  may  he  equal  to  a 

given  line. 

Let  AyBhfd  the  given  points  in  the 
circumference  of  the  circle  ABC;  DE 
the  line  given  in  position.  From  JB 
draw  BF  parallel  to  DE,  and  equal 
to  the  given  line.  Join  AF;  and  on 
it  describe  a  segment  of  a  circle  AGF  containing  an 
angle  equal  to  the  angle  in  the  segment  ACB ;  and  let  it 
cut  DE  in  O.  Join  AG,  and  produce  it  to  C;  and  join 
£C  cutting  DE  in  H.     AC,  BC^Lve  the  lines  required. 

Join  GF  Since  the  angle  AGF  =  ACB,  GF  is 
{larallel  to  CB;  but  FB  is  parallel  to  GH,  whence  FGHB 
is  a  parallelogram,  and  6J7=  FB. 


*^9^^i*0***^^^^^^^^^^*^*^^*^ 
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(76.)  If  a  chord  and  diameter  of  a  circk  intersect 
each  other  at  any  angle,  and  a  perpendicular  to  the  chord 
be  drawn  from  eit/ier  extremity  of  it,  meeting  the  cir- 
cumference and  diameter  produced;  the  whole  perpen- 
dicular has  to  the  part  of  it  without  the  circle^  the  same 
ratio  that  the  greater  segment  of  the  chord  has  to  the 
less. 

Let  the  diameter  AB  and  chord  DE  intersect  each 
other  at  C ;  and  from  D  draw  DG  perpendicular  to  DE, 


meeting  j4B  produced  in  G ; 

then  GD  :  GF  ::  PC  ::  CE. 

Through  Fdraw  F/ parallel  to  DE,  and  meeting  the 
diameter  in  /.  Join  FE,  cutting  the  diameter  in  O.  Since 
the  angle  FDE  is  a  right  angle,  FE  is  a  diameter  and  O 
is  the  centre.  And  since  the  angle  IFO  is  equal  to  the 
alternate  angle  OEC,  and  the  angles  at  O  are  equal,  and 
FO=OE,  .'.  the  triangles  OFlj  OEC  are  equal,  and 
CE  =  FI.    And  since  FI  is  parallel  to  DC, 

(Eucl.  vi.  2.)  GD  :  GF  ::  DC  :  (F/=)  CE. 

In  a  similar  manner  it  may   be  shewn  that 
gH  :  gE  ::  DC  :  CE. 


(77.)  If  from  the  extremities  of  any  chord  of  a  cir^ 
cle,  perpendiculars  to  it  be  drawn  and  produced  to  cut 
a  diameter ;  and  from  the  points  of  intersection  with  the 
diameter  lines  be  drawn  to  a  point  in  the  chordy  so  as  to 
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make  equal  angles  with  it;  these  lin&^  together  will  be 
equal  to  the  diameteir  of  the  circle. 

Let  j^B  be  any  chord  of  the  circle 
ABC\  draw  AE  and  BF  perpendicular  to 
it,  meeting  the  diameter  CD  in  E  and  F\ 
from  which  let  the  lines  EHj  FII  be  diawn 
making  equal  angles  with  AB;  EH  and  HF  together 
are  equal  to  CD.  « 

Take  0  the  centre,  and  join  BO,  and  produce  it;  it 
will  meet  AE  produced  in  G.  Produce  EHy  FB  to 
meet  in  /.  Then  since  the  angle  IHB^AHE^FHB, 
and  HB  is  perpendicular  to  F£,  the  triangles  FHB, 
HBI  Hve  equal,  and  FHznHI.  And  since  EG  is  pa- 
rallel to  FB,  the  angle  EGO  =  OBF,  and  the  vertical 
angles  at  O  are  equal,  and  GO=OB,  .\  EG^zFB^BI; 
whence  -E/=  GB^  and  /.  EH,  HF  together  are  equal  to 
EI  i.  e.  to  GB  or  CD  the  diameter  of  the  circle. 


r«^»^»^  ^#^>»^ 


(78. )  If  from  a  point  without  a  circle  two  straight  lines 
be  drawn,  one  of  which  touches  and  the  other  cuts  the 
circle ;  a  line  drawn  from  the  same  point  in  any  direction^ 
equal  to  the  tangent,  will  be  parallel  to  the  chord  of  the 
arc  intercepted  by  two  lines  drawn  from  its  other  e*- 
tremity  to  the  former  intersections  of  t/ie  circle. 

From  the  point  A  let  AB,  AD  be 
drawn,  of  which  AB  touches  the  circle 
BCD,  and  AD  cuts  it ;  and  draw  AE= 
AB,  in  any  direction ;  join  CE,  DE, 
cutting  the  circle  in  F  and  G ;  the  chord 
FG  will  be  parallel  to  AE. 

K 
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Because  (Eucl.  iii.  36.)  DA  :  AB  ::  AB  :  AC, 
and  AE^AB,  .\  DA  :  AE  ::  AE  :  AC, 
i.e.  the  sides  about  the  angle  A  of  the  triangles  ADE, 
ACEsLve  pro})ortional,  .*.  (Eucl.  vi.  6.)  the  triangles  are 
equiangular,  and  the  angle  AEC  is  equal  to  the  angle 
ADE.  But  since  CDGF  is  a  quadrilateral  figure  in  the 
circle,  the  angles  CDG,  CFG  are  equal  to  two  right 
angles,  i.e.  to  EFG,  CFG,  .-.  CDG=EFG,  whence 
AEF=EFG,  and  FG  is  therefore  parallel  to  AE. 


(79.)  If  from  a  point  without  a  circle^  two  straight 
lines  he  drawn  touching  it,  and  from  one  point  of  contact 
a  perpendicular  he  drawn  to  that  diameter  which  passes 
through  the  other ;  this  perpendicular  will  he  bisected  by 
the  line  joining  the  point  without  the  circle  and  the  other 
extremity  of  the  diameter. 

Let  DA,  DB  be  drawn  from  a  point  D 
without  the  circle  ABC,  touching  it  in  A 
and  B;  and  from  B  let  BE  be  drawn  per- 
pendicular to  AC  the  diameter  passing 
through  A;  join  CD;  BE  is  bisected  by 
CD  in  the  point  F. 

•  For  produce  AD  and  CJB  to  G;  join  AB.  Then 
since  DA=:DB,  the  angle  DAB  is  equal  to  the  angle 
DBA.  Now  the  angle  ABG,  being  a  right  angle,  is 
equal  to  BAG,  BGA,  of  which  ABDzizBAG,  .-.  DBG 
^DGB,  and  DG^DB^DA-,  and  since  AG  is  pa- 
rallel to  EB, 

BF  :  GD  ::  CF  :  CD  ::  EF  :  AD, 
and  GD^DA,  . .  BF—FE. 


^*  ■^W  ^^^>^f>0^  r.^^.^S^.^-^^^0^^^,^^^ 
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(80.)  Ifonif  chord  in  a  circle  be  bisected  by  aiwther, 
and  produced  to  meet  the  tangents  drawn  Jrom  the 
extremities  of  the  bisecting  line ;  the  parts  intercepted 
between  the  tangents  and  the  circumferences  are  equal* 

Let  AB  be  bisected  in  E  by  CD; 
and  to  C  and  D  let  tangents  be  drawn,, 
meeting  AB  produced  in  F  and  G; 
AF  is  equal  to  BG. 

Find  O  the  centre ;  join  OCy  OD, 
OEy  OFy  OG.  Since  OE  is  drawn  from  the  centre  to 
the  point  of  bisection  of  AB  (Eucl.  iii.  3.)  the  angle 
OEF  is  a  right  angle ;  and  the  angle  OCF  is  a  right 
angle  (Eucl.  iii.  18.) ;  .*.  a  circle  may  be  described  about 
OEFC.  Also  since  ODG  and  OEG  are  right  angles 
a  circle  may  be  described  about  OEDG ;  and  the  angle 
DOG  is  equal  to  the  angle  DEG  in  the  same  segment ; 
but  DEG  is  equal  to  FEC,  i.e.  to  FOC,  .\  DOG=s 
FOC\  and  ODGy  OCF  ^xe  equals  being  right  angles; 
and  OC=ODy  .'.  OF=OG,  and  consequently  FEss 
EG,    But  AE^EB,  . .  FA^BG. 


r^^^^^^^mmm^^M 


(81.)  If  one  chord  in  a  circle  bisect  another,  and 
tangents  drawn  Jrom  the  extremities  of  each  be  produced 
to  meet ;  the  line  joining  their  points  of  intersection  will 
ffe  parallel  to  the  bisected  chord. 

Let  AB  be  bisectied  by  the  line 
CD  in  E,  and  let  the  tangents  AF, 
BF  meet  each  other  in  F,  and  DG, 
CG  in  G.  Join  GF;  GF  is  pa- 
rallel  to  AB. 

Join  AOy  CO,  GO,  FO ;  then 


1 

J 
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GO  bisects  CD  in  JET,  aud  OHE  is  a  right  angle;  for 
the  si^oie  reason  FO  passes  through  E^  and  AEO  is  i^ 
right  angle.  And  since  FAO  is  a  right  angle  (Euch 
iii.  18.),  and  from  A^  AE  is  drawn  perpendicular  to  the 
base, 

(Eucl.  vi.  8.  Cor.)  FO  :  OA  ::  OA  :  OE, 
for  the  same  reason^ 

{0C=)  OA  :  OG  ::  OH  :  (0C-)  OA, 
/.excequoper.  FO :  OG  ::  OH  :  OE, 
/.  the  sides  of  the  triangles  FOG,  OHE  about  the  conj'- 
mon  angle  0  are  proportional,  and  consequently  the 
triangles  are  equiangular,  and  the  angle  GFO  equal  to 
EHO,  and  /.  a  right  angle^  and  equal  to  the  alternate 
angle  FEB,  .-.  AB  \s  parallel  to  GF. 


r^*^^s*^#^^^'**i*^>»>**^*^*^#^ 


(82.)  If  from  a  point  without  a  circle  two  lines  be 
drawn  touching  the  circle,  and  from  the  extremities  of 
any  diameter  lines  be  drawn  to  the  points  of  contact^ 
cutting  each  other  within  the  circle ;  the  line  jtroduced, 
which  joins  their  intersection  and  the  point  without  the 
circle,  will  be  perpendicular  to  the  diameter. 

Prom  the  point  P  without  the  circle 
ABC  let  there  be  drawn  two  tangents 
PC,  PD.  From  A  and  B  the  extremi- 
ties of  a  diameter,  draw  AD,  BC  to  the 
points  of  contact^  intersecting  each  other 
in  E;  join  PE,  and  produce  it  to  F;  PFis  jpyerpendicular 
to  AB. 

Take  0  the  centre  ;  join  CO,  DO,  CD,  DB.    Since 
CPD,  COD,  are  together  equal  to   two  right  angles, 
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CPD  is  equal  to  j40C^  BOD  together,  i.  e.  to  twice 
JDC,  BCD  together,  /.  CPD  is  equal  to  the  angle  at 
the  centre  of  ia  circle  passing  through  C,  Ej  and  D ;  and 
since  PC=PD,  P  is  the  centre  itself;  /.  PE^PD, 
and  the  angle  PED  is  equial  to  the  angle  PDE.  But 
the  nn^]e  DBA=^PDE=PED=AEF,  and  the  angle 
at  A  is  common,  .*.  AFE=  ADB,  and  (Eucl.  iii.  31.)  is 
.'.  a  right  angle. 


p^  *  ^^<^*  *«#"^^>^*^  ^ 


(83.)  If  on  opposite  sides  of'  the  same  extremity  of 
the  diameter  of  a  circle  equal  arcs  be  taken,  and  from  the 
extremities  of  these  arcs  lines  be  drawn  t-o  any  point  in 
the  circumference,  one  of  which  cuts  the  diameter^  and 
the  other  the  diameter  pioduced ;  the  distances  of  the 
points  of  intersection  from  the  extremities  of  the  diameter 
are  proportional  to  each  other. 

On  opposite  sides  of  the  point  -4  in  AB 
the  diameter  of^  the  circle  ABC  let  equal 
arcs  AC,  AD  be  taken  ;  from  C  and  D  let 
CE,  DE  be  drawn  to  any  point  E  in  the 
circumference,  of  which  CE  cuts  AB  pro- 
duced in  Fy  and  DE  cuts  AB  in  G ;  then 
will  AF  :  FB  ::  AG  :  GB. 

Join  AEj  BE,  and  through  B  draw 
/TB/ parallel  to  AE.  Since  AEB  is  a  right 
angle,  CEA  and  BE  I  are  together  equal  to  a  right  angle, 
and  .-.  equal  to  AED,  DEB ;  and  since  AC  =  AD, 
CEA^AED,  .-.  BE  I -BED.  Again  since  AE  is 
parallel  to  IH,  the  angle  EIB  is  equal  to  CEA^AED= 
the  alternate  angle  EHB,  .*.  the  two  triangles  EIB, 
EHB  having  two  angles  in  each  equal,  and  one  side  EB 
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common  are  equals  and  BI=:BH.    And  from  the  similar 
triangles  AGE,  BGH, 

AG  :  AE  ::  EG  :  {BH^)  BI, 
alt.  AG  :  GB  ::  AE  :  BI  ::  AF  :  BF, 
since  the  triangles  AEF,  FIB  are  similar. 


(84.)  Iffrom  the  extremities  of  any  chord  in  a  drck^ 
perpendiculars  be  drawn  to  a  diameter j  andjroni  either 
extremity  of  that  diameter  a  perpendicular  he  drawn  to 
the  chard;  it  will  divide  it  into  segments^  which  are 
respectively  mean  proportionals  between  the  segments  of 
the  diameter  cut  off  by  the  perpendiculars. 

Let  AB  be  any  chord,  and  CD  a 
diameter  of  the  circle -^fiC;  AE,  BF 
perpendiculars  from  A  and  B  to  the 
diameter,  and  DG  perpendicular  from 
D  to  AB  \  the  segment  GB  is  a  mean 
proportional  between  DF  and  CE\ 
and  AG  a  mean  jilroportional  between 
DE  and  CF. 

Join  AC,  AD,  BC,  BD.  Then  the  angle  DBA 
being  equal  to  DCA,  and  the  angles  DGB,  DAC,  AEC 
being  right  angles,  the  triangles  DGB^  DAC,  ACE  are 
similar;  also  the  triangles  DBFj  DEC  are  similar; 
whence 

DF  :  DB  ::  DB  :  DC  ::  EG  :  AC 
but  DB  :  BG  ::  AC  :  CE, 

.'.  exasquo  DF  :  BG  ::  BG  :  CE. 
And  in  the  same  manner  it  may  be  proved  that 

DE  I  AG  ::  AG  :  CF. 


.^^^■^■^^^^^^^^^^^^■^  »>*i^»* 
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(85.)  If  from  any  point  in  the  diameter  of  a  semi- 
circle^  a  perjtendicular  he  druwn^  meeting  the  circum- 
JerencCj  and  on  it  as  a  diameter  a  circle  he  described^  to 
the  centre  of  which  a  line  is  drawn  from  the  farther 
extremity  of  the  diameter  of  the  semicircle^  cutting  its 
circumference:  and  through  the  point  of  intersection 
another  line  he  drawn  from  the  extremity  of  the  perpen- 
dicular ^  meeting  the  diameter  of  the  semicircle;  this 
diameter  will  he  divided  into  three  segments  which  are 
in  continued  pjvportion. 

From  any  point  D  in  the  diameter 
AC  of  the  semicircle  ABC,  let  a  per- 
pendicular DB  be  drawn,  on  which 
describe  a  circle  DBG.  Find  its  cen- 
tre Hf  join  HC  cutting  the  circumference  in  G ;  join 
jBG  and  produce  it  to  E;  AD  :  DE  ::  DE  :  EC. 

Join  BC,  and  draw  EF  parallel  to  BD ;  join  Z>6, 
OF,  AB.  Since  EF  is, parallel  to  DB,  and  DB  is  hi- 
sected  in  H,  .-.  EF  is  bisected  in  /.  Also  the  angle 
HBG  is  equal  to  the  alternate  angle  GEI,  and  BHG^ 
GIE^  .'.  the  triangles  BHGy  GIE  are  equiangular^ 

and  BH  :  HG  ::  EI :  /G, 
or  HD  :  HG  ::   FI  :  IG, 

ue.  the  sides  about  the  equal  angles  are  proportional, 
.'.  the  triangle  FGI  is  equiangular  to  tlDG^  and  the 
angle  FGI  is  equal  to  HGD;  whence  HI  being  a 
straight  line,  FDG  is  also.  Again  the  angle  GDE  is 
equal  to  the  angle  in  the  alternate  segment  DBG, 
whence  the  triangles  BDE,  FDE  are  similar^ 

. .  BD  :  DE  ::  DE  :  EF, 
but  AD:  DB  ::  EF  :  EC,  since  the  tri- 
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angles  ADBy  EFC  are  siitiiiar, 

.-.  AD  :  DE  ::  DE  .EC 


(86.)  y  from  a  point  without  a  given  circle,  any 
two  lines  be  drawn  cutting  the  circle ;  to  determine  a 
point  in  the  circumference^  such  that  the  sum  of  the  per- 
pendiculai's  from  it  upon  these  lines  may  be  equal  to  a 
given  line. 

From  the  point  A  without  the  circle 
BDC  let  AB,  AC  he  drawn  cutting  the 
circle ;  draw  AF  perpendicular  to  AB^ 
and  equal  to  the  given  line  ;  FG  parallel 
to  AB,  and  meeting  AC  produced  in 
G;  from  G  draw  GH  bisecting  the  angle  AGF^  and 
(if  the  problem  be  possible)  meeting  the  circle  \n  H;  H 
is  the  point  required. 

Through  H  draw  KL  perpendicular  to  AB,  and  HI 
perpendicular  to  AC;  then  the  angle  KGH  being  equal 
to  HGIy  and  the  angle  at  K  to  the  angle  at  /,  and  the 
side  HGy  opposite  to  one  of  the  equal  angles  in  each 
common,  HK=IiI;  whence  HI  and  HL  together  are 
equal  to  HK  and  HL  together,  i.  e.  to  AF,  i.  e.  to  the 
given  line. 

If  GH  cuts  the  circle,  there  are  two  points  which 
answer  the  conditions. 

(87.)  If  two  circles  cut  each  other,  and  any  two 
points  be  taken  in  the  circumference  of*  one  of'  them, 
through  which  tines  are  drawn  from  the  points  of  inter- 
section and  produced  to  the  circumference  of  the  other ; 
the  straight  lines  joining  the  extremities  of  those  which 
are  drawn  through  the  same  point,  are  equal. 
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Let  the  two  circles  ACB,  AEB 
cut  each  other  in  A  and  B,  and  in 
ACB  let  any  two  points  C  and  D 
be  taken,  through  which  draw 
ACG,  BCE,  ADH,  BDF;  and 
join  EG,  FH;  EG=FH. 

For  the  angles  CAD,  CBD  being  on  the  same  cir* 
cuoiference  CD  are  equal  to  one  another,  .•.  the  circum- 
ference EF  is  equal  to  the  circumference  GH.  Add  to 
each  FG,  and  the  circumference  EFG  is  equal  to  FGH, 
.\  (End  iii.  29.).  the  straight  line  EG:=iFH. 


"  r^^^t^^f  "  i~r~  ~i*f  crf'  Cf  f<"«"orr  jij 


(88.)  If  tvoo  circles  cut  each  other ;  the  greatest  Kne 
that  can  he  drawn  through  the  point  of  intersection  is 
that  which  is  parallel  to  the  line  joining  their  centres. 

Let  the  two  circles  ABE,  AFD 
cut  each  other  in  A.  Join  O,  C 
their  centres,  and  through  A  let 
BAD  be  drawn  parallel  to  OC; 
BAD  is  greater  than  any  other  line 
J?<^jP  which  can  be  drawn  through  A» 

Draw  OG,  CH,  perpendicular  to  J8D,  and  01,  CK 
perpendicular  to  EF.    Then  AG  being  half  of  AB,  and 

AH  of  AD,  GH  is  half  of  BD.  For  the  same  reason 
IK  is  half  of  EF.  Draw  CL  parallel  to  EF,  and  there- 
fore at  right  angles  to  01,  and  equal  to  IK.  Then  sinee 
the  angle  CLO  is  a  right  angle,  it  is  greater  than  COL, 
.*•  the  side  CO  is  greater  than  CL,  and  GH  than  IK, 
consequently  BD  is  greater  than  EF.  In  the  same  way 
BD  may  be  shewn  to  be  greater  than  any  other  line 
drawn  through  A. 
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(89.)  Having  given  the  radii  of  two  circles  which 
cut  each  other ^  and  the  distance  of  their  centres;  to 
draw  a  straight  line  of  given  length  through  their  point 
of  interseetiouj  so  as  to  terminate  in  their  circumferences. 

* 

Let  the  two  circles  AFD,  BGD 
cut  each  other  in  D;  on  OC^  the 
line  joining  their  centres  O  and  C, 
describe  a  semicircle  CEO ;  and  in  it,  from  C  place  CE 
equal  to  half  the  given  line,  and  through  D  draw  FDG 
parallel  to  it;  FG  will  be  the  line  required. 

Through  E  draw  OEH,  which  (Eucl.  iii.  31.)  will 
be  perpendicular  to  FG ;  and  draw  CI  parallel  to  OH, 
and  .*.  perpendicular  to  DG\  then  (Eucl.  iii.  3.)  FD 
and  DG  are  bisected  in  H  and  /,  and  .'.  FG  is  double  of 
HI\  but  HECI  being  a  parallelogram,  HIr=:  EC; 
.'.  FG  is  double  of  JBC,  and  consequently  equal  to  the 
given  line.  . 


(90.)  If  two  circles  cut  each  other ;  to  drawjrom  one 
of  the  points  of  intersection  a  straight  line  meeting  the 
circles,  so  thai  the  part  of  it  intercepted  between  the 
circumferences  may  he  equal  to  a  given  line. 

Let  the  two  circles  ABC,  ADB  cut  each 
other  in  A  and  B,  Join  AB^  and  draw  BC 
touching  the  circle  ABD.  Join  AC;  and 
take  AF  a  fourth  proportional  to  BC,  BA 
and  the  given  line  ;  Join  BF,  and  produce  it 
to  E ;  BFE  will  be  the  line  required. 

Since  the  angle  AFB  together  with  the  angle  in  the 
segment  ADB  or  (Eucl.  iii.  32.)  its  equal  ABC,  are 
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equal  to  two  right  angles^  i  e.  to  the  angles  ^FB^  APE, 
.\  jiBChzAFE;  and  ACB^nzAEF,  being  in  the  same 
segment,  .\  the  triangles  ACB^  AEFwre  equiangular, 
mdAB:  EC  ::  AF  :  FE, 
but^B  :  BC  ::  AF  :  the  given  line, 
whence  FE  is  equal  to  the  given  line. 


tm^^^^^^^^^^^^^^^0^^^d 


* 

(91.)  If  tuH>  circles  ad  each  other;  to  draw, from 
the  point  of  intersection  two  lines,  the  parts  of  which  in- 
tercepted  between '  the  circumferences  may  have  a  given 
ratio. 

Let  the  two  circles  ABC,  ABD  cut 
each  other  in  A  and  B;  in  the  circle 
ABD  place  BE,  BFy  which  have  to  each 
other  the  given  ratio ;  join  AEy  AF,  and 
produce  AE  to  G ;  EG  will  have  to  HF 
the  given  ratio. 

Draw  the  diameters  AC,  AD;  join 
GB,  BH,  BC,  BD;  then  ADBE  being  a  quadrilateral 
figure  inscribed  in  a  circle,  the  angles  AEB,  ADB  are 
equal  to  two  right  angles^  and  /.  equal  to  BEA,  BEG, 
r.  BEG^BDAt=.BFA.  And  since  AGBH  is  a  quad- 
rilateiral  figure  inscribed  in  a  circle,  'AHB,\AGB  are 
equal  to  iwo  right  angles^  i.  e.  to  AHB,  BHF,  /•  AGB 
^BHF;  hence  the  triangles  QBE,  FBH  are  equi* 
angular, 

.-.  GE  :  HF  ::  BE  :  BF,  I  e.  in  the  given  ratio. 


»»»#»#^i»»^^#»»#»*»#>*^i^#>»^^^ 


(92.)    ff  a  semicircle  be  described  on  the  comimon 
chord  of  iwo  intersecting  circles^  and  a  line  be  drawn 
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Jrom  one  extrewUy  of  this  chord  cutting  the  two  circles ; 
the  part  intercepted  between  the  two  shall  be  Minded  by 
the  semicircle  into  segments  proportionalto  perpendiculars 
drawn  in  those  circles  from  the  other  extremity  of  the 
chord. 

Let  the  two  circles  JCB,  ADB 
cut  each  other  in  A  and  B ;  and  on 
^B,  the  line  joining  the  points  of  inter- 
section, as  a  diameter,  describe  the 
semicircle  AEB^  and  draw  any  line 
AFEG  catting  the  circumferences  in 
F,E,0;  and  from  Bdraw  BC,  BD 
perpendiculars  to  AB ;  then  will  EF  : 
EG  ::  BD  :  BC 

Draw  the  diameters  AC,  AD;  and 
join  FB,  EB,  OB.  Then  AFBD  being  a  quadrilateral 
figure  inscribed  in  a  circle,  the  angles  AFB^  ADB  are 
equal  to  two  right  angles,  t.  e.  to  AFB,  BFE,  .\  ADB 
zsBFE,  and  the  angle  FEB  in  a  semicircle  is  equal  to 
ABDf  whence  the  triangles  FEB,  ABD  are  equiangular^ 

and  /.  FE  :  EB  ::  DB  :  BA. 

Again,  because  the  angle  AGB^=>ACB^  and  BEG  is 

a  right  angle,  and  .\  equal  to  ABC,  the  triangles  EBG^ 

ABC  are  equiangular,  and 

BE  :  EG  ::  AB  :  BC, 

but  FE  :   EB  ::  DB  :  BAy 

:.  ex  asquo  FE  :   EG  ::  DB  :  BC 


^^■*S»^^^>^.»i#l»^  #^  'S*^ 


(93.)    Two  circles  being  given,  the  circumference  of 
one  of.  which  passes  through  the  centre  of  the  other ;  to 
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draw  a  chard  from  that  centre  such,  that  a  perpendicular 
let  fall  upon  it  from  a  given  point ,  may  bisect  that  part 
of  it  which  is  intercepted  between  the  circumferences. 

Let  O  and  C  he  the  centres  of  the 
two  given  circles,  the  circumference  of 
the  former  passing  through  C;  and  let 
D  be  the  given  point.  Join  CO,  and 
produce  it  both  ways  to  A  and  B. 
Join  BDf  and  produce  it  to  E,  making 
DE^DB.  Draw  EF  touching  the  circle  AF  in  F; 
join  GF^  and  produce  it  to  6 ;  and  on  it  let  fall  the  per- 
pendicular DH\  then  CO  is  the  chord  *  required,  and 
FG  is  bisected  in  H. 

Draw  El  parallel  to  CG,  meeting  jBG  produced  in  /; 
produce  DH  to  K.  Then  BG  being  perpendicular  ta 
CG  (Eucl.  iii.  31.),  is  parallel  to  DHK, 

/.  BD  :  DE  ::  IK  :  KE, 
but  BD  =  DE,  /.  IK^KE,  whence  FH:=HG,  and 
/.  FG  id  bisected  in  H. 

Ck>R.  If  it  be  required  to  draw  CG  such,  that  the 
perpendicular  DH  may  divide  FG  in  any  given  ratio, 
take  DE  :  DB  in  that  ratio,  and  proceed  as  in  the  pro- 
position. 


<'^^^>#  #'^»»i^^<r^K'i^^^.»<^^<^i^^^^^ 


(94.)  Jfamf  number  of  circles  cut  each  other  in  the 
same  points,  and  from  one  of  these  points  any  number  of 
Unes  be  drawn ;  the  parts  (f  these  which  are  intercepted 
between  the  several  circumferences  have  the  same  ratio. 

Let  any  number  of  circles  ABC,  ABE,  ABH  cut 
each  other  in  the  same  points  A  and  B\  and  from  ^draw 
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AGEC,  AJHFD,  meeting  the  drcomfe- 
renoes;  then  HF  r  GE  ::  FD  :  EC. 

Join  BG,  and  produce  it  to  iST; 
then(£ucl.iii.35.)^I' :  LB  ::  LG  :  LH, 

and  JL  :  LB  ::  IL  :  LF 

and  also    ::  KL  :  LD, 

.'.  (Eucl.  V.  15.)    IL  :  LF ::  GL  :  L^, 

and(Eucl.  v.  19.)    IG  :  HF::  IL  :  LF. 

For  the  same  reason,  IK :  FD  ::  IL':  LF, 

.-.  IGiHF::  IK  :  FD. 
In  like  manner,  GE :  GI ::  GB:QJ::GC:  KG.iEC: IK, 

.'.  ex  aequo  GE  :  HF::  EC :  FD. 


^»^^^»^»^»»<»»^»»#«»i»o^»i»^>»»'^^i» 


(95.)  In  a  given  circle  to  place  a  straight  tine  cut- 
ting two  radii  which  are  perpmdicular  to  each  other ^  in 
mch  a  manner  that  the  line  itself  may  he  trisected. 

Let  ABC  be  the  given  circle, 
AO  and  OB  being  two  radii  at 
right  angles  to  each  other ;  bisect 
the  angle  AOB  by  0C\  at  C  draw 
the  tangent  CD^  and  make  it  equal 
to  3  CO ;  produce  OB  to  E ;  join 
OD^  and  from  F  draw  FGIK  parallel  to  DCy  it  will  be 
trisected  at  the  points  G  and  /. 

Since  the  angle  at  C  is  a  right  angle,  and  COB  is 
half  a  right  angle^  /.  also  CEO  is  half  a  right  angle,  and 
equal  to  COE;  ^vhence  CO=CE.  And  since  HF  is 
parallel  to  CD, 

CE  :  ED  ::  HG  :  GF, 
bat  ED  is  double  of  EC^  .\  FG  is  double  of  HG. 
But  HG^HI,  since  HO  bisects  the  angle  lOG,  and  is 
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perpendicular  to  IG;  ..  FG^GL    Also  HK-  HF, 
.-.  /A'=  GF; 

whence  FG=  GI=^  IK,  and  FK  is  trioccted. 


(96.)  If  a  straight  line  be  divided  into  any  two 
parts,  and  upon  the  whole  line  and  one  of  the  parts,  as 
diameters,  semicircles  he  described ;  to  determine  a  point 
in  the  less,  diameter,  from  which  if  a  perpendicular  be 
drawn  cutting  the  circup^erences,  and  the  points  of  in-- 
tersection  and  the  extremities  of  the  respective  diameters 
be  joined,  and  these  lines  produced  to  meet ;  the  parts  of 
them  without  the  semicircles  may  have  a  given  ratio. 

Let  AB  be  divided  into  any  two 
parts  in  the  point  C,  and  on  AB,  AC 
let  semicircles  be  described.  Take  AG  : 
AC  the  duplicate  of  the  given  ratio, 
and  make  CD  :  CB  ::  AG  :  GB; 
D  will -be  the  point  required. 

From  D  draw  the  perpendicular  DFE;  join  BE, 
CFy  and  produce  them  to  ff;  join  AE,  CI-,  and  from 
K  draw  KL  parallel  to  EA. 

Since  CD  :  CB  ::  AG  :  GB, 
comp.  and  inv.  DB  :  CD  ::  AB  :  AG, 
and  since  CI  is  parallel  to  BE,  and  KL  to  EA^ 
BD  :  CD  ::  BE  :  CK  ::  BA  :  CL, 
whence  (Eucl.  V.  16.)  AB  :  AG 

..AG=:CL; 

consequently  AG  :  AC  ::  CL 
i.  e.  in  the  duplicate  ratio  of  CK 


AB  :  CL, 


or  (by  similar  triangles)  of  HE 


CA, 
CF, 
HF. 
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But  AG  :  AC  is  the  duplicate  of  the  given  ratio, 

/.  HE  :  HF  is  in  the  given  ratio. 


p^^^>^  *^^^»^ 


(97.)  If  a  straight  line  he  divided  into  any  two 
parts  J  and  from  the  point  of  section  a  perpendicular  he 
erected,  which  is  a  mean  proportional  hetween  one  of  the 
parts  and  the  whole  line,  and  a  circle  descrihed  through 
the  extremities  of  the  line  and  the  perpendicular ;  the 
whole  line,  the  perpendicular ^  the  (foresaid  part,  and  a 
perpendicular  drawn  from  its  extremity  to  the  circum- 
ference will  he  in  continued  proportion. 

Let  AB  be  divided  into  any  two 
parts  in  C,  and  from  C  draw  the  per- 
pendicular CD  equal  to  a  mean  pro- 
portional between  AB  and  AC;  and 
through  A,  B,  D  let  a  circle  be  de- 
scribed, and  draw  AE  perpendicular  to  AB ;  AB^  CD, 
AC,  AE  are  in  continued  proportion. 

In  ^iB  produced  take  ^F=^C.  Join  FD,  meeting 
the  circumference  in  G;  join  AG,  AD^  GE.  Then 
because  BF==AC,  .••  CF=  AB,  and^  CD  is  a  mean 
proportional  between  AC  and  CF,  .•.  ADG  is  a  right 
angle^  whence  (Eucl.  iii.  21.)  AEG  is  also  a  right  angle, 
and  equal  to  EAC;  .*.  EG  is  parallel  and  equal  to 
AB,  i.  e.  to  CF;  whence  (Eucl.  i.  33.)  EC  and  GF 
are  equal  and  parallel^  and  the  angle  ACE=z  CFDss 
ADC,  and  the  triangles  AEC,  ADC,  CDF  are  similar, 
/.  (CF=)  AB  :  CD  ::   CD  :  CA  ::  CA  :  AE. 


■»^»«»«»^^v^#>»^^^'»^^^#^^^^ir^» 
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(98.)  ff  the  tangents  drawn  to  every  two  of  three 
une^pud  circles  be  produced  till  they  meet ;  the  points  of 
intersection  will  he  in  a  straight  Une. 

Let  Ay  By  Che  the  centres  of  the  three  circles ;  and 
let  DEy  FGy  HI  be  respectively  tangents  to  each  of  two 


tircles^  meeting  the  lines  joining  the  centres  in  the 
points  Py  Q,  R;  P,  Q,  R  are  the  points  in  which  two 
tangents  to  the  circles  would  intersect.  Join  PQ,  QR ; 
they  are  in  the  same  straight  line. 

Join  JDy  AFy  BE,  BHy  CG,  CI,  and  draw  BK 
{Mirallel  to  PQ.  Then  BE  and  AD  being  perpendicular 
to  PD  are  parallel. 


« • 


AD  :  BE 

or  JF  :  BH 

But  (CG=)C/:  AF 

.'.  ex  aequo  CI  :  BH 

But  Cr  :  BH  :; 

.-.  (Eud.  V.  15.)  CR 

and  CR 


•  4 


rf  • 


AP  : 
AP 

CQ  : 
CR  ; 
:  BR 
CB 


BP, 

BP  ::  AQ 
CQ 
QK. 
BR, 
:  CQ 
:  CQ 


QK. 

AQ. 


QK 

CK; 


also  the  vertically  opposite  angles  at  C  are  equals  .*.  the 
triangles  CBK^  CQR  are  similar,  and  the  angle  CQR 
(Eud.  vi.  6.)  is  equal  to  BKC,  .-.  CQR  and  CQP  are 

M 
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tog^her  equal  to  BKC,  CQF,  I  e.  (Eucl.  i.  29.)  to  two 
right  angles,  whence  (Eucl.  L  U.)  PQ  and  CIA  are  in 
the  same  straight  Hne. 


0  ^^^^i»  c»i»  ^  ^■^^•^^ 


(99.)  If  from  the  eoatremities  of  the  diameter  of  a 
circle  any  number  of  chords  be  drawn^  two  and  two  in- 
tersecting each  other  in  a  perpendicular  to  tliat  diameter ; 
the  lines  joining  the  extremities  of  every  corresponding 
two  will  meet  the  diameter  produced  in  the  same  point. 

From  A  and  B,  the  extremities  of  the  diameter  j4B 
of  a  semicircle^  let  AC^  BD  be  drawn  intersecting  each 


other  in  FHy  which  is  perpendicular  to  AB.    Join  CD, 
and  produce  it  to  meet  BA  in  P ;  P  is  a  fixed  point, 
or  the  line  joining  the  extremities  of  every  other  two 
chords  intersecting  each  other  in  FH  will  pa^s  through  P. 
Join  BC\  and  bisect  BG  in  Oi  aod  ^ilh  th^  centre 
Oy  and  radius  OB^  describe  a  circle  J^O^^  which  will  cir- 
cumscribe the  quadrilateral  figure  HGCB.    Take  B  the 
centre  of  the  semicircle,  and  join  //C,  EC.    The  angle 
PCE  is  equal  to  PCA,  ACE  together,  i.  e.  to  DBA, 
CAE  together ;  and  the  angle  CHE  is  equal  to  ACH, 
CAH  together,  i.e.  to  DBA,  C^fl^  together,  .\PCE 
=  CHE,  and  the  angle  at  E  being  common^  the  triangles 
CEH^  CPE  are.  equiangular  i 

whence  EH  :  EC  ::  EC  :  EP, 
in  which  proportion  the  three  first  terms  being  invariable^ 
£P  as  also,  and  the  point  E  being  fixed,  P  is  also. 


^•^^*^^^^^^^^^^^*^^'*^^^^^^^^-^ 
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(iOCX)  ^jrom  a  given  point  in  the  diameter  of  a 
semicircle  prodmedy  three  straight  Unes  be  draum,(me  of 
which  is  inclined  at  a  given  angle,  to  the  diameter,  another 
touches  the  semicircle,  and  the  third  cuts  it,  in  such  a 
manner,  that  the  distance  of  the  given  point  from  the 
nearer  extremity  <fthe  diameter,  and  the  perpendiculars 
drawn  from  that  extremity  on  the  three  aforesaid  lines 
may  he  proportional ;  then  will  the  Unes,  which  join  the 
extremities  of  the  diameter  and  of  that  part  if  the  cut- 
ting  line  which  is  within  the  circle,  intersect  each  other 
in  an  angle  equal  to  the  given  angle. 

From  a  given  point  C,  in  the  diameter  AB  product 
xyf  the  semicircle  AGB,  draw  CD  incUned  at  a  given 


angle  to  AC,  CG  touching,  and  CIH  cutting  the  circle 
in  such  a  manner  that  BD,  BE,  BF  being  drawn  re- 
spectively perpendicular  to  them,  CB  may  be  to  BD  as 
BE  to  BF;  then  if  AI,  BH  be  joined,  the  angle  ALH 
or  J5L/will  be  equal  to  BCD. 

Join  OH,  OG ;  and  draw  OK  perpendicular  to  HI. 
Now  the  angles  at  t!  and  F  being  right  angles,  as  also 
those  at  6  and  K,  BE  is  parallel  to  QG,  and  BFto  OK; 
.-.  (0G=)  OH  :  BE  ::  CO  :  CB  ::  OK  :  BF, 
,'.  OH  :  OK  ::  BE  :  BF  :.  BC  :  BD; 
also  the  angle  at  D  is  equal  to  OKH,  .*.  (Eucl.  vi.  7.)  the 
triangles  OHK,  BCD  are  equiangular,  and  the  angle 
OHK 18  equal  to  BCD.    But  OHB  is  equal  to  OBH, 


f 
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t. «.  to  JIH  (Eucl.  iii.  Si.)  .-.  OHK  is  equal  to  JIH, 
LHI  t<^dier,  t.  e.  to  ALH  (Eud.  i.  33.) ;  wher^re 
ALH  is  equal  to  BCD. 


Sect.  III. 

(L)  Any  side  of  a  triangle  is  greater  than  the  differ^ 
'ence  between  the  other  two  sides. 

Let  jIBC  be  a  triangle ;  any  of 
its  sides  is  greater  than  the  difl^nce 
of  the  other  two. 

Let  AC  be  greater  than  AB;  JT 
and  cut  off  AD  ^  AB ;  join  BD ;  then  the  angle  ABI^ 
is  equal  to  ADB.  But  the  exterior  angle  BDCis  greater 
than  DBAy  i.  e.  ttian  BDA,  and  •*.  greater  than  DBC 
(Eucl.  i.  16.) ;  whence  BC  is  greater  than  DC,  i.  e.  than 
the  difference  of  the  sides  AC  and  AB.  In  the  same 
way  it  may  be  shewn  that  AJ^  is  greater  than  the 
difference  of  AC  and  BC;  and  AC  greater  thai^  the 
difference  of  AB  and  BC. 


*-^^9"*  ■^^  ■^■»^0-  *ie  ^^^^*>^<»^^^*^^^# 


(2.) .  In  any  right-angled  triangle^  the  straight  line 
joining  the  right  angle  and  the  bisection  of  the  hypo^ 
thenuse  is  equal  to  half  the  hypothenuse. 

Let  ACB  be  a  right-angled  triangle^  whose  hypor 
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^henuse  jiB   is   bisected  in  D ;  join 
DC;  DC  is  equal  to  the  half  of  JB. 
From  D  draw  DE  parallel  to  AC; . 
.-.  (Eucl.vi.  2.)  BE^EC,  and  ED 
is  common  and  at  right  angles  to  BC, 
i.  e.  the  half  of  AB. 
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^3.)  Ifjrom  any  point  within  an  equilateral  triangle 
perpendiculars  he  drawn  to  the  sides ;  they  are  together 
equal  to  a  perpendicular  drawn  from  any  of'  the  angles 
jto  the  opposite  side.  « 

From  any  point  D  within  the  equi- 
lateral triangle  ABC,  let  perpendiculars 
DE,  DF,  DG  be  drawn  to  the  sides; 
they  are  together  equal  to  BH  a  perpen- 
dicular drawn  from  B  on  the  opposite  side 
AC. 

Join  DA,  DB,  DC.  Since  triangles  upon  the  same 
and  equal  bases  are  to  one  another  as  their  altitudes, 

ABC  :  ADC  ::  BH  :  DE, 
also  ABC  :  BDC  ::  BH  :  DF, 
and  ABC  :  ADB  ::  BH  :  DG; 
whence  ABC:  ADC+BDC'\^ADB  ::  BH  :  DE-h 
DF+DG,   in  which  proportion  the  first  term  being 
equal  to  the  second,  /.  DE+DF+DGs:BH. 


(4.)  If  the  points  of  bisection  of  the  sides  of  a  given 
jtriangle  be  Joined ;  the  triangle  so  formed  wilt  be  one 
fourth  of  the  given  triangle. 


94 


GBOMEtRICAL  PROBLEMS. 


[Sec/.  .1. 


Let  the  sides  of  the  triangle  jiBC 
be  bisected  in  the  points  D,  E,  F; 
join  DE,  EF,  FD;  the  triangle 
DEF  is  one  fourth  of  the  triangle 
JBC. 

Since  AB  and  j4C  are  bisected  in  D  and  F,  (End. 
vi.  2.)  DF  is  parallel  to  BC ;  and  for  the  same  reason 
FE  is  parallel  to  A  By  and  DFEB  is  a  parallelogram, 
•\  the  triangle  DFE  is  equal  to  DBE.  In  the  same 
way  it  may  be  shewn  to  be  equal  to  FEC  and  ADF-^ 
and  .*•  it  is  one  fourth  of  ABC. 


(5.)    The  difference  of  the  angles  at  the  base  of  any 
triangle  is  double  the  angle  contained  hy  a  line  drawn 
from  the  vertex  perpendicular  to  the  base,  and  another 
bisecting  the  angle  at  the  vertex. 

From  B  the  vertex  of  the  triangle 
^JBClet  BE  be  drawn  perpendicular 
to  the  baseV  and  BD  bisecting  the 
angle  ABC;  the  diflference  of  the 
angles  BAC,  BCA  is  double  the 
angle  EBD. 

The  angle  BAC  is  equal  (Eucl.  i.  33.)  to  the  differ- 
cnce  of  the  angles  BEC  and  ABE,  i.  e.  of  a  right  angle 
and  ABE.  Also  the  angle  BCA  is  equal  to  the  differ- 
ence of  a  right  angle  and  EBC,  /.  the  difference  of  the 
angles  BAC  and  BCA  is  equal  to  the  difference  of  the 
angles  ABE  and  EBC,  i.  e.  (since  ABD=DBC)  to 
twice  the  angle  EBD. 


^^^^■^0^^^.M  »^^^**-*^^*'*^^^*'*^» 


Sect,  d\]  GSOMETRICAL  PROBLEMS.  95 

(6.)  If  frwn  mie  of  the  equal  angles  qf  an  isosceles 
triangle  any  Une  be  drawn  to  the  opposite  side,  and  from 
the  same  point  a  Une  be  drawn  to  the  opposite  side  pro- 
disced^  so  that  the  part  intercepted  between  them  may  be 
equal  to  the  former ;  the  angle  contained  by  the  side  of 
the  triangle  and  the  first  drawn  Une  is  double  of  the 
angle  contained  by  the  base  and  the  latter. 

> 

Let  ABC  be  an  isosceles  triangle^ 
having  the  aide  AB  equal  to.  AC. 
From  B  draw  any  line  BD,  and  also 
BE  cutting  off  DE  equal  to  DB ; 
the  angle  ABD  is  doable  of  CBE.  "^^B 

For  the  angle  DCB  is  equal  to  the  two  DEB^  CBE, 
i.  e.  to  the  two  DBE,  CBE,  or  to  DBC  and  twice 
CBE;  but  DCB  is  equal  to  ABC,  .*.  ^^BCis  equal  to 
DBC  and  twice  CBE,  and  taking  away  the  angle  DBC, 
which  is  comHKm  to  both,  the  angle  ABD  is  equal,  to 
twioe  CBE. 


l»<»^^^^^^^l»^^>»^l^»#>|||^^«»i»»'*S^i^ 
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(7.)  If  from  the  extremity  of  the  base  of  an  isosceles 
triangle,  a  line  equal  to  one  if  the  sides  be  drawn  to 
meet  the  opposite  side ;  the  angle  formed  by  this  line  and 
the  base  produced,  is  equal  to  three  times  either  of  the 
equal  angles  of  the  triangle. 

Let  j4BC  be  ao  isosceles  triangle 
having  the  side  A^  equal  to  AC. 
FiK)m  C  to  AB  (pfoduced  if  neces- 
iOLfj)  draw  CD  equal  to  AC,  and 
let  BC  be  produced ;  the  angle  DCJ^ 
is  equal  to  three  times  the  angle  ABC. 
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(11.)  IfJTom  any  point  in  the  hose  of  an  isosceles 
triangle  perpendiculars  be  drawn  to  the  sides;  these 
together  shall  be  equal  to  a  perpendicular  drawn  Jirons 
either  extremity  of  the  base  to  the  opposite  side. 

Let  ^JBC  be  an  isosceles  triangle^  from 
any  point  D  in  the  base  of  which,  let  . 
DE,  DF  be  drawn  perpendicular  to  the 
sides  ;  and  from  £  let  J3  6  be  drawn  per- 
pendicular  to  AC;  BG  is  equal  to  DE 
and  PF  together. 

Since  the  angle.  EBD  is  equal  to  the  angle  at  C,  and 
the  angles  at  E  and  F  are  right  angles,  the  triangles 
BED,  DFC  are  equiangular^  and 

•.  BD  :.       DC        ::  DE  :  DF, 
comp.  BC  :  DE+DF  ::  DC  :  DF. 
But  BG  being  parallel  to  DF,  DC  :  DF ::  BC  :  BG, 
whence    BC  :  BG  ::  BC  :  DE+DF, 
and/.  BG:=  DE  +  DF. 


^#>»»i»^>*i^<#>»»  »#»^  ^  0'^>^>r  ^^»K>»^i» 


(12.)  Of  all  triangles  having  the  same  vertical  angle, 
and  whose  bases  pass  through  a  given  point,  the  least  is 
that  whose  base  is  bisected  in  the  given  point. 

Let  BAC  be  >  the  vertical  angle  of 
any  number  of  triangles,  whose  bases 
pass  through  a  given  point  P ;  and  let 
BC  be  bisected  in  P  :  ABC  is  less  than 
any  other  triangle  ADE. 

From  C  draw  CF  parallel  to  AB ; 
then  the  angle  DBP  is  equal  to  PCF,  and  the  vertically 
opposite  angles  DPB,  CPF  are  equal,  and  BP=:PC, 
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/.  the  triangle  DBP  is  equal  to  the  triangle  PCF,  and 
/.  DPB  is  less  than  CPE;  add  to  each  the  trapezium 
ADPCy  and  ABC  is  less  than  ADE.  In  the  same 
manner  ABC  mvy  be  proved  to  be  less  than  any  other 
triangle  whose  base  passes  through  P. 


^^i»<»^'^*«»ii^»*'^^»^^'<»0^^^»i#S»^»^«^ 


(13.)    If  from  the  armies  at  the  base  of  a  triat^k 

perpendiculars  he  let  faU  on  a  line  which  bisects  the 

vertical  angle ;  the  part  of  this  line  intercepted  bettoeen 

these  perpendiculars  will  be  bisected  by  a  perpendicular 

Jrom  the  middle  of  the  base. 

From  A  and  B  let  perpendiculars 
ADy  BG  be  drawn  to  the  line  CD 
which  bisects  the  angle  at  C;  the  part 
OD  will  be  bisected  by  a  perpemli- 
cular  EF  from  E  the  middle  point  of 
the  base  AB. 

Produce  BG,  FE  to  H  and  /.  'JThen  IE  being 
parallel  to  HB,  and  AE  =  EB,  /.  (Eucl  vi.  3.)  AI^IH. 
Also  since  AD  is  parallel  to  HG  and  /F, 

DF  :  FG  ::  AI  :  IH, 
whence  DF=:FGj  and  DG  is  bisected  in  F. 


»»^< 


>^<*<»»»>»< 


(14.)  If  from  one  of  the  angles  at  the  base  cfa  tri» 
angle  a  line  be  drawn  parallel  to  the  opposite  side,  and 
from  any  point  in  it  lines  be  drawn  making  any  angles 
with  the  sides  {p^oduced^  if  necessary) ;  they  will  have 
the  same  ratio  that  lines  have,  which  are  drawn  paraUel 
to  them  from  the  other  angles,  and  terminated  by  the 
same  sides. 
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From  A  one  of  the  angles  of  the  tri- 
ingle  ABCy  let  AD  be  drawn  parallel 
to  -BC  the  opposite  side ;  and  from  any 
point  D  in  it,  let  DE,  DHhe  drawn 
making  any  angles  with  the  sides;  draw 
BFj  CO  parallel  to  them  respectively ; 
DE  ;  DH  ::  BF  :  CG. 

Since  DE  *is  parallel  to  BF,  and  DA  to  BC,  the 
triangles  DEA,  BFC  are  equiangular^ 

/.  DE  :  DA  ::  BF  :  BC; 
and  in  a  similar  manner  it  may  be  shewn,  that 

DA  :  DH  ::  BC  :  CG, 
.'.DE  :DH  ::  BF :  CG. 


(15.)    To  bisect  hl  given  triangle  by  a  line  drawn 
from  one  of  its  anghe. 

Let  ABC  be  the  given  triangle;  and 
A  the  angle,  from  which  the  bisecting 
line  is  to  be  drawn.  Bisect  the  opposite 
side  JiC  in  />,  and  join  AD ;  AD  bisects 
the  triangle.  ^ 

For  the  bases  BDy  DC  being  equal,  (Eucl.  i.  38.) 
the  triangles  ABD,  ADC  are  also  equal. 


(16^)    To  bisect  a  given  triangle  by  a  line  draum 
from  u  given  point  in  ohe  of  its  sid^s. 

Let  ABC  be  the  given  triangle, 

%nd  P  the  given  point    Bisect  BC 

in  D;  join  AD,  PD;  and  from  A 

dmw  AE  paroliel  to  PD ;  join  PE ; 

PE  bisects  the  triangle  ABC. 
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Since  AE  is  partUel  to  PV,  the  triangle  APD  n 
equal  to  the  triangle  EPD ;  fttm  ^each  of  tfaem  tiike 
away  the  triangle  PFD^  and  AFP^EFD.  Al9o  sitioe 
BD  is  equal  to  DC,  the  triangle  ABD  is  equal  to  the 
triangle  ADC ;  parts  of  which  EFD9  AFP  are  equaU 
.-.  ABEFi%  equal  to  PjRDC  ;  whence  ABEFmd  AFP 
together^  or  ABEP  will  be  equal  to  PFDC  and  FED 
together,  i.e.  to  PEC;  and  /.  the  triangte  ABC  is 
biaectecf  bv  PE. 


(17.)    To  determine  a  point  within  a  given  triangky 
from  which  lines  drawn  to  the  several  angles^  will  divide 
the  triangle  into  three  equal  parts. 

Let  ABC  be  the  given  triangle ;  bisect 
AB,  BC,  in  E,  and  />;  join  AD,  CE, 
BF;  F  is  the  point  required. 
'  Since  BDziDC,  the  triangle  BAD  is  ^ 
equal  to  DAC;  and  for  the  same  reason  the  triangle 
BFD  is  equal  to  DFC;  /.  the  triangle  BFA\s  equal 
to  AFC  Again,  since  BB—EA,  the  triangle -BJ5C  is 
eqnal  to  the  triangle  AEC;  parts  of  which,  the  triangles 
BEF,  AEF  are  equal ;  .\  the  tritogle  BFC  is  equal  to 
AFC;  atid  /.  the  three  BFC,  BFA,  AFC  are  equal 
to  one  another. 


»»^*#»>»^»  »l<    »  ^W^^^^^^l^l**^^!^ 


(18.)    7b  trisect  a  given  triangle  Jrom  a  given  point 
wUhtn  it* 

Let  ABC  be  the  given  triangle,  and  P  the  given 
pi^ifit  within  it.     Trisect  the  side  BC  in  D  and  E ;  join 
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PD,  PE;  and  ftom  A  draw  AF, 
AG  respectively  parallel  to  them. 
Join  PF,  PG,  AP.  Those  three 
lines  will  divide  the  triangle  into  three 
equal  parts. 

Join  AD,  AE.  Since  AF  is  parallel  to  PD,  the 
triangle  APF  is  equal  to  ADF;  to  each  of  these  add 
ABF,  .-.  APFB  is  equal  to  ADB.  In  the  same  man- 
ner APGCis  equal  to  AEd  and  .-.  the  remainder 
FPG  is  equal  to  DAE.  Now  the  triangles  ABD,  ADE, 
AEC,  being  on  equal  bases  and  of  the  same  altitude,  are 
equal, .-.  APFB,  PFG,  APGC  are  also  equal  i  and  the 
triangle  ABC  is  trisected. 


^^^^<#iM 


>^#M»<«^^^^»#'^^^ 


(19.)  From  a  given  point  in  the  side, of  a  triangle, 
to  draw  Unes,  which  will  divide  the  triangle  into  parts 
which  shall  have  a  given  ratio. 

Let  AB  C  be  the  given  triangle, 
and  P  the  given  point  in  the  side 
BC.  Divide  BC,  in  the  points 
D,  E,  F,  into  parts  which  shall 
have  the  given  ratio.  Join  AD, 
AE,  AF,  AP;  and  draw  DG,  EH,  FI  parallel  to  AP. 
Join  PG,  PH,  PI',  they  will  divide  the  triangle,  as 
required. 

For  the  triangles  ABD,  ADE,  AEF,  AFC  being  as 
their  bases  will  be  in  the  given  ratio.  And  since  DO  is 
parallel  to  AP^  the  triangles  DGA,  DGP  are  equal, 
••.  DBA,  GPB  are  equal.  And  since  the  triangle  ADP 
^AGP,  and  AEP  =  AHP,  .-.  ADE^  HFG.  Also 
APE:=:AHP,  and  APF^AIP, . ,  AEF^AHPI,  and 
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AFC  =  PIC;  .  •  the  parts  PBG,  GPH,  HPIA,  IPC 
are  equal  to  ABD^  ADEy  AEF,  AFC^  and  are  /•  in  the 
given  ratio.  The  same  may  be  proved  whatever  be  thei- 
number  of  parts. 


(20.)  If  two  exterior  angles  of  a  triangle  he  bisected^ 
and  from  the  point  of  intersection  of  the  bisecting  lines^ 
a  line  be  drawn  to  the  opposite  angle  of  the  triangle ;  it 

will  bisect  that  angle. 

♦ 

Let  the  exterior  angles  EEC,  BCF,  of  the  triangle 
ABC,  be  bisected  by  the  lines  J3D, 
CD  meeting  in  D.    Join  DA ;  it  will 
bisect  the  angle  BAC 

Let  fall  the  perpendiculars  DE, 
DF,  DG.  Then  the  angles  DBE, 
DBG  being  eqiial^  and  the  angles  at  E  and  G  being 
right  angles^  andf  DB  common  to  the  triangles  DEE, 
DBG,  .'.  DE^DG.  In  the  same  manner  DGxzDF-, 
apd  /.  DEatDF.  Hence  in  the  right-angled  triangles 
DAE,  DAFy  DE  is  equal  to  DF  and  DA  is  common, 
/.  the  triangles  are  equiangular,  and  the  angles  DAE 
DAF  are^  equal,  t.  e.  BAC  is  bisected  by  AD. 


(3L)  If  in  two  triangles  the  vertical  angle  of  the 
one  be  equal  to  that  of  the  other,  and  one  other  angle  of 
the  former  be  equal  to  the  exterior  angle  at  the  base  of 
the.  latter;  the  sides  about  the  third  angle  of  the  former 
shaU  be  proportional  to  those  about  the  interior  angle  at 
the  base  of  the  latter. 
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Let  JtBCf  DEF  be  two  triangles  having  the  angle 
BAC  eqxial  to  ED¥,  an4  ABC  equal  to  the  extmor 
angle  DPQ,  made  by  producing  the  side  EFi 

then  AC  :  CB  ::  DE  :  EF. 

At  the  point  D  in  the  line  FDj  make  the  angle  FDG 
equal  to  the  angle  EDF  or  fi^C,  and  meeting  £F^pro- 


duced  in  G.  Since  the  angle  FDG  is  equal  to  the  angle 
BAQ  and  DFG  is  equal  to  ^5C,  /.  the  triangles  ABC^ 
DFG  are  equiangular,  and 

AC  :  CB  ::  DG  :  GF, 
But  since  the  angle  GDE  is  bisected  by  DF,  .-.  (Eucl. 
vi.  3.) 

DG  :  GF  ::  DE  :  EF, 
:•.  AC :  Cfi  ::  Bi:  :  EF. 


.<i^^^^>r^i^^i^^^»»»#»»^>^^»»^^i^^^»^ 


(^.)  j^  a  given  triangle  to  draw  a  Une  parallel  to 
one  of  the  sides^  so  that  it  may  be  a  mean  proportional 
between  the  segments  of  the  base. 

Let  ABC  be  the  given  triangle;  in 
the  base  of  which  take  a  point  Ej  sueh  that 
AE  may  be  to  EC  in  the  duplicate  ratio 
of  AC  :  CB;  draw  ED  parallel  to  BC; 
ED  is.  the  line  isquired. 

Since  EDh  parallel  to  BC,  AE  :  ED  ::  AC :  CB. 
But  AE  :  EC  in  the  duplicate  ratio  of  AC  :  CB^  and 
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therefore  also    in    the  duplicate   ratio  of  AE    :  ED; 
ivhence  from  the  definition  of  the  duplicate  ratio, 

AE  :  ED  ::  ED  :  EC. 


(23.)  To  draw  a  Hne  parallel  to  the  common  base 
of  tiuo  triangles  which  have  different  altitudes,  so  that 
the  parts  of  it  intercepted  by  the  sides  may  have  a  given 
ratio. 

Let  ABQ  DEC  be  two  triangles  on  the  same  base 
ECj  the  vertex  D  being  in  the  side  AC.  Divide  BC' 
in  E,  so  that  BC  :  CE  may  be  equal  to 
the ^  given  ratio.  Join  AE,  cutting  BZ> 
in  6;  and  through  G  draw  FH  parallel 
to  BC;  FH  is  the  line  required. 

Since   FH  is  parallel  to  BC,  FH  i 
GH  ::  BC  :  CEy  i.  e.  in  the  given  ratio. 

But  if  the  vertex  /  ia  not  in  AC,  draw  ID  parallel  to 
BC;  join  BI$;  divide  the  base  BC^  as  before ;  join  AE, 
and  draw  FK  parallel  to  JBC  Then  it  is  evident  that 
GH=^LKj  and  .\.FH  :  LK  in  the  given  ratio. 

Cor.  If  the  triangles  be  upon  equal  bases,  but  in  th^ 
same  straight  line,  the  line  may  be  drawn  in  a  similar 
manner. 


^»#>0^*^<»^*^«^i»»^»^^< 


(34.)    /jT  the  base  of  a  triangle  be  produced^  so  that 

the  whole  may  be  to  the  part  produced  in  the  duplicate 

ratio  of  ike  sides ;  the  line  Joining  the  vertex  and  the  ex^ 

iremify  of  the  part  produced  will  be  a  mean  proportional 

between  the  whaie  Une  p^toduced  and  the  part  produced. 

O 
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Let  v^C  be  produced  to  D,  so 
that  AD  may  be  to  DC  in  the 
duplicate  ratio  of  ^B  :  BC;  join 
BD ;  it  will  be  a  mean  propor- 
tional between  AD  and  DC. 

Draw  CE  parallel  to  AB;  then  AB  :  CE  ::  ^^A  : 
DC,  i.  e.  in  the  duplicate  ratio  of  AB  :  BC,  whence 
AB  :  BC  ::  BC  :  CEy  i.  e,  the  sides  about  the  equal 
angles  ABC,  BCE  are  proportional ;  therefore  the  tri- 
angles ABCy  BCE  are  similar,  and  the  angle  at  A  is 
equal  to  the  angle  CBD ;  .*.  the  triangles  ABD,  CBD 
are  equiangular,  and 

AB  :  BD  ::  BD  :  DC. 


«»^^^^  ^^<#>^. 


^s#^^>^4 


►#^*^#^ 


(25.)  7b  determine  a  point  within  a  given  triangle^ 
which  will  divide  a  line  parallel  to  the  base  into  two  seg- 
mentSf  such  that  the  excess  of  each  segment  above  the 
perpendicular  distance  between  the  parallel  lines, men/  be 
to  each  other  in  the  duplicate  ratio  of  the  respective 
segments* 

Let  ABC  be  the  given  triangle. 
Prom  C  draw  CD  perpendicular  to  AB ; 
and  from  D  draw  DE,  DF  bisecting  the 
angles  ADC,  BDC  Join  BE,  cutting 
CD  in  P;  P  is  the  point  required. 

Through  P  draw  GHIK  parallel  to  AB ;  then  the 
angle  PDH  is  equal  to  the  angle  HDA,  i.  e.  to  the 
alternate  angle  PHD ;  and  .-.  HP,  and  in  like  manner 
PI  will  each  be  equal  to  PD  the  perpendicular  distance 
of  GK  from  AB ;  and  GH,  IK  will  be  equal  to  the 
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excess  of  each  segment  above  that  distance  PD.     And 
since  GP  is  parallel  to  AB, 

GP  :  PK  ::  AD  :  DB  ::  GH  :  {HP^)  PI, 
hence  (Eucl.  v.  19.  Cor.)  GH:  (Pl^)  PH::  PH:  IK, 
and  .*.  GH  :  IK  in  the  duplicate  ratio  of  GH  :  HP, 
le.of  GP  :  PK. 


(26.)  If  perpendiculars  be  drawn  to  two  sides  of  a 
triangle  from  any  two  points  therein ;  the  distance  of 
their  concourse  from  that  of  the  two  sides  will  be  to  the 
distance  between  the  two  points,  as  either  side  is  to  the 
perpendicular  drawn  from  its  extremity  upon  the  other. 

Prom  any  two  points  E,  F  in  the 
sides  AB^  AC  of  the  triangle  ABC,  let 
perpendiculars  ED,  FD  be  drawn,  meet- 
ing in  JD.  Join  AD,  EF'y  and  from  C 
draw  CG  perpendicular  to  AB ;  AD  : 
FE  ::  AC  :  CG. 

'  Produce  ED  to  H.  And  since  the  angles  AED, 
AFD  are  right  angles,  a  circle  described  on  AD  as  a 
diameter  will  pass  through  F  and  E,  and  /.  the  angles 
FAD,  ^jSD  standing  in  the  same  segment  are  equal; 
•••the  triangles  AHD,  HEF^re  equiangular; 

and  .-.  AD  :  FE  ::  AH  :  HE  ::  AC  :  CG, 

since  HE  is  parallel  to  CG. 


i»<»^^»^<^^^^<»^  »^^«^<»  ^1^^^  ^^^^  ^ 


(27.)  If  the  three  sides  of  a  triangle  be  bisected,  the 
perpendiculars  drawn  to  the  sides  at  the  three  points  of 
bisection,  will  meet  in  the  same  point. 
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Let  the  sides  of  the  tmngle  jiBC  be 
bisected  in  the  points  D,  E^  F.  Draw 
the  perpendiculars  EG^  FG  meeting  in 
O.  The  perpendicular  at  D  also  passes 
through  G. 

Join  GD,  GA,  GB,  GC.  Since  AF  =  FC,  and 
FG  is  common  to  the  triangles  AFG,  CFG,  and  the 
angles  at  Fare  right  angles^  /.  AG=  GC.  In  the  same 
way  it  may  be  shewn  that  GC=:GB;  /.  AG=^GB; 
but  AD  =  DB,  and  DG  is  common  to  the  triangles 
ADG,  BUG,  .-.  the  angles  at  D  are  equals  and  /.  right 
angles,  or  the  perpendicular  at  D  passes  through  G. 

Cor.  The  point  of  intersection  of  the  perpendiculars 
is  equally  distant  from  the  three  angles. 


^«>^^^^.«<^i^«  ^^'  ^»^^^«*>r'^'^ 


(28.)  If  from  the  three  angles  of  a  triangle  lines  be 
drawn  to  the  points  (^  bisection  of  the  opposite  sides, 
these  lines  intersect  each  other  in  the  same  point. 

Let  the  sides  of  the  triangle  ABC  be 
bisected  in  D,  E,  F.  Join  AE,  CD, 
meeting  caoh  other  in  G.  Join  BG^ 
GF\  BGFh  a  straight  line. 

Join  EF,  meeting  CD  in  H.    Then 
(Eucl.  vi.  2.)  FE  is  parallel  to  AB,  and  .*•  the  triangles 
DAG,  GEH  are  et)uiangular> 

.-.  DA  :  DG  :i  HE  :  HG, 
or  DB  :  DG  ::  HF  :  HG, 
i.  e,  the  sides  about  the  equal  angles  are  proportional ; 
.'.  the  triangles  BDG,  GHF  are  similar,  and  the  angle 
DGB^HGF,  and  .\BG  and   GF  arc  in  the  same 
straight  line* 


»**'»^»>***  #<»*  ♦»*#*»»^^»»*^ 


t 
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(29.)  The  three  itraight  lines j  which  bisect  the  three 
angles  of  a  triangle^  meet  in  the  same  point. 

Let  the  angles  BAC,  BCA  be  bisect- 
ed by  the  lines  AE^  CD,  and  through  G 
their  point  of  intersection  draw '  B6F; 

it  bisects  the  angle  at  B.  ^ r~^~c 

For  (Eucl.  vi.  3.)  BC  :  CF  ::  BG  :  GF  ::  BA  :  AF, 

:.  BC  :  BA  ::    CF  :  FA, 

or  FB  bisects  the  angle  ABC. 


(90.)  If  the  three  angles  of  a  triangle  be  bisected, 
and  one  of  the  bisecting  lines  be  produced  to  the  opposite 
side ;  the  angle  contained  by  this  line  produced,  and  one 
of  the  others  is  equal  to  the  angle  contained  by  the  third, 
and  a  perpendicular  drawn  from  the  common  point  ofin*- 
tersection  of  the  three  lines  to  the  (foresaid  side. 

Let  the  three  angles  of  the  triangle  ABC 
be  bisected  by  the  line$  AD,  BD,  CD; 
produce  BD  to  E,  and  from  D  draw  DF 
perpendicular  to  AC;  the  angle  ADE  is 
equal  to  CDF. 

Since  the  three  angles  of  the  triangle  ABC  are  equal 
to  two  right  angles,  /.  the  angles  DAB,  DBA,  DCF 
are  together  equal  to  one  right  angle,  i.  e.  to  DCF,  and 
CDF;  whence  the  two  angles  D^JB,  DBA  are  together 
equal  to  the  angle  CDF;  but  ADE  is  equal  to  the  sanie 
two  angles,  and  .-.  ADE  is  equal  to  CDF. 


*-^  9  ^^^^^^^-^^^^^^^i^i^^^ 


(31  •)    In  a  right-angled  triangle,  tf  a  straight  line 
be  drawn  parallel  to  the  hypolhenuse,  and  cutting  the 
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perpendicular  drawn  jrom  the  right  ai%gle ;  and  through 
the  point  of  intersection  a  line  be  drawn  from  one  of  the 
acute  angles  to  the  opposite  side,  and  the  extremity  of 
this  line  and  of  the  perpendicular  he  joined;  the  locus  of 
its  intersection  with  the  line  parallel  to  the  hypothenuse  ^ 
wiU  he  a  straight  line. 

Let  EF  be  drawn  parallel  to  AC 
the  hypothenuse  of  the  right-angled         » 
triangle   ABC;    and  from  the  right      ^ 
angle  B  let  the  perpendicular  DB  be     ^^k 
drawn,  meeting  EF  in  G ;  through  G  draw  CGH;  join 
HD ;  the  locus  of  I,  the  intersection  of  EF  and  HD  is 
a  straight  line. 

Because  EG  is  parallel  to  ^Cthe  base  of  the  triangles 
AHQ  ABDy  AK  :  KD  ::  EI :  IG  ::  AD  :  DC. 
But  AD  and  DC  are  invariable^  .*.  the  ratios  of  AK  : 
KDy  and  EI  :  IG  are  also.  In  the  same  manner  if  any 
other  line  be  drawn  parallel  to  the  hypothenuse^  and  a 
similar  construction  be  made,  the  point  of  intersection 
will  divide  the  part  intercepted  between  AB  and  BD  in 
the  ratio  of  AD  :  DC,  or  AK  :  KDy  and  will  ••.  be  in 
the  line  BK^  which  is  the  locus  required. 


(32.)  If  Jrom  the  angles  of  a  triangle,  lines,  each 
equal  to  a  given  line,  be  drawn  to  the  opposite  sides 
(produced  if  necessary)  ;  and  Jrom  any  point  within, 
lines  be  drawn  parallel  to  these,  and  meeting  the  sides  of 
the  triangle ;  these  lines  shall  together  be  equal  to  the  . 
given  line. 

From  the  angles  of  the  triangle  ABC  let  the  lines 
A  a,  Bb,  Cc  be  drawn  to  the  opposite  sides,  each  equal 
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to  a  given  line  L ;  and  parallel  to  them  respectively  draw^ 
from  any  point  P,  the  lines  PZ>,  PE,  PF;  these  to- 
gether will  be  equal  to  L\ 

Join  PA,  PBj  PC.    Then  since  the  triangles  ABC, 
APCwe  on  the  same  base  AC^  they  are  to  one  another 


as  the  perpendiculars  from  J5  and  P,  i.e.  by  similar  tri- 
angles, z%  Bh  \  PE,  or  as  L  :  PE.     In  the  same  way, 

ABC  :  ABP  ::  L  :  PF, 
mdABC  :  BPC  ::  L  :  PD; 
.-.  ABC:APC+ABP+BPC  ::  L  :  PE  +  PF+PD; 
and  since  the  first  term  is  equal  to  the  second,  the  third 
will  be  equal  to  the  fourth,  or  L  =  PD+  PE+  PF. 


^^»»>»i^»i»#«»^^»»^^i»^^#i^»#^»i^#^«»^' 


(38.)  Jjf  the  sides  of  a  triangle  be  cut  proportionally/ , 
and  lines  be  drawn  from  the  points  of  section  to  the  oppo- 
site angles  ;  the  intersections  of  these  Unes  tvill  be  in  the 
same  line,  viz,  that  drawn  from  the  vertex  to  the  middle 
of  the  base. 

Let  the  sides  of  the  triangle  ABC  be 
cut  proportionally,  so  that  AD  :  AE  :: 
DF  :  EG  ::  FH  :  GL  ::  HB  :  LC. 
Join  BEy  BG,  BL,  CD,  CF,  CH;  these  * 
lines  will  intersect  each  other  in  the  line 
AK  drawn  from  ^  to  iiT  the  middle  of  the  base  BC. 
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Join  BE.  Then  since  when  any  mimber  of  mag- 
nitudes are  proportional,  as  one  antecedent  is  to  its  con-- 
sequent/ so  are  all  the  antecedents  taken  together  to  alt 
the  consequents  together,  /.  jiD  :  j4E  ::  AB  :  AC^  and 
DE  is  parallel  to  jBC.  Join  KO^  and  let  it  meet  DE 
in  /.  The  triangles  BOK,  lOE  are  similar,  and  there- 
fore, 

BK  :  KO  : :  EI  :  lOy  and  for  the  same  reason, 
CK  :  KO  ::  DI  :  70,  whence  JB/=D/, and  D£ is 
bisected  by  KO;  and  it  is  also  bisected  by  AK^  /.  AK 
passes  through  O.  In  the  same  manner  it  may  be  shewn 
that  BG  and  CFj  as  also  BL,  CH  intersect  each  other 
in  points  which  are  in  the  Hne  AK. 


(34.)  If  from  any  point  in  me  side  of  a  triangle^ 
tuH)  lines  be  drawn,  one  to  the  opposite  angle,  and  the 
other  parallel  to  the  base,  and  the  former  intersect  a  line 
draum  from  the  vertex  biseciwg^  the  base ;  this  point  of 
intersection,  that  of  the  line  parallel  to  the  base  and  the 
third  sidcy  and  the  third  at^gular  point  are  in  the  same 
straight  line. 

« 

From  any  point  D  in  the  side  AB 
of  the  triangle  ABC,  let  DE  be  drawn 
parallel  to  ^C,  and  DCjoined ;  and  let 
DC  meet  BF  drawn  from  B  to  the 
middle  of  ^C  in  G;  A,  G,  £  are  in 
the  same  straight  line. 

Let  DE  cut  BF  in  K  The  triangles  DGK,  CGF 
are  equiangular,  and 

.-.  DG  :  GO  ::  DK  :  FC  ::  DE 
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hente  the  triangles  DOE,  AGCj  having  one  angle  in 
each  equals  viz.  EDG,  GCA^  and  the  sides  about  them 
proportional,  are  therefore  similar ;  whence  the  angles 
AGCj  DGE  are  equal ;  and  DGC  being  a  straight  line, 
AGE  is  also. 


^^^^■*^0'»< 


(35.)  If  one  side  of  a  triangle  be  divided  into  any 
two  parts f  and  from  the  point,  of  section  two  straight 
lines  be  drawn  parallel  tOy  and  terminating  at  the  other 
sides,  and  the  points  of  termination  be  joined ;  and  any 
other  line  be  drawn  parallel  to  either  of  the  two  former 
lines,  so  as  to  intersect  the  other,  and  to  terminate  in  the 
sides  of  the  triangle ;  then  the  two  extreme  parts  of  the 
three  segments  into  which  the  line  so  drawn  is  divided 
will  always  be  in  the  ratio  of  the  segments  of  the  first 
divided  line. 

Let  AB  be  divided  into  any  two  parts 
in  D,  from  which  draw  DJS,  DF  paral- 
lel to  the  other  two  sides  of  the  triangle ; 
join  EF,  and  draw  GH  parallel  to  DE^ 
meeting  DF  and  EF  in  /  and  K\ 
GI  :  KH  ::  AD  :  DjB;  and  if  Lilf  be  parallel  to  DF, 

LK  :  MN  ::  AD  :  DB. 

Since  &/is^  parallel  to  AF,  and  NK  to  DF, 
GI:  AF::  (ID=)  NK:  FD  ::  NE :  DE  ::  KH :  FC, 
. .  GI:  KH::  AF:  FC ::  AD  :  DB,  since  DJPis  parallel 
to  BC.    Again  since  ML  is  parallel  to  BC, 
MN  :  BE  ::  ND  :  DE  ::  KF  :  FE  ::  KL  :  EC, 

/.  MN ;  KL  ::  BE  :  EC  ::  BD  :  DA. 
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(36.)  Tjr  through  the  paint  of  bisection  of  the  base 
of  a  triangle  any  line  be  draum,  intersecting  one  side  of 
the  triangle,  and  the  other  produced,  and  meeting  a 
parallel  to  the  base  from  the  vertex ;  this  line  will  he 
cut  harmonically. 

From  the  vertex  JB  of  the 
triangle  ABC,  let  BE  be 
drawn  parallel  to  the  base  AC, 
and  through  the  middle  point 
D  let  any  line  EGF  be  drawn 
meeting  AB,  BC,  BE,  in  F, 

G.E; 

EG  :  DG  ::  FE  :  FD. 

Since  AD  is  parallel  to  BE, 

FE  :  FD  ::  BE  :  AD, 
but  BE  :  iDC=:)  DA  ::  EG  :   GD, 
since  the  trian*gles  BGE,  DGC  are  equiangular, 
. .  (Eucl.  V.  16.)  EG  :  GD  ::  FE  :  FD, 
or  the  line  is  divided  harmonically. 


■^^^t^t^^<^>^^*t^>^'^<t 


(37.)  If  from  either  angle  of  a  triangle  a  line  be 
drawn  intersecting  that  which  joins  the  vertex  and  the 
bisection  of  the  base,  the  opposite  side,  and  the  line  from 
the  vertex  parallel  to  the  base ;  it  will  be  cut  harmoni- 
cally. 

From  the  vertex  A  of  the'  tri- 
angle ABC,  let  AE  be  drawn  -pa- 
rallel to  the  base  BC,  and  AD  to 
its  point  of  bisection  D ;  and  from 
Cdraw  any  line  CFGE;  then  will 
CE  :  CF  ::  EG  :  FG. 
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Draw  GH  parallel  to  BC.    Since  AE  and  BC  are 
parallel,  (Eucl.  vi.  3.) 

BA  :  AG  ::  CE  :  EG, 
and  since  GH  is  jparallel  to  BD, 

BA  :  ^G  ::  BD  :  Gfl^  ::  DC  :  GH, 

::  Ci?'  :  FG, 
since  the  triangles  DFC,  GHF  are  similar ; 

.-.  CE  :  EG  ::  CF  :  FG, 
and  C£  :  CF  ::  -EG  :  FG. 


^■^^^'^^^^•^^^^^^^^^^^^^^^^^^ 


(38.)  7b  rfrati;  a  line  from  one  of  the  angles  at  the 
base  of  a  triangle,  so  that  the  part  of  it  cut  off*by  a  line 
drawn  from  the  vertex  parallel  to  the  base,  may  have  a 
given  ratio  to  the  part  cut  off*  by  the  opposite  side. 

From  A  let  AE  be  drawn  parallel 
to  BC.  Divide  AB  in  G,  so  that 
AB  :  AG  in  the  given  ratio ;  join 
CG^  and  produce  it  to  meet  AE  in 
E.     CGE  is  the  line  required. 

For  the  triangles  AGE,  BGC  are  equiangular, 
/.  CG  :  EG  ::  BG  :  AG, 

whence  (Eucl.  v.  18.)    CE  :  EG  ::  BA  :  AG, 
f .  e.  in  the  given  ratio. 


(39.)  To  determine  tliat  point  in  the  base  produced 
of  a  right-angled  triangle,  from  which  the  line  drawn  to 
the  angle  opposite  to  tfie  base  shall  have  the  same  ratio  to 
the  base  produced^  which  the  perpendicular  has  to  the 
base  itself. 

Let  AB  be  the  base^  and  CB  the  perpendicular  of 


116  GEOMETRICAL   PROBLEMS.  \^Sect.  3, 

a  right-angled  triangle.  Draw  CE 
at  right  angles  to  AC,  meeting  AB 
produced  in  E.  At  the  point  C 
make  the  angle  ECD=  CAB.  D  is 
the  point  required. 

From  D  draw  DFperpendicuIar  to  AC^  and  .*.  parallel 
to  CE.  Since  the  angle  FDC  is  equal  to  the  alternate 
angle  DCE^  i.  e.  to  CAB^  and  the  angles  at  F  and  B 
are  right  angles^  .•.  the  triangles  DCF,  ACB  are  equi- 
angular ;  and  DAF  is  also  equiangular  to  ACB,  hence 

FD  :  DA  ::  BC  :  CA, 

and  DC  :  DF  ::  AC  :  AB, 

/.  ex  cequo  per.  CD  :  DA  ::  CB  :  B^. 


>^»^»»^^^»i*^^i»i<^^^^^^^^^»^ 


(40.)  Tfthe  hose  of  any  triangle  he  divided  into  two 
parts  hf  a  line  which  is  a  mean  proportional  between 
them,  and  which  being  drawn  parallel  to  the  second  side 
is  terminated  in  the  third ;  any  Une  parallel  to  the  base 
will  be  divided  by  the  mean  proportional  {produced  if 
necessary)  into  segments,  which  will  be  to  each  other  in- 
versely as  the  whole  mean  proportional  to  that  segment 
which  is  terminated  in  the  third  side  of  the  triangle. 

Let  AC  the  base  of  the  triangle 
ABC  be  divided  into  two  parts  in 
.  D^  by  a  line  DE  which  is  parallel 
to  BC,  and  a  mean  proportional 
between  AD  and  DCi  then  any 
line  FG  parallel  to  AC,  and  meeting 
DE  (produced  if  necessary)  in  H,  will  be  divided  into 
segments  FH,  HO,  which  are  to  each  other  inversely  as 
the  lines  DE,  HE. 
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For  since  FH  is  parallel  to  AD, 

FH  :  AD  :;  HE  :  DE, 
but  AD  :  DE  ::  DE  :  {DC=)  "HG, 
.-.  FH  :  DE  ::  HE  :  HG. 


(41.)  If  from  the  extremities  of  the  base  o/*  any, 
triangle^  two  straight  Unes  be  drawn  intersecting  each 
other  in  the  perpendicular,  and  terminating  in  the  oppo- 
site sides ;  straight  Unes  drawn  from  thence  to  the  in- 
tersection of  the  perpendicular  with  the  base,  will  make 
equal  angles  with  the  base. 

From  A  and  C,  the  extremities 
of  AC,  the  base  of  the  triangle 
ABC,  let  AF,  CF  be  drawn  inter- 
secting the  perpendicular  BD  in 
the  same  point  G.  Join  FD,- 
ED;  these  Unes  make  eqoal  angles 
FDA,  EDC  with  the  base. 

Draw  EI,  FH  perpendicular^  and  KGL  parallel  to 
the  base ;  then  FH  is  parallel  to  BD, 

and  . .  BG  :  BD  ::  FM  :  FH. 

And  in  the  same  manner  it  may  be  shewn  that 

BG  :  BD  ::  EN  :  EI; 

whence  FM  :  FH  ::  EN  :  £/; 

and  .-.  FM  :  EN  ::  FH  :  EI. 

But  FM  :  EN..FG:  GN ::  KG  :  GL  -.:  HD  :  DI, 

.'.  HD  :    DI  ::  HF  :  EI, 
whence  the  two  triangles  DFH,  DEI,  having  the  at^e 
at  H  equal  to  the  angle  at  /,  and  the  sides  about  the 
equal  angles  proportional,  are  equiangular ;  .-.  the  angle 
ifi)/'isequBlto£i)/. 
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(42.)  In  every  triangk^  the  intersection  of  the  per- 
pendiculars  drawn  from  the  angles. to  the  opposite  sides j 
the  intersection  of  the  lines  from  the  angles  to  the  middle 
of  the  opposite  sides^  and  the  intersection  of  the  perpen-* 
d&cidarsfrcm  the  middle  of  the  sides,  are  all  in  the  same 
straight  line.  And  the  distances  of  those  points  from 
one  another  are  in  a  given  ratio. 

From  the  angles  ^  and  B  of 
the  triangle  ABC,  let  ^D,  BE 
be  drawn  perpendicular  to  the 
opposite  sides,  H  will  be  the  in- 
tersection of  the  three  perpendi- 
culars (vii.34.).  From  ^ and  £ 
draw  AO,  BF  to  the  points  of  bisection  of  the  opposite 
sides^  intersecting  in  K,  which  •'.  is  (iii.  38.)  the  inter* 
section  of  the  lines  drawn  {mm  the  angles  to  the  middle 
of  the  opposite  sides;*  and  from  F  and  G  draw  the  per- 
pendiculars FI9  G/ meeting  in  I,  which  •*.  (iii.  27.)  is  the 
intersection  of  the  three  perpendiculars.  Join  HK^  KI; 
HKI  is  a  straight  line. 

Join  OF.  (Eucl.  vi.  2.)  AB  is  parallel  to,  and  double 
of  GF;  /.  by  similar  triangles  ABKy  KFG,  BK  is 
double  of  KFy  and  AK  double  of  KG.  And  the  tri- 
angles AHB,  FIG  are  equiangular,  /.  AH  is  double  of 
IG,  and  BH  is  double  of  /F; 

and  .-.  BH  :  IF  ::  2  :  1  ::  BK  :  KF, 
whence  the  triangles  BHK,  KIF  having  the  angles  at 
B  and  F  equal,  and  the  sides  about  them  proportional, 
are  similar,  .*.  the  angle  HKB  is  equal  to  IKF,  .-.  H, 
Ky  and  /  are  in  the  same  straight  line. 

And  since  BK  is  double  of  KF,  HK  is  double  of  KI, 
and  /.  their  distances  Yrom  each  other  will  be  in  an  in- 
variable ratio. 


^^4 
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(43.)  If  straight  lines  be  draumjrom  the  angks  of 
a  triangle  through  any  point,  either  within  or  without 
the  triangle  J  to  meet  the  sides,  and  the  lines  Joining  these 
points  of  intersection  and  the  sides  of  the  triangle  be 
produced  to  meet ;  the  three  points  of  concourse  will  be 
in  the  same  straight  line. 

Let  ^BC  be  a  triangle  from  the  three  angles  of  which 
let  lines  j4F,  BE,  CD  be  drawn  through  a  point  P  with- 
in the  triangle.     Join  DE,  DF,  EF,  and  produce  them 


to  meet  the  sides  in  H,  G,  /;  these  three  points  will  be 
in  the  same  straight  line. 

Join  GH,  HI.  Then  the  three  angles  of  the  tri- 
angle DHG  being  equal  to  two  right  angles,  as  also  the 
three  EHI,  EIH,  and  {HEI  or)  DEF,  as  also  the 
two  DFIj  GFI;  /.  the  three  angles  of  the  triangle 
DHG  together  with  the  angles  EHI,  EIH,  DEF, 
DFIy  GFI  are  equal  to  six  right  angles.  Now  the 
angles  of  the  triangles  DEF,  FGI  are  together  equal  to 
four  right  angles,  whence  DHG,  DHI  are  equal  to  two 
right  angles ;  or  GH,  HI  are  in  the  same  straight  line. 


^^^^»^^*^»■^^l»<^»l»^|^^^^^^»»»^»rf^^ 
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Sect.  IV. 

(I.)  The  diameters  of  a  rhombus  bisect  each  other  at 
right  angles. 

Let  ABCD  be  a  rhombus,  whose 
diameters  are  AC,  BD;  they  bisect 
each  other  at  right  angles  in  E. 

Since  AB  —  ADj  and  AC  is  com- 
mon  to  the  two  triangles  ABC,  ADC, 
the  two  BA,  AC  are  equal  to  the  two 
DA,  AC,  each  to  each,  and  BC=^DC,  /.the  angle  S^C 
is  equal  to  the  angle  DAC.  Again,  since  BA,  AE  are 
equal  to  DA,  AE,  each  to  each,  and  the  included  angles 
are  equal,  .-.  BE -ED,  and  the  angles  AEB,  A  ED 
are  equal,  and  .-.  are  right  angles.  For  the  same  reason 
AE=ECi  also  the  angles  BEC,  DEC  are  right  angfes. 


(2.)  If  the  opposite  sides  or  opposite  angles  of  a 
quadrilateral  J^re  he  equal,  thejigure  will  be  a  paral- 
lelogram. 

Let  ABCD  be  a  quadrilateral  figure, 
whose  opposite  sides  are  equal.     Join 
BD.     Since  AB  =  DC,  and  BD  is 
common,  the  two  AB,  BD  are  equal  to 
the  two  CD,  DB,  each  to  each,  and  AD^BC,  .*•  the 
angle  ABD^BDC,  whence  (Eucl.  i.  27.)  ^jB  is  parallel 
to  DC;  also  the  angle  ADB  =  DBC,  whence  AD  is 
parallel  to  BC;  and  the  figure  is  a  parallelogram. 
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Again^  let  the  opposite  angles  be  equal.  Then  since 
the  four  angles  of  the.  qtiadrilateral  figure  ABCD  are 
equal  to  four  right  angles^  and  that  BAD,  ADC  Xo^ 
ther  are  equal  to  DCB,  CBA,  /.  BAD,  ADC  together 
are  equal  to  two  right  angles ;  whence  AB,  is  parallel  to 
CD.  In  the  same  way  it  may  be  shewn  that  AD  is 
parallel  to  BCy  and  .-.  ABCD  is  a  parallelogram. 


(3.)  To  bisect  a  parallehgram  hy  a  line  drawn  Jrom 
a  point  in  one  of  its  sides. 

Let  ABCD  be  a  parallelogram, 
and  P  a  given  point  in  the  side  AB. 
Draw  the  diameter  BD,  which  bi- 
sects the  parallelogram.  Bisect  BD 
in  F;  join  PF,  and  produce  it  to  E-  PE  bisects  the 
parallelogram. 

_  _  V 

Since  the  angle  PBD  is  equal  to  the  angle  BDE, 
and  the  vertically  opposite  angles  at  ^ane  equal,  and  BF 
=  FDy  .-.  the  triangles  PBF,  DFE  are  equal.  But 
the  triangle  ABD  is  equal  to  BDC,  /.  APFD  is  equal 
to  BFEC;  and  to  these  equals  adding  the  equal  tri- 
angles DFE,  PFB,  the  &gare  APED:=^PECB;  and 
AC  is  .'.  bisected  by  PE. 

Cor.  Any  line  drawn  through  the  middle  point  of 
the  diameter  of  a  parallelogram  is. bisected  in  that  point. 


^»^^^^>^<>^^^<»i^«»^»j«fc^^»i»  »^^^o 


(4.)  If  Jrom  any  point  in  the  diameter  (or  diameter 
produced),  ^  a  parallelogram  straight  lines  be  drawn  to 
the  opposite  angle ;  they  will  cut  off  equal  triangles. 

Q 


• 
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From  any  point  E^  in  AC 
the  diameter  of  the  (Murallelo- 

gram   ABCD,  ht  lines  EB,     a^'^ -^^d 

ED  be  drawn ;  the  triangles  ABfi^  AED  are  equal ;  as 
also  the  triangles  EEC,  CED. 

Draw  the  diameter  BD.  The  bases  BF,  FD  being 
equal,  the  triangles  BFA^  DFA  (Encl.  i.  38. )»  >8  also 
the  triangles  BFE^  DFE  are  equal,  hence  .**.  BAE^ 
DAE  are  equal.  And  ABC  being  equal  to  ADC,  the 
triangles  BEC,  DEC  are  also  equal. 


>««Vm 


(5.)  Prom  one  rf  tfie  gngle^  of  q  pfir^Udqgratn  to 
draw  a  line  to  the  opposite  side,  which  shqll  be  equal  to 
that  side  together  with  the  s^menf  of  it  which  is  inter^ 
eepted  between  the  line  and  the  opposite  anglf. 

Let  ABCD  be  the  paral- 
lelogram, A  the  angle  from 
which  the  line  is  to  be  drawn. 
Produce  DC  to  Ej  making 
CE=CD.  Join  AE,  and  at 
the  point  A  make  the  angle 
EAF:=zAEF;  AF  is  the  line 
lequired. 

For  CE  being  equal  to  CD,  EF  is  equal  to  DC 
and  CF  together ;  and  the  angles  FEA,  FAX  being 
equal,  FA=tFE,md  .\  AF^DCzwi  CFtc^ether. 

Cor.  In  the  same  manner  if  CE  =  CB,  AF=z  EF^ 
BC  and  CF  t(^ther. 


(€.)    If  from  one  of  the  angles  of  a  pardMogrom  a 
straight  Une  he  drawn  cutting  the  diameter y  a  side^  and 
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a  Adi  produced ;  the  segtneftf  inteircepitd  bdtweeA  tkt 
atlgk  and  the  diufneter,  is  a  mettn  proportional  hiitvieti 
the  segments  intercepted  between  the  diameter  artd  the 
sides. 

From  B,  one  of  the  angles 
of  the  parallelogram  A  BCD, 
let  [any  line  BE  be  drawn 
catting  the  diameter  AC  in 
Fy  the  opposite  side  in  G^  and 
AD  produced  in  E ;  BF  is  a  mean  proportional  between 
FOmdFE. 

Draw  DH  parallel  to  BF,  and  .•.  equal  to  it ;  /.  also 
AH:::  FCy  and  AF^  CH.  Since  HD  is  parallel  to  J5G, 
FG  :  DH{::  CF  :  CH  ::  AH  :  AF)  ::  DH :  FE^ 

or  FG  :  BF  ::  BF  :  FE. 


(7.)  TTie  two  iriangks,fmned  hy  dtiming  straight 
Ums  frofm  any  paint  within  a  pdrattihgram  to  the  ex« 
trimities  of  ^hbo  opposite  Mes,  are  together  half  of  the 
parallelogram* 

Let  P  be  any  point  with- 
in the  paraIlelogr|m  A  BCD, 
from  which  let  lines  PA, 
PD,  PB,  PC  be  dntwn  to 
the  extremities  of  the  oppo- 
site  sides ;  the  triangles  PAD, 
PBC  are  equal  to  half  the  parallelogram ;  as  also  the 
triangles -^PB,  Jbi^C. 

Through  jB  draw  JEi^F parallel  to  AD  or  AC;  then 
(ISucl.  i.  41.)  the  triangle  ^PD  is  half  of  .^JPFA  and 
BPC  is  half  of  BEFC,  /.  APt),  ittPCare  together  half 
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of  ABCD.  In  the  same  manner  if  a  line  be  drawn 
through  P  parallel  to  AB  or  DC^  it  may  be  shewn  that 
APB,  DPC  together  are  half  of  ABCD. 


(8.)  J^  a  straight  line  be  draw^  parallel  to  one  of 
the  sides  of  a  'parallelogram^  and  one  ea^remUy  of  this 
line  bei  joined  to  the  opposite  one  of  the  parallel  side,  hy 
a  line  which  also  cuts  the  diameter ;  the  segments  of  th^ 
diameter  made  hy  this  lin§  ivill  be  reciprocally  propor- 
tional to  the  segments  of  that  part  of  it  which  is  inter^ 
cepted  between  the  side  and  the  parallel  line. 

Let  EF  be  drawn  parallel  to  AD 
one  of  the  sides  of  the  parallelogram 
ABCD,  catting  the  diameter  BD  in 
G.  Join  AFj  cutting  it  also  in  H; 
then  will  BH  :  HD  ::  HD  :  HG. 

For  the  angle  ABH  being  equal  to  HDF,  and  AHB 
to  DHF,  the  triangles  AHB,  DHFzxe  equiangular,  and 
,%  BH  :  HD  ::  AH:  HF  ::  DH  :  HG,  since  th? 
triangles  AMD,  FHG  are  also  equiangular. 


(9.)  If  two  lines  be  drawn  parallel  and  equal  to  the 
adjatent  sides  of  a  parallelogram;  the  lines  joining  their 
extremitieSy  if*  produced,  will  meet  the  diameter  in  the 
same  point 

Let  HI,  FG  be  drawn  equal  a^nd  parallel  to  the  ad- 
jacent sides  AB,  BC  of  the  parallelogram  ABCD. 
iom  HF,  GI;  these  lines  produced  will  meet  the  dia- 
meter DB  in  the  same  point 
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Produce  JB,  CB  to  K  and  L.  Then  the  triangles 
AFH,  LBF  having  the  vertically  opposite  angles  at  F 
equal,  and  the  alternate  angles  AHF,  FLB  also  equal, 
are  equiangular^ 


whence  4F  :  FB  ::  {HA=)  IB  :  BL^ 
and  in  the  same  manne^r  ^t  may  be  shewn  that 
{GC^)FB  :  CI  ::  BK  :  BI, 
.-.  JF  :  CI  ::  BK  :  BL. 
But  JF=  DG,  and  CI=DH,  .-.  DG :  DH  ::  BK :  BL. 
and  .*•'  HF,  DB,  GI  converge  to  the  same  point. 


^<Ji^^^^^»»^XIl»^»^»^^<##^»l#^S»*<» 


(10.)    If  in  the  j^ides  of  a  square,  at  equal  distances 
from  the  four  angles^  four  other  points  be  takeny  one  in 
each  side ;    the  figure  contained  hy  thfi  strought  lines 
tohichjoin  them  shall  also  ffe  a  square. 

Let  Ef  F,  G,  H  be  four  points  at 
equal  distances  from  the  angles  of  the 
square  JBCD.  Join  EF,  FG,  GH, 
HE ;  EFGH  is  also  a  square. 

Since  JH=  EB,  and  AE  =  BF,  and 
the  angles  at  A  and  B  are  right  angles/  /.  HE  ==  EF^ 
and  the  angle  AEH  is  equal  to  the  angle  BFE.  In 
the  same  way  it  may  be  shewn  that  HG  and  GF  are 
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each  of  thetH  eqaal  to  HE  bliA  EF,  /.  the  figure  HEFG 
is  equilateral.  It  is  also  rectangular ;  for  since  the'  ex- 
terior angle  FEA  is  equal  to  the  interior  angles  EBFi 
EFB;  parts  of  which  AEH  and  EFB  are  equal ;  /.  the 
remaining  angle  FEH  is  equal  to  the  remaining  angle 
FBEy  and  /.  is  a  right  angle.  In  the  same  manner  it 
may  be  shewn  that  the  angles  at  F,  G^  H  are  right 
angles,  and  .'.  EFGH  being  equilateral  and  rectangular, 
is  a  square. 


(11.)  The  sum  of  the  diagonals  of  a  trapezium  is 
less  than  the  sum  of  any  four  lines  which  can  he  drawn 
to  the  four  angles  from  any  point  within  the  figure, 
except  from  the  intersection  of  the  diagonals. 

Let  ABCD  be  a  trap^zium>  v^hose 
diagonals  are  AC^  BD,  cutting  each  other 
in  E ;  they  are  less  than  the  sum  of  any 
four  lines  which  can  be  drawn  to  the 
angles  from  any  other  point  wjthin  the 
trapezium.  ' 

1  ake  any  point  P,  tad  join  PA,  PB,  PC,  PD. 
Then  (Eucl.  i.  20.)  AC  is  less  than  AP,  PC ;  and  BD 
is  less  than  BP,  PD ;  .\  AC,  BD  site  less  than  AP, 
PB,  PC,  PD. 


^^^^•'^^^i^l^V^^i^^l^^^i^ii^^^^^^^^)^  ^ 


(12.)  Every  trapezium  is  divided  by  its  diagonals 
into  four  triangles  proportional  to  each  other. 

Let  ABCD  be  a  trapezium  (see  last  t*ig.)  divided  by 
its  diagonals  AC,  BD  into  the  triangles  AEB,  BMIC, 
A  ED,  DEC ;  these  are  proportional  to  each  other. 
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Fbr  (End.  vi.  1.)  AEB  :  BEC 

and  AED  :  DEC 


:  JB  :  EC, 
:  AE  I  EC, 
:  AED  :  />£C. 


^^i^»^»^^^^^^»4 


(13.^  If  two  apposite  angles  of  a  trapezium  be  right 
angles ;  the  angles  subtended  by  either  side  at  the  two 
opposite  angular  points  will  be  equal. 

Let  the  two  angles  ACB,  ADB  of  the 
trapezium  ACBD,  be  right  Ungle?.  Join 
49,  CD;  the  ungleg  ^CZ>,  ABD,  sub- 
tended by  j4P,  are  equal. 

Pisect  AB  in  E.  Join  CS,  Ef),  and 
produoe  C^  to  F.  Then  (iii.  3.)  JE,  EB,  EC,  ED 
ar^  equal  to  one  another.  Also  thq  ^ngte  AED  is  equfil 
tp  the  twp  ffDB,  EBD,  h  ^.  to  twice  EBD;  and  DEF 
19  eqm\  to  the  two  DCE,  gDQ  i.e.  to  twice  DCE; 
and  ^£^F  is  equal  to  twice  ACE ;  /.  twice  ACE  and 
twice  ECDj  qr  twice  ^CD  will  he  equal  to  AED,  i.  e. 
to  twice  EBD,  .\  ACD^^ABP. 

The  iBam§  may  be  proved  for  the  angles  standing  on 
my  of  the  other  sides. 


(14.)  To  determine  the Jigure  formed  by  joining  the 
points  of  bisection  of  the  sides  of  a  trapezium ;  and  its 
r<rti»  t9  thf  trape^imm* 

Let  ABCD  be  a  trapezium,  whose  sides  are  bisected 
in  E,  F,  O,  H.  Let  the,  points  of  bisection  be  joined  i 
and  draw  the  diagonals  AC^  BD. 

Slnee  AB,  AD  are  bisected  in  £  and  //,  (£ucL  vi.  S^*) 
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EH  18  parallel  to  BD;  and  for  the  same  reason  ^FY?  is 
parallel  to  BD,  and  /.  to  EH.  In  the  same  way  it 
may  be  shewn  that  EF  is  parallel  to  HG,  and  /.  the 
figure  EFGH  is  a  parallelogram. 


Again  (Euct.  vi.  19.)  the  triangle  EBF  is  to  the  tri^ 
angle  ABC  in  the  duplicate  ratio  of  EB  :  AB,  i.e.  in  the 
ratio  of  1  :  4,  .*.  EBF  is  equal  to  one  fourth  of  ABC; 
for  the  same  reason  HDG  is  one  fourth  of  DAC,  whence 
EBF  and  HDG  are  together  equal  to  one  fourth  of  the 
trapezium.  For/  the  same  reason  HAE  and  GFC  are 
together  equal  to  one  fourth  of  the  trapezium ;  therefore 
the  four  triangles  together  are  equal  to  half  the  trapezium ; 
and  consequently  HEFG  is  equal  to  half  of  ABCD. 

Cor.  1 .  Hence  two  lines^  drawn  to  bisect  the  oppo- 
site sides  of  a  trapezium^  will  also  bisect  each  other. 

Cor.  2.  If  the  sides  of  a  square  be  bisected  and  the 
points  of  bisection  joined,  the  inscribed  figure  is  a  square^ 
and  equal  to  half  the  original  square. 


^»»^^»^^^i»<i^^  <^  #1  »^»  <>»»»i*  ^»»»» 


(15.)  To  determine  the  figure  farmed  hy  joining  the 
points  where  the.  diagonals  of  the  trapezium  cut  the  pa'- 
raUelogram ;  and  its  ratio  to  the  trapezium. . 

Let  /,  Ky  Ly  M  he  the  points  of  intersection;  (see 
last  Fig.)  join  IK,  KL,  LM,  ML     And  let  O  be 
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the  intersection  of  the  diagonals.     Since  EK  is  parallel 
to  01, 

BK  :  KO  ::  BE  :  EA,  i.  e.  in  a  ratio  of  equality. 
For  the  same  reason  AIz^  lO.  Whence  the  sides  of  the 
triangle  AOB  being  cut  proportionally,  IK  is  parallel  to 
AB.  In  the  same  manner  it  may  be  shewn  that  KLj 
LM^  MI  are  respectively  parallel  to  BC,  CD,  DAi 
whence  the  figure  IKLM  will  be  similar  to  ABCD. 
Also  since  the  triangle  MIK  is  half  the  parallelogram 
HK,  mid  MLK  half  of  GK,  /.  the  figure  IKLM  is  half 
of  HF,  and  /•  equal  to  one  fourth  of  the  trapezium 
ABCD. 


(16.)  /jT  two  sides  of  a  trapezium  be  parallel;  its 
area  is  equal  to  half  that  of  a  parallelogram^  whose  base 
is  the  sum  of  those  two  sides,  and  altitude  the  perpen- 
dicular distance  between  them. 

Let  ABCD  be  a  trapezium,  whose 
side  AB  is  parallel  to  DC.  Produce 
DC  to  E,  making  CE—AB.  Draw 
BF,  and  CO,  EH  parallel  to  AD, 
meeting  AB  produced.  Then  AE  is  a  parallelogram  of 
the  same  altitude  with  the  trapezium,  and  its  base  is 
equal  to  the  sum  of  the  sides  AB^.  DC  \  and  ABCD  is 
h^Xfoi  AE. 

Since  DF=CE,  the  parallelograms  AF,  GE  are 
equal  (Eucl.  i.  36.) ;  and  the  diameter  BC  bisects  the 
parallelogram  FG;  whence  ABCD=BCEH,  and  .•. 
the  trapezium,  is  half  of  the  parallelogram  AE. 


»*^#^^^ 


R 
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(17.)  If  from  any  angle  of  a  rectangular  parallelo- 
gram a  line  be  drawn  to  the  opposite  side,  and  from  the 
adjacent  angle  of  the  trapezium  thus  formed  another 
he  drawn  perpendicular  to  the  former ;  the  rectangle 
contained  by  these  tteo  lines,  is  equal  to  the  given  pa-^ 
rallelogram,  4 

From  -/#,  one  of  the  angles  of  the  rectan- 


gular parallelogram  ABCD^  let  any  line  AE       \^^ 
be  drawn  to  the  opposite  side,  cutting  off  the     ^^ ; 


trapezium  ABCE ;  from  B  let  fall  the  per- 
pendicular BF\  the  rectangle  contained  by  AE^  BF,  is 
equal  to  the  parallelogram  ABCD. 

For  BA  being  parallel  to  ED,  the  angle  BAF— 
AEDy  and  the  angles  at  F  and  D  are  right  angles,  /. 
the  triangles  BAF^  AED  are  similar ;  whence 

BF  :  BA  ::  AD  :  AE, 
and  the  rectangle  AE,  BF  is  equal  to  the  rectangle  BA^ 
AD,  i.  e.  to  ABCD. 


(18.)  To  divide  a  parallelogram  into  two  parts  which 
shall  have  a  given'  ratio,  by  a  line  dratvn  parallel  to  a 
given  line. 

Let  ABCD  be  the  given  parallelo- 
gram^  and  EF  the  line  whose  direction 
is  given.  Divide  AD  in  G  in  the 
given  ratio,  and  make  GH  =sAG.  Join 
BH;  bisect  it  in  /,  and  through  / 
draw  KL  parallel  to  EF;  KL  divides  the  parallelogram 
in  the  given  ratio. 

For  (Eucl.  vi,  1.  and  i.  41.) 

ABH  :  ABCD  :.  AG  :  AD. 


A.K 


Sect.  4.]  G£OM£TRiCAL    FJIOBLEMS.  131 

But  the  triangles  B/L,  KIH  are  equal,  since  BI=IHy 
and  BL  is'  parallel  to  KH;  /.  ABH  ^  ABLK,  and 

^J5LA^  :  ABCD  ::  AG  ,  AD, 
/.  ABLK  :  LKDC  ::  ^G  :  GD,  i.e.  in  the  given  ratio. 


'•^  *^*  **•  *<*>i^  ^-^-^^s*  ^*  ^^•rf""**^^*^ 


(19.)  7b  2f^ec^  a  trapezium  by  a  line  drawn  from 
one  of  iU  angles. 

Let  ABCD  be  the  given  trape- 
zium, and  A  the  angle  from  which  it 
is  to  be  bisected.  Draw  the  diagonals 
ACj  BD ;  and  bisect  BD,  which  is 
opposite  to  the  angle  A,  in  the  point  E.  Join  AE^  CE ; 
and  through  t!  draw  PEG  parallel  to  AC,  Join  AG ; 
AG  bisects  the  trapezium. 

Since  flE  is  equal  to  EB,  the  triangles  AED,  AE$ 
are  equal ;  as  also  DEC^  BEC;  .".  the  figure  AECD  is 
equal  to  the  figure  AECB.  Also  (Eucl.  i.  38.)  the  tri- 
angles AEG,  CEG  are  equal ;  take  away  .-.  the  common 
part  EHG,  and  AEH=GHC.  To  the  figure  AECD 
add  AEH,  aqd  take  away  its  equal  GHC\  and  to 
AECB  add  GHC,  and  take  away  AEH ,  and  the  tri- 
angle AGD  is  equal  to  the  trapezium  AGCB,  or  the 
^iven  trapezium  is  bisected  by  AG. 


» ***s^.^  ^^^  *■.^*^*s^  ^  *  ^*^*>^.^^^^^^^^*" 


(20.)    7b  bisect  a  trapezium  by  a  Une  drawn  from 
n  given  point  in  one  of  its  sides. 

Let  ABCD  be  the  given  trapezium,  and  P  the  givea 
point. 


13S  GEOMETRICAL   PROHLEMS.  [^Sect.  4« 

Join  PA,  and  from  the  angle  P 
bisect  the  trapezium  APCD  (iv.  \Q.) 
by  the  line  PE.  On  PE  make  the 
triangle  P£F  equal  to  ^BP.  Bi-  i>4^ 
sect  £F  in  G ;  join  PG.  PO 
bisects  the  trapezium. 

Since  FG  is  equal  to  GE,  the  triangle  PGF  is  equal 
to  the  triangle  PGE.  But  PG^  is  equal  to  half  the 
triangle  ABP-,  and  PEC  is  half  the  figure  PABC\ 
whence  PGC  is  half  of  the  trapezium  ABCD ;  which  is 
.♦.  bisected  hy  PG, 


>»^^»»^^»^*«#»»»»*»^y 


(21.)  f  If  two  sides  of  a  trapezium  be  parallel;  the 
triangle  contained  hy  either  of  the  other  sides,  and  the 
two  straight  lines  drawn  from  its  extremities  to  the  bi- 
section of  the  opposite  side,  is  half  the  trapezium. 

Let  J  BCD  be  a  trapezium,  having  r^A^__^ 
the  side  JB  parallel  to  DC.  Let  ;^^C^  \ 
JD  be  bisected  in  E ;  join  BE,  CE ;     j^i  ^ 

the  triangle  BEC  is  half  of  the  trape- 
zium. ^ 

Through  E  draw  PEG  parallel  to  BQ  meeting  CD 
in  G,  and  BJ  produced  in  F,  The  alternate  angles 
FAEy  EDG  being  equal,  as  also  the  angles  at  E,  and 
AE=ED,  .'.  the  triangles  JEF,  DEG  are  equal  j 
whence  the  parallelogram  BFGC  is  equal  to  the  trape- 
zium ABCD.  But  BFGC  and  the  triangle  BEC,  be- 
ing on  the  same  base  BC,  and  between  the  same  parallels 
BC,  FG,  the  triangle  BEC  is  half  of  BFGC.  and  .-. 
also  half  of  ABCD. 
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Cor.  From  the  demonrtration  it  appears,  that  a  tra- 
peziQoa  whtch  has  two  sides  parallel,  may  be  reduced  to 
a  parallelogram  equal  to  it,  by  drawing  through  the 
point  of  bisection  of  one  of  the  sides,  which  are  not  pa- 
rallel^ a  line  parallel  to  the  other  of  those  sides,  and  meet- 
ing the  parallel  sides. 


i»^i^«^^^»>^^^^i^^  ^^^^'^^^<i^^^^'^>0'^ 


(22.)  To  divide  a  given  trapezium  whose  opposite 
sides  are  parallel,  in  a  given  ratio,  hy  a  line  drawn 
through  a  given  point,  and  terminated  by  the  two  pa- 
rallel sides. 

Let  ABCD  be  a  trapezium 
whose  sides  AB,  DC  are  parallel, 
and  P  the  given  point.  Bisect  AD 
in  E,  and  draw  EF  parallel  to  AB, 
meeting  BC  in  F.  Divide  EF  in 
G  in  the  given  ratio ;  and  through  O  and  P  draw  IPH; 
IPH  will  divide  the  trapezium  in  the  given  ratio. 

Draw  KGL,  MFN  parallel  to  AD,  then  EA=KG 
^MF,  ^nd  ED  =  GJLr:FN;  hut  AE^ED,  .\  KG  = 
GL,  and  MF^FN;  whence  (i v.  31.  Cor.)  ADlHzr: 
AL,2indHICB^KN. 

.  Now  AL  :  KN  ::  EG  :  GF, 
.-.  ADIH  :  HICB  ::  EG  :  GF, 
1.  e.  in  the  given  ratio. 


»^i^^>^'^^^i»^'^^^^>»^^ 


(23.)  If  a  trapezium,  which  has  two  of  its  adjacent 
angles  right  angles,  be  bisected  by, a  line  drawn  from  the 
middle  of  one  of  those  sides  which  are  not  parallel;  the 
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sum  of  the  parallel  sides  will  have  to  one  of  them  the 
same  ratioy  that  the  side  which  is  not  bisected  has  to  that 
segment  of  it  which  is  adjacent  to  the  other. 

Let  ABCD  be  a  trapezium^  having  the 
angles  at  A  and  D  right  angles,  and  .-.  AB^ 
DC  parallel ;  and  let  the  trapezium  be  bi- 
sected by  ER\  if  -^D  be  bisected  in  E, 

AB  +  DC  :  AB  ::  BC  :  CF 
but  if  BC  be  bisected  in  F, 

AB+DC  :  AB-.  AD  :  DE. 

^       - 

Produce  DA,  CB  to  meet  in  G.  Join  AF,  DF, 
BE,  CE,  a!id  let  fall  the  perpendiculars  AH^  DL 
Since  AE  =  ED,  the  triangles  AFE,  DFE  are  equal, 
/.  the  triangles  DEC,  AFB  are  equal ;  .•.  the  rectangles 
FCy  DI  and  BF,  AH  are  equal, 

and  FC  :  FB  ::  AH  :  DI  ::  AB  :  CD, 
.-.  AB+CD  :  AB  ::  (FC+FJ5=)  BC  :  FC. 

.  But  if  BC  be  bisected,  the  triangles     ^' ° 

EBFj  ECF  being  equal,   the  triangles 
AEBy  EDC  are  also  equal, 
.-.  (Eucl.  VI.  15.)  AB  :  CD  ::  DE  :  EA, 

and  AB  +  CD  :  AB  ::  {DE  +  EA^)  AD  :  DE. 
In  like  manner  AB  +  DC  :  DC  ::  AD  :  AE. 


(24.)  If  the  sides  of  an  equilateral  and  equiangular 
pentagon  be  produced  to  meet;  the  angles  formed  by  these 
lines  are  together  equal  to  two  right  angles. 

Let   ABCDE    be   an   equilateral    and    equiangular 
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pentagon ;  and  let  the  sides  be  pro- 
duced to  meet  in  jF,  G,  H,  I,  K; 
the  angles  at  these  points  are  to- 
gether equal  to  two  right  angles. 

For  since  BCG  is  the  exterior 
angle  of  the  triangle  FCI,  it  i^  equal 
to  the  angles  at  F  and  /.  For  the 
same  reason  the  angle  CBG  is  equal  to  the  angles  at  K 
and  H;  and  .*.  the  angles  at  F,  G,  H,  /,  K  are  equal 
to  the  three  angles  of  the  triangle  BCG,  t.  e.  to  two  right 
angles. 


■^■^■r»  »-»^-^.»«^»** 


(250  If  the  sides  of  an  equilateral  and  equiangular 
hexagon  be  produced  to  meet ;  the  angles  formed  by 
these  lines  are  together  equal  to  four  right  angles. 

Let  ABCDEF  be  an  equilateral 
and  equiangular  hexagon;  and  let 
the  sides  be  produced  to  meet  in  6r, 
H,  /,  Ki  L,  M'y  the  angles  at  these 
points  are  together  equal  to  four  right 
angles. 

For   GH  being  a  triangle,  the 
angles  at  G»  /^  L  are  equal  to  two 
right  angles ;  and  for  the  same  reason,  the  angles  at  //, 
Ky  M  are  equal  to  two  right  angles ;  .-.  the  six  angles 
-are  equal  to  four  right  angles. 


(26.)    The  area  of  any  two  parallelograms  described 
on  the  two  sides  of  a  triangle  is  equal  to  that  of  a  paral- 
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lelogram  on  the  base,  whose  side  is  equal  and  parallel  to 
the  line  drawn  from  the  vertex  of  the  triangle  to  the  in- 
tersection of  the  two  sides  of  the  former  parallelograms 
produced  to  meet. 

Let  BE  and  CG  be  pa- 
rallelograms describled  on  the 
sides  AB^  BC  of  the  triangle 
ABC;  and  let  EF,  HG  be 
produced  to  meet  in  D.  Join 
DB\  produce  it,  and  make 
IK=:DB;  through  A  draw 
AL  equal  and  parallel  to  IK; 
and  complete  the  parallelo- 
gram AM,     AM  is  equal  to  AF  and  CG  together. 

Produce  LAj  MC  to  iV  and  O;  since  ND  is  parallel 
to  ABy  and  AN  to  BD^  NABD  is  a  parallelogram^  and 
equal  to  EB^  which  is  on  the  same  base,  and  between  the 
same  parallels.  It  is  also  equal  to  AK ;  because  they  are 
upon  equal  bases  DBj  IKj  and  between  the  same  pa- 
rallels; /.  AK=EB.  In  the  same  manner  73/=  B/f, 
.-.  AM  is  equal  to  AF  and  CG  together. 


•^^  0^  ^^^^^^^  ^  * 


/  .  .  '  .  . 

(27.)  The  perimeter  of  an  isosceles  triangle  is  greater 
than  the  perimeter  of  a  rectangular  parallejogramj  which 
^      is  of  the  same  altitude  withy  and  equal  to  the  given  tri- 
angle. 

Let  ABC  be  an  isosceles  triangle, 
whose  base  is  BC.  Draw  AE  perpendi- 
cular to  BCi  and  .'.  bisecting  it;  and  draw 
AD,   CD  ^parallel  respectively  to   BC, 
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^E ;  then  DE  is  a  rectangular  parallelogram  of  the 
same  altitude  with,  and  equal  to  the  triangle  ABC  (EucK 
i.  42.).  The  perimeter  of  ABC  is  greater  than  that  of 
DE. 

Because  AB  =  AC,  and  BE=ECy  the  perimeter  of 
ABC  is  double  of  AC  and  EC  together ;  also  the  peri- 
meter of  DE  is  double  of  AE  and  EC  together.  But 
since  ABC  is  a  right  angle,  AC  is  greater  than  AE ;  and 
/.  the  perimeter  of  ABC  greater  than  that  of  DE. 


*  #  «'«'^«  ^^^^  #-<'^^^S»^  ^^^^  «■  ^^^■^ 


(28.)  If  from  one  of  the  acute  angles  of  a  right- 
angled  triangle,  a  line  be  drawn  to  the  opposite  side ; 
the  squares  of  that  side  and  the  line  so  drawn  are  toge- 
ther equal  to  the  sqtmres  of  the  segment  adjacent  to  the 
right  angle  and  of  the  hypothenuse. 

Let  ABC  be  a  right-angled  triangle, 
and  from  A  let  AD  be  drawn  to  the  oppo* 
site  side  ^  the  squares  of  AD  and  BC  are 
together  equal  to  the  squares  of  AC  and 
BD. 

For  the  squares  of  AD  and  BC  together  are  equal  to 
the  squares  of  AB,  BD  and  BC,  i.  e.  to  the  squares  of 
AC  and  BD;  since  the  squares  of  AB  and  BC  are 
equal  to  the  square  AC 


«#^^»»^^^^i^.»'^^^^<^^  ^.^■^■^■^^■^^■f- 


(29.)  In  any  triangle  if  a  line  he  drawn  from  the 
vertex  at  right  angles  to  the  base ;  the  difference  of  the 
squares  of  the  sides  is  equal  to  the  difference  of  thf 
squares  of  the  segments  of  the  base. 

S 
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From  2^  the  vert§;cof  the  triangle ^£C^ 
let  AD  be  drawn  perpendicular  to  the 
base ;  the  difference  of  the  squares  of  AB^ 
AC .  is  equal  to  the  diflerence  of  the 
squares  x>f  BD,  DC. 

For  since  ABD  is  a  right-angled  triangle,  the  square 
of  AB  is  equal  to  the  squares  of  AD^  BD ;  and  since 
ADC  is  a  •  right-angled  triangle,  the  square  of  AC  is 
'  equal  to  the  squares  of  ADj  DC ;  whence  the  diiference 
of  the  squares  of  AC  and  AB  is  equal  to  the  difference 
of  the  squares  of  CD  and  DB. 


(30.)  In  any  triangle,  if  a  line  be  drawn  from  the 
vertex  bisecting  the  base ;  the  sum  of  the  squares  of  the 
two  sides  of  the  triangle  i^  double  the  sum  of  the  squares 
of  the  bisecting  line  and  of  half  the  base. 

From  the  vertex  A  of  the  triangle 
ABCj  let  AD  be  drawn  to  the  point  of 
bisection  of  the  base  ;  the  squares  of  AB, 

AC,  are  together  double  the  squares  of 

AD,  DB. 
From  A  draw  AE  perpendicular  to  BC; 

Then  (Eucl.  ii.  12.)  AB^==AD*+  DB'+2BDkDE, 
and  (Eucl.  ii.  13.)  AC^=^AD'  +  DC^'-2  CD  x  DE 

=  AD^  +  DB'-  2BDx  DE, 
whence  AB^+AC*  =  2AD'  +  2DB'. 


(31.)  If  from  the  three  angles  of  a  triangle  lines  be 
drawn  to  the  points  of  bisection  of  the  opposite  sides  ; 
the  squares  of  the  distances  between  the  angles  and  the 
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tommon  intersection  are  together  one  third  of  the  squares 
of  the  sides  of  the  triangle. 

From  the  angles  of  the  triangle  JBQ 
iet  lines  be  drawn  to  the  middle  points  of 
the  opposite  sides,  intersecting  each  other 
in  G;  the  sum  of  the  squares  of  AG^ 
GBy  GC  is  one  third  of  the  sum  of  the 
squares  of  AB,  BC,  CA. 
Join  EF.    Then  AB"  +  AC^  =  2  AE^  +  2  EB\ 

AB'+BC^^2AF^+2FB\ 
AC^+BO^^AD"  +2DC\ 
/.  AB"  +  BC*  +  CA'  =  AE"  +  BF^  +  CD^  +  AF'+ 

IEB^  +  AD\ 

Now  the  sum  of  the  squares  of  AF,  EB,  AD  is  equal 
to  one  fourth  of  the  sum  of  the  squares  of  AB,  BC,  CA ; 
whence  three  fourths  of  the  sum  of  the  squares  of  AB,  BC, 
CA  will  be  equal  to  the  sum  of  the  squares  of  AE,  BF, 
CD  I  or  three  times  the  sum  of  the  squares  of  AB,  BCy 
CAf  is  equal  to  four  times  the  sum  of  the  squares  of  AE, 
BF,  CD. 
Now  BG  :  GF  ::  BA  -.  EF  ::  BC  :  CE  ::  2  :  1, 

.-.  BG  :  BF  ::  2  :  3,  and  BG*  :  BF^  ::  4  :  9, 
whence  4jBJP*=9flO\  And  the  same  being  true  of 
€ach  of  the  rest,  three  times  the  sum  of  the  squares  of 
AB,  BC,  CA,  is  equal  to  nine  timed  the  sum  of  the 
squares  of  AG,  BG,  CG;  /.  the  sum  of  the  squares  of 
AB,  BC,  CA  is  three  times  the  sum  of  the  squares  of 
AG,  BG,  CG. 

CoR.  If  from  the  angles  of  a  triangle  lines  be  drawn 
to  the  points  of  bisection  of  the  opposite  sides,  the  squares 
of  those  lines  together  are  to  the  squares  of  the  sides  of 
Xhe  triangle  as  3  :  4. 


■^■^^.^^n^  ^^'^■^^^  *  ^■^•^^■^■^  r^'^-*  *■*■*■ 
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(32.)  If  from  any  point  within  or  without  any  rec- 
tilineal Jigure,  perpendiculars  he  let  fall  on  every  side ; 
the  sum  *of  the  squares  of  the  alternate  segments  tfiade 
by  them  will  he  equal. 

Let  ABCD  be  any  quadrilateral 
figure   (the   demonstration  being  the 
same  whatever  be  the  number  of  sides). 
From  any  point  /  let  perpendiculars 
IE,  m  IGy  IH  be  drkwn  :  AE^  + 
BF*  +  GC^  +  DIP^EB'+FC^  +  6D'+AH\ 
From  /  draw  lines  to  each  of  the  angles ; 
then  AE*+EP  ^{AP  =)  AH^  +  Ht% 
BF*+  FP  =  {BP  = )  BE^  +EI\ 
CG^+'GP^{CP==)  CP^+FP, 
DW  +  HP^{DP  =)  DG^  +GI% 
whence, 
AE^^-BF^^CG^-^DW^EB^  +  FC^+GD'+HA'. 


(3S.)  If  from  any  point  within  a  rectangular  pa- 
rallelogram  lines  be  drawn  to  the  angular  points;  the 
sums  of  the  sqtmres  of  those  which  are  drawn  to  the 
opposite  angles  are  equal. 

Let  ABCD  be  a  rectangular  paralle- 
logram, and  F  any  point  within  it ;  join 
FA,  FB,  FC,  FD ;  the  squares  of  FA 
and  FC  are  together  equal  to  the  squares 
ofFBandFZ). 

Draw  the  diagonals  AQ  BD ;  and  join  FE.  Be- 
cause the  triangles  ADC,  BDC  are  similar  and  equal, 
AC=BD;  and  .*.  their  halves,  AE  and  DE,  are  equal. 
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Nqw  (iv.  30.)  FD^  +  FB'=2DE'^2EF\ 

=^2AE^+2EF*=zAF^  +  FCr. 


(340    The  squares  of  the  diagonals  of  a  parallelo- 
gram  are  together  equal  to  tJie  squares  of  the  four  sides. 

Let  ABC  J)  be  a  par^llelpgr^m,  whose 
diagonals  are  AC^  BD;  the  squares  of 
ACy  BD  are  together  equal  to  the  squares     p 
of  AB,  BC,  CD,  DA.  . 

Since  DB  is  bisected  by  ACy 

2AE^  +  2ED*^AD'  +  AB', 
and  for  the  same  reason, 

2  CE'  +  2ED'=CD'+CB', 
.\  4AE'+4ED^==AD'+AB'+CB'+CD', 
i.  e.  AC  +  BD'  =  AD'+AB'  +  CB'  +  Giy. 


(35.)  If  tu)o  sides  of  a  trapezium  be  parallel  to 
each  other ;  the  squares  of  its  diagonals  are  together 
equal  to  the  squares  of  its  two  sides  which  are  not  pa- 
rallel and  twice  the  rectangle  contained  by  its  parallel 
sides. 

Let  the  sides  AB,  DC  of  the  trape- 
zium A  BCD  be  parallel ;  draw  the  dia- 
gonals AC,  BD;  the  squares  of  AC  and 
ElD,  are  together  equal  to  the  squares  of 
AD  and  BC^  and  twice  the  rectangle  AB,  DC 

Let  fall  the  perpendiculars  CE,  DF. 
Then  (Eucl.  ii.  13.),  DB'^DA^+AB'+2ABx  AF, 

and  AC'^  CB'  +  AB'  +  2ABxBE, 
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whence, 

AC*  +  DB* = Aiy  +  CB'+2AB^+  2  ABxBE  +  2ABxAF, 
Now  (Eucl.  ii.  i.), 

ABxFE  =  ABx  FA+ABx  AB+ABx  BE, 
. .  AC  +  DBr^AD"  +  CB';\^2ABx  DC, 


^s^^>».^^^s^-^«^<s»^^^^.»«^«»»^»^>»>y« 


(36.)  The  squares  of  the  diagonals  of  a  trapezium 
are  together  double  tlie  squares  of  the  two  lines  joining 
the  bisections  of  the  opposite  sides. 

IjeXABCD  be  a  trapezium,  whose 
sides  are  bisected  in  -B,  F,  G,  H. 
Join  EG,  FH;  and  draw  the  diagonals 
AC,  BD.  The  squares  of  AC,  BD 
are  together  double  of  the  squares  of 
EG,  FH. 

Join  EF,  FG,  GH,  HE.     Then  (iv.  14.)  EFGH  v% 
a  parallelogram,  and  BD  is  double  of  EH\ 

..BD'^aEW=2EH^  +  2FG\ 
and  for  the  same  reason  AC'  =  2EF'  +2HG\ 
/•  AC'-\-  Bir=i2EF'  +  2FG'  +  2GH^  +  2HE\ 

^2EG^  +  2HF\  (iv.  34.) 


^  f  ^»  ^^0  ^^^^■^^■^■^  m  ^^^'^^^*  *-^^.^ 


(37.)    The  squares  of  the  diagonals  of  a  trapezium 
are  together  less  than  the  squares  of  the  four  sides,  by 
four  times  the  square  of  the  line  joining  the  points  of  bi" 
section  of  the  diagonals. 

Let  ABCD   be  a    trapezium  whose  diagonals  AC[ 
BD  are  bisected  in  ^,  F;  join  EF;  the  squares  of  AC, 
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BD  are  less  than  the  squares  of  the  four 
sides  by  four  times  the  square  of  EF..  • 

Since  BE  bisects  AC  the  base  of  the 
triangle  ABC, 

AB'+BC'=2AE'+2EB'; 
and  for  a  similar  reason, 

AD^+DC'^^AE'  +  sED^i 
.'.  AB'+BC'^CD*  +  DA'=4AE*  +  2EB'+2ED' 

=  AC'-mEB'+aED* 
=  AC*+4BF'  +  4FE* 

=  AC^+  BD"  +4FE: 


^^^^«^  ^^^  ^^^^^  ^^*S»^^^>^^.^i».^^ 


(38.)  In  any  trapezium,  if  two  opposite  sides  be  bi- 
sected ;  the  sum  of  the  squares^  of  the  two  other  sides, 
together  with  the  squares  of  the  diagonals,  is  equal  to 
the  sum  of  the  squares  of  the  bisected  sides  together  with 
fcmr  times  the  square  of  the  line  joining  those  points  of 
bisectiofi. 

Let  AB,  DC,  two  opposite  sides  of 
the  trapezium  ABCD^  be  bisected  in  E, 
and  F\  join  EF\  and  draw  the  diago- 
nals AC,  BD.  i'be  squai^s  of  AD,  BC, 
AC,  BD  are  equal  to  the  squares  of  AB, 
DC,  and  four  times  the  square  of  EF. 

Join  AF,  BF.     Since  AF  bisects  DC  the  base  of 
the  triangle  ADC, 

AD^+AC^^2DF*+2FA'; 

and  in  the  same  manner, 

BC  +  BD'::^2  DF^+Q  FB^ ; 
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whence  ^/y+  BC'+AC^^Biy  =  4DF^+2FA'+2FB' 
=DC*+^B»4-4EF\ 


(39.)  If  squares  be  described  on  the  sides  of  a  right" 
angled  triangle ;  each  of  the  lines  joining  the  acute 
angles  and  the  opposite  angle  of  the  square^  will  cut  off* 
from  the  triangle  an  obtuse-angled  triangle,  which  will 
be  eqiial  to  tluit  cut  off  from  the  square  by  a  line  drawn 
from  the  intersection  with  the  side  to  that  angle  of  the 
square  which  is  opposite  to  it. 

From  the  angles  B,  C 
of  the  right-angled  triangle 
BAC,  let  lines  BG,  CD  be 
drawn  to  the  angles  of  the 
squares  described  upoii  the 
sides,  and  from  the  inter- 
sections H  and  /  let  HE,  IF 
be  drawn  to  the  opposite  angles  of  the  squares;  the  tri- 
angle BIC^AtF,  and  CHB^AHE. 

Join  AG,  AD.  Then  (Eucl.  i.  37.)  the  triangle 
AFI=AIG;  to  each  of  which  add  ABI,  /•  the  tri- 
angle BIF  =  BAG  =  BCA  (Eucl.  i.  37.)  Prom  each 
of  these  equals  take  away  the  triangle  BIA,  and  BIC^^ 
AIF.  In  the  same  manner  it  may  be  shewn  that  CHB 
=AHE. 


^^^^^^^^^^^^^^^^^^■i»«^^^^^^<» 


(40.)  If  squares  be  described  on  the  two  sides  of  a 
right-angled  triangle ;  the  lines  joining  each  of  the  acute 
angles  of  the  triangle  and  the  opposite  angle  of  the 
square^  will  meet  the  perpendicular  drawn  from  the  right 
angle  upon  the  hypothenuse^  in  the  same  point. 
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Let  BEj  CF  be  squares  described  on  the  sides  BAy 
AC  containing  the  right  angle.     Join  DC,  BG ;  they 


intersect  AL,  which  is  perpendicular  to  BC,  in  the  same 
point  O. 

Produce  DE,  GF,  to  meet  in  H.  Join  HA,  HB, 
HC.^  Let  BH,  CH  respectively  meet  DC,  BG  in  / 
and  K.  Since  EH=rAF=zAC,  and  EA^AB,  and  the 
angles  HE  A,  BAC  are  right  angles,  the  triangles  HE  A, 
BAC  ^re  equal,  and  the  angle  EHA  =  BCA=:^  BAL, 
I.  e.  srnce  EH  and  BA  are  parallel,  HAL  is  a  straight 
line,  or  LA  produced  passes  through  H,  and  HL  is  per- 
pendicular to  BC.  Again,  since  AC—CG^  AH=zBCf 
and  the  angle  HAG  =  BCG,  /•  the  triangles  HAC^ 
BCG  are  equal;  .-.  the  angle  CBK^CHL;  but  BCK  . 
^HCL;  ••.  BKC:=HLC,  i.e.  is  a  right  angle,  and 
BK  is  perpendicular  to  HC  In  the  same  manner  it 
may  be  shewn  that  CI  is  perpendicular  to  BH^  Hence 
.*•  HLy  CI,  BK  are  perpendicular  to  the  sides  of  the  tri* 
angle  HBC,  and  /•  they  intersect  each  other  in  the  same 
point. 


^^^^S^^^#N^^^^  ^^^^^  ^ 


(4L)    If  squares  be  described  on  the  three  sides  of 
a  right-angled  triangle,  and  the  extremities  of  the  ad^ 

T 
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jacent  sides  be  Joined;  the  triangles  so  formed  are  equal 
to  the  given  triangle  and  to  each  other. 

On  the  sides  of  the  right- 
angled  triangle  ABC  let  squares 
be  described,  and  join  GH^ 
FD,  IE.  The  triangles  JGH, 
BFD,  ECI  are  equal  to  A^C, 
and  to  each  other. 

It  is  evident  that  AGH=: 
ABC.  Produce  FB^  and  from 
2>  draw  DS  perpendicular  to 
it.  •  Since  ABS  and  CBD  are  right  angles^  .*.  the  angles 
ABC,  SBD  are  equal ;  and  BAQ  BSD  are  also  right 
angles^  and  JBC=:£X),  .\  DSs^AC  And  the  triangles 
ABC,  FBD  being  upon  equal  bases  ABy  FB  are  as 
their  altitudes  AC,  DS  (Eucl.  vi.  1.) ;  and  .-.  are  equal. 
In  the  same  manner  if  IC  be  produced,  and  ER  drawn 
perpendicular  to  it,  it  may  be  shewn  that  ER  is  equal  to 
AB^  and  the  triangle  ECI  to  ABC.  And  since  each  of 
the  triangles  is  equal  to  ABC,  they  are  equal  to  one 
another. 


>#<*<#  #»#l»i^^*>^'^^*V*>^^<»<"^ 


(48.)  If  the  sides  of  the  square  described  upon  the 
hjfpothenuse  of  a  right-angled  triangle  be  produced  to 
meet  the  sides  {produced  if  necessary)  of  the  squares  de* 
scribed  upon  the  legs;  they  will  cut  off*  triangles  equi" 
angular  and  equal  to  the  given  triangle. 

Let  DB,  EC,  the  sides  of  the  square  described  on 
BC  the  hypothenuse  of  the  right-angled  triangle  ABC, 
be  produced  to  meet  the  sides  of  the  squares  described 
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tipon  BJ,  AC^  in  K  and  L\  the 
triangles  BFK,  CIL,  cut  off  by 
them,  are  equal  and  equiangular 
to  ABC. 

Since  FBA  and  KBC  are 
right  angles,  the  angles  FBK^ 
ABC  are  equal ;  also  the  angles 
at  F  and  A  are  right  angles^  and 
FB^BA,  .',  FK^AC,  and  the 
triangles  FKB,  ABC  are  equiangular  and  equal. 

In  like  manner  it  may  be  proved  that  the  triangles 
ABCy  LCI  are  equiangular  and  equal. 


'#>*.^#i*^^^^^*  ^■^•^•^^^■^■^^■^^ 


(43.)  If  from  the  angular  points  of  the  squares  de^ 
scribed  upon  the  sides  of  a  r^ht-angled  triangle  perpen- 
diculars he  let  fall  upon  the  hypothenuse  produced ;  they 
will  cut  off  equal  segments ;  and  the  perpendiculars  uill 
together  be  equal  to  the  hypothenuse. 

Let  FAT,  IN  be  drawn  from 
the  angles  jF,  /  of  the  squares 
.described  upon  BA,  AC,  per- 
pendicular to  BC  the  hypothe- 
nuse  produced;     MB    will    be       m     b    o c — w" 

equal  to  NC;  and  FM^  IN  together  equal  to  BC. 

From  A  draw  AO  perpendicular  to  BC.  Since  FBA 
is  a  right  angle,  the  angles  FBM  and  ABO  together  are 
equal  to  FBM  and  BFM,  .\  4B0  is  equal  to  BFM; 
and  the  angles  at  M  and  O  are  right  angles,  and  AB = 
BF,  .\  BM:=iAO,  and  FM^BO.  In  the  same  manner 
it  may  be  shewn  that  CNzzAO,  and  IN^CO;  .'.  MB 
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=  NC ;  and  FM  and  IN  together  are  equal  to  BO  and 
CO  together,  i.  e.  to  BC. 

Cor.    The  triangles  FBM,  ICN  are  together  equal 
to  ABC. 


(44.)  If  on  the  two  sides  of  a  right-angled  triangle 
squares  be  described ;  the  lines  joining  the  acute  angles 
of  the  triangle  and  the  opposite  angles  of  the  squares  will 
cut  qffeqttal  segments  from  the  sides ;  and  each  of  these 
*  equal  segments  will  be  a  mean  proportional  between  the 
remaining  segments. 

On  ABj  AC  the  sides  of  the 
right-angled  triangle  BAC,  let 
squares  be  described,  and  jB/,  CF 
joined ;  the  segments  AP,  AQ 
are  equal,  and  each  of  them  is  a 
mean  proportional  between  BP  and  CQ. 

Since  AQ  is  parallel  to  HI,  and  AP  to  FGy 


BA  :  AQ, 

AP  :  (FG  =  )  AP, 

AP  :  AQi 


BH  :  HI 
and  iCA=^)  HI  :  CG 
/.  BH  :  CG 
and  BH  being  equal  to  CG,  AP=AQ. 
Again,  the  triangles  BPF,  ACP  being  similar,  as  also 
ABQ,  ICQ, 

BP  :  (BF=)  AB  ::  AP  :  AC, 
and  BA  :  AQ  ::  (/C=)  AC  :  CQ, 
• .  ex  cequo  BP  :  {AQ=)  AP  ::  AP  :  CQ. 


^^^»^  r-^^**^^  ^"^^  ^^^»  .<«^s»i^-^^^i^^ 


(45.)  If  squares  be  described  on  the  hypothenuse  and 
Sides  of  a  right-angled  triangle,  and  the  extremities  of 
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the  sides  of  the  formed'  and  the  ctdfacent  sides  of  the 
others  be  joined ;  the  sum  of  the  squares  of  the  lines  join-- 
ing  them  will  be  equal  to  jwe  times  the  square  of  the 
hypothenuse. 

Let  squares  be  described  on 
the  three  sides  of  the  right- 
angled  triangle  ABC;  join  DF, 
EI;  the  squares  of  DF  and 
EI  together  are  equal  to  five 
times  the  square  of  BC. 

Draw  FK,  IL  perpendicular 
to  DB,  EC  produced,  and  AM 
to    BC    The  angle    FBK  is 

equal  to  ABC,  and  the  angle  at  K  to  the  right  angle 
AMB,  and  FB^BA,  .\  BK=BM.     In  the  same  way, 
CL^CM. 
Now  (Eucl.  ii.  12.)  FD^  =  DB'+BF^  +  2DBx  BK 

^BC*  +  BA^^2BCxBM 
and  EP^BC^^CA'-^^BCx  CM, 
.\FD'  +  EP^2BC^+BA^+AC^+2BCxBM+ 

[2BCxCM 

=  2BC»  +  5C«  +  2JJC*  =  5BC\ 


■r^«^^^#'*^^^»^^^^^^.^r^^^^#^^^i^^ 


(46.)  If  a  line  be  drawn  parallel  to  the  base  of  a 
triangle,  and  terminated  in  the  sides ;  to  draw  a  line 
cutting  ity  and  terminated  also  by  the  sides,  so  that  the 
rectangles  contained  by  their  segments  may  be  equal. 

Let  ED  be  parallel  to  CB  the  base  of  the  triangle 
ABC;  fropfi  D  draw  DF,  making  with  AC  (produced  if 
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necessary)  the  angle  DFE  equal  to 
ABC^  and  draw  any  line  GH  parallel 
to  FD,  cutting  ED  in  /;  the  rectangle 
Ely  ID  is  equal  to  the  rectangle  G/, 
IH. 

For  the  angle  AGH^  AFD-ABC 
^ADE,  and  the  vertical  angles  at  /  are  equal,  /.the 
triangles  GEI,  HID  are  equiangular; 

and  HI  :  ID  ::  IE  :  IG, 
.-.  the  rectangle  Ely  ID  is  equal  to  the  rectangle  HI, 
IG. 


(47.)  If  the  sides,  or  sides  produced,  (^  a  triangle 
be  cut  by  any  line ;  the  solids  formed  by  the  segments 
which  have  not  a  common  extremity  are  equal. 

Let  ABC  be  a  triangle  having 
the  sides  (produced  if  necessaiy)     p^_---A: 


cut  by  the  line  DEF;  then  JF  ^~or     .:y 

X  CDxBE:=iAExDBx  CF, 

Draw  BG  parallel  to  Ad  the  triangles  AEF,  BEG 
will  be  similar,  as  also  CDF,  BDG ; 

.:  AF  :  AE  ::  BG  :  BE, 
and  CD  :  CF  ::  BD  :  BG, 
.'.  AFx  CD  :  AEx  CF  ::  BD  :  BE, 
.-.  AFx  CDxBEssAExDBx  CF. 


^■^V^^  ^-^^1^^^  ^■^■^•^  ^-^.^^'^^■^■^^^•^■^■^ 


(48.)  Ifthmagh  any  point  within  a  triangle,  three 
lines  be  draiixn  parallel  to  the  sides  ;  the  solids  formed 
by  the  alternate  segments  of  these  lines  are  equal. 
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Through  any  point  D  within   the 
triangle  j4BC,  let  //»,  EF,  IK,  be 
drawn  parallel  to  the  sides  ;  then  ID  x 
DG  X  DF=ED  X  DKx  DH. 

Since  the  lines  are  drawn  parallel  to 
the  sides,  the  triangles  lED,  GDK,  HDF  are  similar  to 
ABCy  and  to  one  another ; 

. .  ID  :  DE  ::  AC  :   CB 
GD  :  DK  ::  AB  :  AC 
DF  :  DH  ::  BC  r  AB, 
whence  IDx  DG  x  DF  :  DE  x  DK  x  DH  u  ACx 

ABx  BC  :  BCxACxAB, 
i.  e.  in  a  ratio  of  equality. 


(49.)  ff'  through  any  point  within  a  triangle  lines 
he  drawn  from  the  angles  to  cut  the  opposite  sides;  the 
segments  of  any  one  side  will  he  to  each  other  in  the 
ratio  compounded  of  the  ratios  of  the  segments  of  the 
other  sides. 

Through  any  point  D  within  the 
triangle  ABC,  let  lines  AE,  BF,  CG 
be  drawn  from  the  angles  to  the  op- 
posite, sides ;  the  segments  of  any  one     a 
of  them  as  AC,  will  be  in  the  ratio  compounded  of  the 
ratios  AG  :  GB,  and  BE  :  EC. 

Draw  IBH  parallel  to  AC,  meeting  AE  and  CG  pro- 
educed  in  H  and  /.     Then  the  triangles  GCA,  GBI,  and 
EAC,  EBH,  as  also  ADF,  BDH,  and  FDC,  IDB,  are 
respectively  equiangular, 

whence  BH  :  AC  ::  BE  :  CE, 
and  AC  :  BI   ::  AG  :  BG, 
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/.  BH  :  BI  ::  AG  x  BE  :  GBxCE. 
ButBH  :  BI::  AF  :  FC, 

/.  AF  :  FC  ::  AGx  BE   :  GBxCE. 


(50.)  Ifjrom  each  of  the  angles  of  any  triangle^ 
a  line  he  drawn  through  any  point  within  the  triangle^ 
to  the  opposite  side ;  the  solid  contained  hy  the  segments 
thereof^  intercepted  between  the  armies  and  the  point j 
will  have  to  the  solid  contained  by  'the  three  remaining 
segments,  the  same  ratio  that  the  solid  contained  by  the 
three  sides  of  the  triangle,  has  to  either  of  the  (equal) 
solids  contained  by  the  alternate  segments  of  the  sides. 

Let  ABC  be  the  given  tri-  j        > 

angle,  and  through  any  point  D  ♦•>'^Kwy 
within  it,  let  AE,  BF,  CO  be  b<^J^ 
drawn  from   the  angles  to  the  v^/yX     \ 

opposite  sides ;  then  will  AD  x  /\    \  \ 

DBxDC  :  EDxDFxDG  :.  ■■•-^^^:>^ 

AB  X  BCx  CA  :  AFx  CEx  "  -^ 

BG.  " 

Let  fall  the  perpendiculars  AHy  BJ,  CK-,  EL,  OM, 
FN. 

Since  EL  is  parallel  to  BI,  CB  :  CE  ::   8/  :  ELy 

and  Gil/ being  parallel  to  AH,  BA  :  BO  ::  AH  :  OM, 

also  FN  and  CK  being  parallel,  AC  :  AF  ::  CK  :  FN, 

.-.  ACx  ABx  BCi  CExBGx  AF ::  BI  x  AHx  CK  : 

lEL  X  OMx  FN. 

Again,  since  EL  is  perpendicular  to  DC,  and  CK  to 
DK,  the  triangles  DEL,  DCK  are  equiangular, 

and  .•  DC  :  DE  ::  CK  :  EL. 
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In  the  same  manner,  DB  :  DG  ::  BI  :  6M, 

and  DA  :  DF  ::  AH  :  FN, 
.'.DAxDBxDC:  DE  x  DFxDGm  BIxAHx 
CK  :  ELx  OMx  FN ::  AB xBCxCA:  AFx  CEx 
BG. 


Sect.  V. 


(1.)  A  straight  line  of  given  length  being  drawn 
from  the  centre  at  right  angles  to  the  plane  of  a  circle ; 

to  determine  that  point  in  it^  which  is  equally  distant 
from  the  upper  end  of  the  line  and  the  circumference  of 

the  circle. 


From  O  the  centre  of  the  circle,  let 
OA  be  drawn  at  right  angles  to  its  plane ; 
draw  OB  perpendicular  to  0A\  join  AB, 
and  make  the  angle  ABC  equal  to  BAC. 
C  is  the  point  required. 

Since  the  angle  ABCz=CAB,  .\  AC^ 
CB. 


(2.)  To  determine  a  point  in  a  line  given  in  position, 
to  which  lines  drawn  from  two  given  points  way  have 
the  greatest  difference  possible. 

Let  A  and  B  be  the  given  points,  and  CD  the  line 
given  in  position.     Let  fall  the  perpendicular  BC,  and 

U 
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produce  it,  s6  that  CE  may  be  equal  to 
CB;  join  AEj  and  produce  it  to  meet 
CD  in  D.  Join  BD.  D  is  the  point 
required. 

For  DE  =  DB ;  and  /.  AE  is  equal  to 
the  difference  between  AD  and  DB.     If 
then  any  other  point  JF  be  taken,  BF 
=^EF;  and  the  difference  between  AF  and  BF  is  equal 
to  the  difference  between  AF  and  EF^  which  is  less  than 
AE  (iii.  1.).     The  same  may  be  proved  for  every  other 
point  in  CD» . 


(3.)  A  straight  line  being  divided  in  two  given 
points ;  to  determine  a  third  point  such  that  its  distances 
from  t)xe  extremities  may  he  proportional  to  its  distances 
from  the  given  points. 

Let  AB  be  the  given  line,  divided 
in  C  and  D.     On  AD  and  CB  let 
semicircles  be  described  intersecting  in 
E.     From  E  let  fall  the  perpendicular  EF;   F  is  the 
point  required. 

For  (Eucl.  vi.  8.  Cor.)  AF  :  FE  ::  FE  :  FD, 

and  FE  :  FB   ::  FC  :  FE, 
. .  AF  :  FB   ::  FC  :  FD. 


(4.)  In  a  straight  line  given  in  position,  to  deter- 
mine a  point,  at  which  two  straight  lines,  drawn  from 
given  points  on  the  same  side,  will  contain  the  greatest 
angle. 
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Let  A  and  B  be  the  given  points^  and 
CD  the  given  line.  Join  BA,  and  produce 
it  to  meet  CD  in  D.  Take  Z>C  a  mean 
proportional  between  DA  and  DB.  C  is 
the  point  required. 

Join  ACt  BC ;  and  about  the  triangle  ABC  describe 
a  circle;  DC  is  a  tangent  at  the  point  C  (EucK  iii.  37.)^ 
and  .*.  the  angle  is  the  greafest  (ii.  62.). 


(5.)  To  determine  the  position  of  a  pointy  at  which 
lines  drawn  from  three  given  points^  shall  make  with 
each  other  angles  equal  to  given  angles. 

Let  Af  Bf  C  he  the  three  given  points ; 
join  AB,  and  on  it  describe  a  segment  of  a 
circle  containing  an  angle  equal  to  *  that 
which  the  lines  from  A  and  B  are  to  in- 
clude. Complete  the  circle,  and  make  the  angle  ABD 
equal  to  that  which  the  lines  from  A  and  C  are  to  in- 
clude. Join  DC,  and  produce  it  to  the  circumference 
in  E.     E  is  the  point  required. 

Join  AE,  BE.  Then  the  angle  AEC—ABD,  and 
AEB  is  of  the  given  magnitude,  by  construction. 


^»^^^^^^*V^^^<^<^^^  ^^<»<»>^^^^l^»^^ 


(6.)  To  divide  a  straight  line  into  two  parts  such^ 
that  the  rectangle  contained  hy  them  may  be  equal  to  the 
square  of  their  difference. 

Let  AB  be  the  given  line ;  upon  it  describe  a  semi- 
circle  ADB.     From  B  draw  BC  at  right  angles  and 
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equal  to  AB.  Take  O  the  centre,  ami 
join  OC;  and  from  D  draw  DE  perpei^ 
dicular  to  AB ;  AB  is  divided  in  th^  point 
E,  as  Was  required. . 

Since  B€  is  double  of  BO,  DE  is 
double  of  Oi5  (Eucl.  vi.  l^.)i  and  OE 
being  half  the  difference  between  AE  and  £J3»  X>iS?  is 
equal  to  the  difference.  Also  (Eucl.  vi.  13.)  the  rectangle 
AE,  EB  is  equal  to  the  square  of  DE. 


f.^-^-^*-*-^^** 


(?•)  If  a  straight  line  be  divided  into  any  two  parts ; 
to  produce  it,  so  that  the  rectangle  contained  by  the 
whole  line  so  produced,  and  the  part  produced  may  be 
equal  to  the  rectangle  contained  by  the  given  line  and  one 
segment. 

,  Let  AB  be  the  given  line  divided  into 
two  parts  in  the  point  C.  On  AB  as 
a  diameter  describe  a  circle  ADB.  From 
B  draw  BE  at  right  angles  to  AB,  and 
/.  a  tangent  to  the  circle ;  and  make  BE  a  mean  pro- 
portional between  AB  and  AC.  Take  O  the  centre; 
join  EO,  and  produce  it  to  F,  Produce  AB  to  G, 
making  BO  equal  to  ED.  Then  wijl  the  rectangle 
AO,  OB  be  equal  to  the  rectangle  BA,  AC. 

Since  DEssBOy  the  rectangle  BO,  OA  is  equal  to 
the  rectangle  DE,  EF,  u  e.  to  the  square  of  EB,  or  to 
the  rectangle  AB,  AC,  by  construction. 

CoR.  1.  If  it  be  required  to  produce  the  line,  so  that 
the  rectangle  contained  by  the  whole  line  produced  and 
ihe  part  produced^  may  be  equal  to  the  rectangle  cobl^ 
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ttidod  by  two  given  lines ;  find  jBJS  »  mean  proporticHial 
between  the  two  given  lines^  and  proceed  as  in  the  pro* 
position. 

Cor.  2.  If  it  be  required  to  produce  the  line,  so  that 
the  rectangle  contained  by  the  whole  line  produced  and 
the  part  produced ,  may  be  equal  to  a  given  square ;  take 
BE  equal  to  a  side  of  the  square^  and  proceed  as  in  the 
proposition. 


(8.)  To  determine  two  lines  such  that  the  sum  of 
their  squares  may  he  equal  to  a  given  square,  and  their 
rectangle  equal  to  a  given  rectangle* 

Let  ^B  be  equal  to  a  side  of  the  given      /'^"'^Z^^^^^ 
square*     Upon   it    describe  a   semicircle     L^'^^__\ 
ADB ;  and  from  B  draw  BC  perpendi-    ^  > 

cular  to  AB,  and  equal  to  a  fourth  proportional  to  AB 
and  the  sides  of  the  given  rectangle.  From  C  draw  CD 
parallel  to  BA.  Join  ADy  DB ;  they  are  the  lines,  re- 
quired. 

Since  CB  touches  the  circle  at  B,  the  angle  CBD  is 
equal  to  DAB^  and  the  angles  DCB,  ADB  are  right 
angles ;  .*•  the  triangles  DCBy  ADB  are  equiangular, 

and  AB  :  AD  ::  DB  :  BC^ 
whence  the  rectangle  AD,  DB  is  equal  to  the  rectangle 
ABy  BC,  i.  e.  to  the  given  rectangle.     Also  the  squares 
of  ADj  DB  are  equal  to  the  square  of  AB,  i.  e.  to  the 
given  square. 


i»i»#i»^ »» »» »<»i»<»<^  #»#»»»#».  »#i#i<^ 


(9.)    To  divide  a  straight  line  into  two  parts,  so  that 
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the  rectangle  contained  hy  the  whole  and  one  of  the  parts 
may  he  equal  to  the  square  of  a  given  line,  which  is  less 
than  the  line  to  be  divided. 

Let  AB  be  the  given  line  to  be  divided. 
Upon  it  describe  a  semicircle^  in  which 
place  the  line  AC  =  to  the  given  line. 
Join  CB ;  and  on  it  describe  a  semicircle 
CDB,  cutting  AB  in  Z> ;  D  is  the  point  required. 

Since  the  angle  ACB  is  in  a  semicircle,  it  is  a  right  ^ 
angle,  .-.  -^C touches  the  circle  CDB  (Eucl.  iii.  l6.  Cor.); 
whence  the  rectangle  BA,  AD  is  equal  to  the  square 
of  AC,  i.  e.  to  the  square  of  the  given  line. 


(10.)  To  divide  a  given  line  into  two  such  parts  that 
the  rectangle  contained  by  the  whole  line  and  one  of  the 
parts  may  be  {tn)  times  the  square  of  the  ot he?'  part,  m 
being  whole  orJractionaL 

Let  AB  be  the  given  line,  and  in  it 
produced,  take  BC=2in  m^^  part  of  AB. 
On  AC  describe  a  semicircle,  and  from  B 
draw  BD  perpendicular  to  AC.  Bisect 
CB  in  O;  join  OZ>,  and  take  OE=^OD;  and  AB  will 
be  divided  in  E,  as  required. 

On  J3C  describe  a  semicircle,  cutting  OD  in  F;  join 
FE.  Then  the  angle  DOE  being  common  to  the  tri- 
angles DOB,  EOF,  and  DO,  OB  respectively  equal  to 
EO,  OF,  the  triangles  will  be  similar  and  equal,  and  .\ 
the  angle  OFE  equal  to  OBD,  and  /.  a  right 
angle;  whence  FE  is  a  tangent  to  the  circle  CFB. 
Hence  the  rectangle  AB^  BC  is  equal  to  the  square  of 
DB,  I.  e.  to  the  square  of  FE,  or  the  rectangle  CE,  EB. 
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From  each  of  these  equals  take  away  the  rectangle 
CBj  BE;  and  the  rectangle  AE,  CB  is  equal  to  the 
square  of  BE,  /.  (m)  times  the  rectangle  ^E,  CB,  L  e. 
the  rectangle  jiB,  AE  is  equal  to  (m)  times  the  square 
ofB^. 


I 


(11.)  To  divide  a  given  line  into  two  such  parts 
that  the  square  of  the  one  shall  he  equal  to  the  rectangle 
contained  hy  the  other  and  a  given  line. 

Let  AB  be  the  given  line  to  be  divided^  (see  last  Fig.) 
and  BC  the  othei^  given  line.  Let  them  be  placed  so  as 
to  be  in  the  same  straight  line.  On  AC  describe  a  semi- 
circle and  draw  the  lines,  as  in  the  last  proposition ;  and 
E  is  the  point  required. 

For  the  rectangle  AE,  CB  is  equal  to  the  square  of 
BE. 


■*■^*^^*^^^  »^^^#s#s#^.^^^>^^f  ^O^^^ 


(12.)  A  straight  line  being  given  in  magnitude  and 
position ;  to  draw  to  it  from  a  given  point,  two  lines, 
whose  rectangle  shall  be  equal  to  a  given  rectangle,  and 
which  shall  cut  off^qual  segments  from  the  given  line. 

Let  AB  be  the  given  line,  and  Cthe 
given  point.  Bisect  AB  in  D,  and  from 
D  draw  DO  at  right  angles  to  AB,  and 
let  fell  the  perpendicular  CE.  With  the 
centre  C,  and  radius  equal  to  a  fourth  proportional  to 
2  CE  and  the  sides  of  the  given  rectangle,  describe  a  cir* 
cle  cutting  DO  in  Q.     Join  OC;  and  with  the  centre  O, 
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and  radius  OC,  describe  a  circle  CFG,  cutting  AB  in  F 
and  G ;  join  CF^  CG ;  they  are  the  lines  required. 

For  (Eucl.  vi.  C.)  the  rectangle  CF,  CG  is  equal 
to  the  rectangle  contained  by  2  CO  and  CE,  u  e.  to  the 
given  rectangle.  And  since  AD=^DB,  and  FDsslDG, 
.\AF=GB. 


^^4  ■^■t  ^'^^'■^^f^.^^^^^^-^t 


(13.)  To  draw  a  straight  line  which  shall  touch  a 
given  circle,  and  make  with  a  given  line^  an  angle  equal 
to  a  given  angle. 

Let  AB  be  the  given  line,  and  O 
the  centre  of  the  given  circle.  From 
any  point  A  in  the  given  line^  draw 
AC  making  with  it  an  angle  eqiial  to 
the  given  angle ;  from  O  draw  OD 
perpendicular  to  ACy  and  through  the  point  E  where  it 
meets  the  circle^  draw  EF  parallel  to  DA ;  EF  is  the 
line  required. 

For  being  parallel  to  AC  it  is  perpendicular  to  OD^ 
and  .'.  a  tangent  to  the  circle ;  and  the  angle  EFB=z 
DAB=z  the  given  angle. 


^^•^^^^■^^M 


(14.)  Through  a  given  point  to  draw  a  line  termi- 
nating in  two  lines  given  in  position^  so  that  the  rectangle 
contained  by  the  two  parts  may  he  equal  to  a  given 
rectangle. 

Let  ABj  CD  be  the  lines  given  in  position,  E  the 
given  point ;  from  E  draw  EF  perpendicular  to  ABy  and 
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and  produce  FE  to  G,  so  that  the 
rectangle  FE,  EG  may  be  equal 
to  the  given  rectangle.  On  EG 
describe  a  circle^  cutting  CD  in  ff. 
Join  HE,  and  produce  it  to  ^; 
jiH  is  the  line  required. 

Join  GH.  The  angle  GEH  is  equal  taAEF,  and 
the  angles  GHE,  AFE  are  right  angles^  /.  the  triangles 
GEHy  kAEF  are  equiangular,  and 

EH  :  EG  ::  EF  :  EA, 
whence  the  rectangle  AE,  EH  is  equal  to  the  rectangle 
EG,  EF,  t.  e.  tq  the  given  rectangle. 


9 


(15.)  From  a  given  point  to  draw  a  Rne  cutting  two 
given  parallel  lines ,  so  that  the  difference  of  Us  segments 
maj/  he  equal  to  a  given  line. 

Let  AB,  CD  be  the  given 
parallels,  and  P  the  given 
point.  From  P  draw  any 
line  PB,  meeting  the  given 
lines  ill  B  and  E.  Make 
EF^EP,    and    draw    FG     '^  ^  -, 

parallel  to  AB.  With  any  point  O  as  centre,  and  radius 
equal  to  the  given  line,  describe  a  circle  cutting  GF  in 
H.  Join  OH,  and  draw  PGA  parallel  to  it.  PiSA 
will  be  the  line  required. 

Since  PE  is  equal  to  EF,  .\  (Eucl.  vi.2.)  PI:=^IGi 
and  AG  is  equal  to  the  diflerence  of  Al  and  IP,  the 
segments  of  PA ;  and  ^6s  0J9s  the  given  line. 

X 
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(16.)  From  a  given  point  without  a  circle^  to  draw 
a  straight  Kne  cutting  the  circle^  so  that  the  rectangle 
contained  by  the  part  cf  it  without  and  the  part  within 
the  circle  shall  be  equal  to  a  given  square. 

Let  A  be  the  given  point,  and  BCD 
the  given  circle.  From  A  draw  AB 
touching  the  circle ;  and  on  it  as  a 
diameter  describe  a  semicircle  AEBy 
in  which,  place  BE  equal  to  a  side  of  the  given  square. 
Join  AE ;  and  with  the  centre  A  and  radius  AE,  describe 
the  circle  EC,  cutting  BCD  in  C.  Join  AC,  and  pro- 
duce it  to  D.     ACD  is  the  line  required. 

For  the  rectangle  AC,  AD  is  equal  to  the  square  of 
AB,  t.  e.  to  the  squares  of  AE  and  EB  or  to  the  squares 
oi  AC  and  EB\  take  away  from  each  the  square  of  AC, 
/.  the  rectangle  AC,  CD  is  equal  to  the  square  oi  EB, 
«.  e.  to  the  given  square. 


«S#i  *^»^^^^^^^^^^  ^^^^^^^^ 


(17.)  From  a  given  point  in  the  circumference  of  a 
semicircle,  to  draw  a  straight  line  meeting  the  diameter, 
so  that  the  difference  between  the  squares  of  this  line 
and  a  perpendicular  to  the  diameter  from  the  point  of 
intersection  may  be  equal  to  a  given  rectangle. 

Let  A  be  the  given  point  in  the  circumfe-  -j^^f*^ 
rence  of  the  semicircle ;  from  it  draw  AD  per-  /rl  \ 
pendicular  to  the  diameter.  Take  O  the 
centre,  and  divide  DO  in  B,  so  that  the  rectangle  con- 
tained by  2  OB,.  BD  may  be  equal  to  the  given  rectangle. 
Join  AB ;  and  dtaw  BC  perpendicular  to  DB.  AB, 
BC  are  the  lines  required. 

For  (Eucl.  ii.  12.)  the  square  of  AB  together  with 


I 
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twice  the  rectatigle  OB,  BD  is  equal  to  the  difference  of 
the  squares  of  OA  and  OJB,  «•  e.  to  the  square  of  BC; 
.\  the  difference  between  the  squares  of  AB  and  BC  is 
equal  to  twice  the  rectangle  OJ3,  BD,  i.  e.  to  the  given 
rectangle. 


^#s»  «>«^  ^.»*^^  ^^  l»<»^^ 


(18.)  Fr^m  a.  given  point  to  draw  two  lines  to  a  third 
given  in  position,  so  that  the  rectangle  contained  by 
those  lines  may  he  equal  to  a  given  rectangle^  and  the 
difference  of  the.  angles  which  they  make  with  that  part 
rf  the  third  which  is  intercepted  between  them  may  he 
equal  to  a  given  angle^ 

Let  4^  be  the  given  point,  and  BC  the 
fine  given  in  position.  From  A  draw 
AD  perpendicular  to  BC\  make  the 
angle  DAE  equal  to  the  given  angle; 
and  produce  AE,  till  the  rectangle  DA, 
AE,  is  equal  to  the  given  rectangle.  On  AE  as  a  dia- 
meter describe  the  cirde  AFO,  cutting  BC  in  JPand  O. 
Join  AF,  AG ;  they  are  the  Ikies  required. 

Draw  GH  perpendicular  to  the  diameter  AE;  then 
the  arc  ffA  is  equal  to  the  arc  AG^  and  the, angle  AGH 
to  AFG;  .*.  the  angle  HGF  is  equal  to  the  difference  of 
the  angles  AGF,  AFG.  Now  the  right*Angled  tqangles 
AIK9  KDG  have  the  angles  ^t  K  equal,  .'.the  angle 
KAI=i  KGD ;  but  KAI  was  made  equal  to  the  -givea 
angle;  .*.  the  difference  of  the  angles  AFG,  AGF  is 
equal  to  the  given  angle.  And  (Eucl.  vi.  C.)  the  rect* 
angle  AFy  AG  is  equal  to  the  rectangle  DA,  AE,  1.  e. 
to  the  given  rectangle. 
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(19.)  Two  paints  being  given  without  a  given  dr^ 
ck;  to  determine  a  point  in  the  circumference^  from 
which  lines  drawn  to  the  two  given  ptdnts  shall  contain 
the  greatest  possible  angle. 

Let  A  and  B  be  the  givea  ' 
points,  and  EDF  the  given  circle 
whose  centre  is  O.^  Describe  a 
circle  through  A,  B,  O.  Join  EF^ 
BA,  and  produce  them  to  meet  in 
O.  From  G  draw  GD  touching 
the  given  circle  in  D.  Through 
D,  A,  B  describe  another  circle ;  then  since  the  square  of 
GD  is  equal  to  the  rectangle  EG,  GF,  i.  e.  to  the  rect- 
angle AG,  GB,  .%  GD  touches  the  circle  ABD.  Join 
AD,  DB.  D  is  the  point  required,  as  is  evident  from 
(ii.  63.) 


•^**  »^^»»i»i»«»»^i»i»^»^^i^^^>»i#^^» 


•A 


(20.)    From  the  bisection  of  a  given  arc  of  a  circle 
to  draw  a  straight  line  such  that  the  part  if  it  inter^ 
cepted  between  the  chord  of  that  and  the  opposite  circum-^ 
ference  shall  be  equal  to  a  given  straight  line. 

Let  DAE  be  the  given  arc  of  the 
circle  ABC,  bisected  in  A;  AFC  the 
diameter,  and  HI  the  given  straight  line. 
Produce  HI  to  K,  so  that  the  rectangle 
HK,  KI  may  be  equal  to  the  rectangle 
FA,  AC.  From  A  place  in  the  circle  AB^sHK 
is  the  line  required. 

Join  BC ;  then  the  angle  AFG  being  a  right 
is  equal  to  the  angle  ABC,  and  the  angle  at  A  is 
mon,  /•  the  triangles  AGF,  ABC  are  equiangular, 


;  AB 

angle 
com- 
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and  jiF  :  AG  ::  AB  :  AC, 
.'.  the  rectangle  OA,  AB  is  equal  to  the  rectangle  FA, 
AC,  I  e.  to  the  rectangle  HK,  KL     But  AB  ^  HK, 
.".  AGzizKIj  and  consequently  GB^HL 


♦»»<*»^^i^^^»»*»^#»#^  »»#^^»»»i^>^^»» 


(81.)  To  draw  a  straight  line  through  a  given 
point,  so  that  the  sum  of  the  perpendiculars  to  itjrom 

two  other  given  points  may  he  equal  to  a  given  line. 

* 

Let  A,  B,  C  he  the  three  given 
points^  A  being  that  through  which  the 
line  is  to  be  drawn.  Join  AC,  and  pro- 
duce it^  making  AD  =  AC:  Join  BD, 
and  on  it  describe  a  semicircle ;  in  which  place  BE  equal 
to  the  given  line.  Join  DE ;  and  through  A  draw  FAG 
parallel  to  DE ;  it  is  the  line  required. 

For 'let  fall  the  perpendicular  CG,  and  draw  DH 
parallel  to  BE;  then  the  triangles  ACG,  AHD  being 
similar,  and  AC:=zAD,  .\  CG^HD^FE,  FD  being 
a  parallelograni ;  .*•  BF  and  CG  together  are  equal  to 
BE,  i.  e.  to  the  given  line ;  and  FH  being  parallel  to 
ED,  BF  is  perpendicular  to  FG. 


(23.)  To  draw  a  straight  line  through  one  of  three 
points  given  in  position ;  so  that  the  rectangle  contained 
hy  the  perpendiculars  let  fall  upon  it  from  the  other 
two  may  he  equal  to  a  given  square. 

Let  A,  B,  C  he  the  three  given  points^  and  A  the 
point  through  which  the  line  is  to  be  drawn.    Join  AB^ 


^ 
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jiC ;  and  draw  CD  parallel  to  Bji^ 
and  take  CE  a  third  proportional  to 
AB  and  a  side  of  the  given  square. 
On  j4C  descrilte  a  semicircle;  and 
from  E  draw  EF  at  right  angles  to 
CDy  and  meeting  the  semicircle  in  F.  Join  jiF,  and 
produce  it ;  it  is  the  line  required. 

Join  CFy  which  will  be  perpendicular  to  jiD ;  and 
from  B  draw  BG  perpendicular  to  AG.  Since  CE  is 
parallel  to  BA,  and  CFto  BG,  the  triangks  ABG,  CEF 
will  be  similar^ 

/.  AB  :  BG  ::  CF  :  CE, 
.•.  the  rectangle  BG,  CFj  is  equal  to  the  rectangle  AB, 
CE.  But  since  the  side  of  the  given  square  is,  by  con- 
struction^  a  mean  proportional  between  AB  and  CE,  the 
rectangle  AB,  CE,  is  equal  to  the  given  square;  /.  the 
rectangle  BG,  CF  is  equal  to  the  given  square. 


I»i|^^  »>»l^^*l|»»»\»»i^»^^^»»'<»#S»^^^^i 


(83«)  A  given  straight  line  being  ^Uvided  into  two 
parts ;  to  cut  off*  a  part  which  shall  be  a  mean  propor-- 
tional  between  the  two  remaining  segments. 

Let  AB  be  divided  into  two  parts 
in  the  point  C;  bisect  CB  in  D,  and 
draw  DE  perpendicular^  and  equal  to 
AD;  and  through  the  points  B,  C,  E 
describe  a  circle;  produce  ED  to  F. 
Join  AE,  and  bisect  EF  in  O ;  and  from  O  draw  OG 
parallel  to  AB,  meeting  AE  in  6;  and^since^DsD^, 
.-.  GO=iOE,  and  G  is  appoint  in  the  circumference: 
From  G  draw  GH  perpendicular  to  AC;  H  is  the 
point  required. 
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For  jETG,  being  perpendicular  to  AD,  is  perpendi- 
cular also  to  60,  and  .\  is  a  tangent  at  6;  .\  the  square 
of  HO  is  equal  to  the  rectangle  CH,  HB.  But  since 
ADi=zDE,  .*.  AH^HG,  and  consequently  the  square 
of  AH  is  equal  to  the  rectangle  CH^  HB ;  and  AH  is  a 
mean  proportional  between  the  two  remaining  segments 
CH  and  HB. 


^■^■^^s  ^^^y#  «<«»i#^  ^^<»^»^<>^^^^ 


(24.)  To  draw  a  straight  line  making  a  given  angle 
with  one  of  the  sides  of  a  given  triangle,  so  that  the  tri- 
angle  cut  off' mat/  be  to  the  whole  in  a  given  ratio. 

Let  ABC  be  the  given  triangle; 
make  the  angle  ACD  equal  to  the 
given  angle  which  the  cutting  line  is 
to  make  with  AC.  Produce*  AB  to 
D ;  and  make  AE  :  AB  in  the  ratio 
of  the  part  to  be  cut  off  to  the  whole.  Take  AF  a  mean 
proportional  between  AE  and  AD ;  draw  FG  parallel  to 
CD ;  FG  is  the  line  required. 

Join  Eq.  Then  the  triangle  ADC  :  AFG  :: 
AD'  :  AF'  ::  AD  :  AE  ::  ACD:  ACE,  and  /.  AFG 
^ACE. 

But  ACE  :  ACB  ::  AE  :  AB, 
:.  AFG  :  ACB  ::  AE  :  AB,  i.e.  in  the  given  ratio. 


^^^^  *'#o^^.»  ^»^< 


(25.)  Between  two  given  straight  lines  containing 
a  given  angle,  to  place  a  straight  line  of  given  length, 
and  subtending  that  angle,  so  that  the  segment  of  the  one 
of  them  adjacent  to  the  angle  may  he  to  the  segment  oj 
the  other  which  is  not  a^acent,  in  the  ratio  of  two  given 
lines. 
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Let  EDy  EF  be  the  lines  given  in 

length  and  position.      Produce  one  of 

them  FEj  till  EG  :  ED  in  the  given 

ratio.    Join  DG\  and  with  the  centre 

Ey  and  radios  equal  to  the  given  line  to 

be  placed^  describe  a  circle  cutting  DO 

in  H;  join  EH,  and  draw  HI  parallel  to  EF,  and  IC 

parallel  to  HE.     IC  is  the  line  required. 

For  (Eucl.  vi.  2.)  HI  :  ID  ::  GE  :  ED, 
and  HC  being  a  parallelogram,  HI^^EC, 
.•.  EC  :  ID  ::  GE  :  ED,  i.  e.  in  the  given  ratio; 

and  /C=:  EH=  the  given  line. 


(26.)  From  two  given  points  to  draw  two  lines  to 
a  point  in  a  third,  such  that  the  difference  of  their 
squares  may  he  equal  to  a  given  square. 

Let  A  and  B  be  the  given  points ; 
join  AB ;  and  from  A  draw  AE  perpen- 
dicular to  it^  and  equal  to  a  side  ot  the 
given  square.  Join  BE,  and  bisect  it  in 
F ;  from  F  draw  the  perpendicular  FG, 
meeting  AB  in  G ;  and  from  G  draw 
GD  perpendicular  to  AB,  meeting  CD 
in  D ;  join  AD,  DB  \  these  are  the  lines  required. 

Join  GE,  it  is  equal  to  GB.  And  (iv.  30.)  the 
difference  between  the  squares  of  BD  and  AD  is  equal 
to  the  difierence  between  the  squares  of  BG  and  GA', 
i.  0.  between  the  squares  of  EG  and  GA,  or  it  is  equal  to 
the  square  of  AE,  i  e.  to  the  given  square. 


^*^*^*  ^  »»»  ^»  ^*  ^^^^#^^viy »  ^^^^» 
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(27.)  To  divide  a  given  straight  line  into  two  such 
parts  f  that  the  square  of  the  one  may  he  to  the  excess  of  a 
given  rectangle  above  the  square  of  the  other y  in  a  given 
ratio. 

LfCt  AlB  be  the  given  straight  line. 
From  B  draw  BC  at  right  angles  to  ABy 
and  make  AW^  :  BC^  m  the  given  ratio. 
Join  AC.  Find  a  mean  proportional 
between  the  sides  of  the  given  rectangle ; 
and  with  it  as  radius,  and  B  as  centre  describe  a  circle 
cutting  AC  in  D.  Join  BD^  and  draw  DE  parallel  to 
BC;  E  is^the  point  required. 

For  (Eucl.  vi.  3.)  AE"  :  ED*  ::  AB"  :  BC*. 
Now  the  square  of  ED  is  equal  to  the  difference  of  the 
squares  of  BD  and  BE^  t .  e.  to  the  difference  of  the 
given  rectangle  and  the  square  of  BE;  r.  the  square  of 
AE  is  to  the  difference  between  the  given  rectangle  and 
the  square  of  BE  as  AB*  :  BC\  i.  c.  in  the  given  ratio. 

N.  B.  The  given  rectangle  must  not  be  less  than  the 
square  of  the  perpendicular  from  B  upon  AC;  and  when 
BD  is  less  than  BC^  there  are  two  points  E. 


^^^^^^^^  ^^^^  ^       4r^^4>^s^i^^^^^ 


(28.)  From  any  angle  of  a  triangle^  not  isosceles 
about  the  angle,  to  draw  a  line  wichout  the  triangle  to 
the  opposite  side  produced^  which  shall  be  a  mean  pro^ 
portional  between  the  segments  of  the  side. 

Let  ABC  he  the  triangle,  and  B  the 
angle  from  which  the  mean  proportional 
is  to  be  drawn.  About  the  triangle 
describe  a  -circle,  and  to  the  point  B 

Y 
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draw  a  tangent  BD  meeting  the  side  CA  produced  in  D. 
BD  is  a  mean  proportional  between  ^/><and  DC. 

(Eucl.  ill.  36.)  the  rectangle  ADy  DCis  equal  to  the 
square  of  DB;  and  . .  AD  :  DB  ::  DB  :  DC. 


(29.)  From  the  obtuse  angle  of  any  triangle j  to 
draw  a  line  within  the  triangle  to  the  opposite  side, 
which  shall  be  a  mean  proportional  between  the  seg^ 
ments  of  the  side. 

Let  ABC  be  a  triangle  having  the 
obktse  angle  ABC.  Describe  a  circle 
about  it,  and  produce  BA  to  D^  making 
AD  =  AB.  From  D  draw  DE  parallel 
to  ACy  meeting  the  circle  in  E ;  join  BE,  cutting  AC 
in  F;  BF  will  be  a  mean  proportional  between  AF  and 
FC. 

For  (Eucl.  vi.  2.)  BF  :  J'E  ::  BA  :  AD^ 
and  since  BA=ADy  .\  BF:=FE. 
Now  the  rectangle  AF,  FC  is  equal  to  the  rectangle  BF, 
FEy  i.  e.  to  the  square  of  BF-, 

..AF  I  FB^:  FB:  FC. 


(SO.)  Fivm  the  common  extremity  of  the  diameters  of* 
two  semicircles  given  in  magnitude  and  position ;  to  draw 
a  line  meeting  the  circumferences,  so  that therectangle con- 
tained'by  the  two  chords  may  be  equal  to  a  given  square. 

Let  ABy  AC  hQ  the  diameters  drawn  from  A,  and 
given  in  magnitude  and  position.    With  the  centre  A, 
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and  radius  equal  to  a  side  of  the  given  square, 
describe  a  circle,  cutting  the  lesser  semicircle 
in  Z>.  Draw  DE  perpendicular  to  JIC, 
and  meeting  the  other  semicircle  in  F.  Join 
j^Ff  and  produce  it  to  6 ;  AG  is  the  line 
required. 

For  joining  GC,  the  triangles  AGC,  AFE  are  similar, 
.-.  AC  :  AG  ::  AF  :  AE, 
and  •*•  the  rectangle  FA,  AG  is  equal  to  the  rectangle 
CAy  AE,  u  €.  to  the  square  of  AD,  which  is  equal  to 
the  given  square. 


^  »^N^^i^#  ^■^, 


(31.)    To  draw  a  line  parallel  to  a  given  line,  which 
shall  be  terminated  by  two  others  given  in  position,  so  as 
to  form  with  them  a  triangle  equal  to  a  given  rectilineal 
Jigure. 

LfCt  AB^  AC  be  the  lines  given  in 
position,  AD  the  line  to  which  it  is  re- 
quired to   draw  a  parallel.      Describe 
a    rectangular   parallelogram    AEFG 
equal  to*  the  given  figure.     Produce  EF 
to  H\  and  take  AK  a  mean  proportional  between  DH 
and  2  EFi  draw  KC  parallel  to  AD ;    KC  is  the  line 
required. 

For  the  angles  DHA,  CAK  being  equal,  as  also 
DAH,  ACK,  the  triangles  DAH,  AKC  are  equiangular, 
and  similar ;  whence 

AKC  :  AHD  ::  AK'  :  DW  ::  2EF  :  DH  ::  2EF 

IxAE  :  DHxAE. 
Now  the  rectangle  DH,  AE  is  double  of  the  triangle 
AHD,  .*•  AKC  is  equal  to  the  rectangle  EF,  AE,  i.  e. 
to  the  given  rectilineal  figure. 
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(33.)    To  bisect  a  triangle  hy  a  line  dratvn  paralM 
to  one  of  its  sides. 

Let  jiBC  be  a  triangle  to  be  bi- 
sected by  a  line  parallel  to  its  side  AB. 
On  EC  describe  a  semicircle ;  bisect 
BC  \n  Oy  and  draw  the  perpendicular       ^     *"  *- 

OD;  join  CD  'y  and  with  C  as  centre,  and  radius  CD, 
describe  a  circle  cutting  CB  in  E ;  draw  JEF  parallel  to 
AB ;  EF  bisects  the  triangle. 

(Eucl.  vi,  8.)  BC  :  CD  ::  CD  :  CO, 

.-.  BC^  :  {CD^  =  )  CE^  ::  J^C  :  CO  ::  2  ;   1; 
but  the  triangles  ABCy  FEC  are  in  the  duplicate  ratio 
of  BC:  C£,  and  .-.  in  the  ratio  of  2  :   1,  i.  e.  EFCis 
half  of  ABC,  and  J^F  bisects  the  triangle. 


^^^»^#^«^^^^^^^^*^^^^^^^»^^ 


(33.)  7b  divide  a  given  triangle  into  any  number 
of  parts  having  a  given  ratio  to  each  other,  by  lines 
drawn  parallel  to  one  of  the  sides  of  the  triangle. 

Let  ABC  be  the  given  triangle ; 
divide  AC  into  parts  AE,  EF,  FC 
having  the  same  ratio  to  oil^  another 
that  the  parts  of  the  triangle  are  to 
have.  On  AC  describe  a  semicircle, 
and  draw  the  perpendiculars  £G,  FH\  and  with  the 
centre  A^  and  radii  AG,  AH,  describe  circles  meeting  AC 
in  /  and  K,  from  which  points  draw  IL,  ITilf  parallel  to 
BC;  these  will  divide  the  triangle  in  the  ratio  required. 
.  For  the  triangles  A  LI,  AKM,  A  BC^ive  to  one  another 
in  the  duplicate  ratio  of  the  sides  AI,  AK,  AC,  i.  e.  in 
the  ratio  of  the  rectangles  AC,  AE-,  AC,  AF\  and  the 
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square  of  JIC;  or  in  the  ratio  of  the  lines  jiE,  AF,  AC\ 
whence  ALIy  LIKMj  MKCB  are  in  the  ratio  of  AE, 
EFy  FC,  i.  €.  in  the  given  ratio. 


1 


^^^^^<  »< 


f^^^^'^^^  »  ^s»^^^^  m 


(34.)    To  divide  a  given  triangle  into  any  number  of 
equal  parts  hy  lines  drawn  parallel  to  a  given  line. 

Liet  ABC  be  the  given 
triangle ;  from  the  angle  C 
draw  CD  parallel  to  the 
given  line ;  and  let  it  be  re- 
quired to  divide  the  triangle 
into  five  equal  parts.  On 
ADj  BD  describe  semi* 
circles  AID^  BMD ;  divide  AB  into  five  equal  parts  in 
the  points  E,  F,  G,  H;  draw  EI,  FK,  GL,  J?jl/ per- 
pendicular to  AB ;  and  make  AN,  AO,  AP  respectively 
equal  to  A  I,  AK,  AL,  and  BQ=BM;  and  draw  NR, 
OS,  PT,  QV,  parallel  to  DC;  they  divide  the  triangle 
as  required. 

(Eucl.  vi.  1.)  the  triangle  ABC  :  ADC:  AB  :  AD, 
(EucL  vi.  19.)  ACD  :  ANR  ::  AD" :  AN^ ::  AD :  AE. 
.-.  ex  cequo,  ABC  :  ANR  ::  AB  :  AE  ::  5  :   I, 
i.  e.  ANR  is  one  fifth  of  ABC. 

In  the  same  manner  ABC  :  AOS  ::  5  :  2, 
whence  NRSO  is  also  one  fifth  of  ABC 
And  by  a  similar  manner^  OPTS  and  BQV,  may  each 
be  shewn  to  be  one  fifth  of  ABC,  .-.  TPQV  will  also 
be  one  fifth  of  ABC. 

CoR.    In  nearly  the  same  manner  the  triangle  may 
be  divided  into  any  number  of  parts  having  a  given  ratio. 


^<>»*'#^-»^##<»i»»^»#^^^^»^^i^^.^ 


174 


GEOMETRICAL   PROBLEMS. 


[Secf.  6. 


(35.)  To  divide  a  trapezium  which  has  two  sides 
parallel  into  any  number  of  equal  parts,  hy  lines  drawn 
parallel  to  those  sides. 

Let  ABCD  be  the  given  trapezium 
having  the  sides  AB^  DC  parallel.  On 
AR  the  longer  side  describe  a  semi- 
circle AFB ;  from  D  draw  DE  parallel 
to  JBC;  with  the  centre  By  and  radius 
BEy  describe  the  arc  EFj  and  from  F 
let  fall  the  perpendicular  FG ;  and  di- 
vide AG  into  the  given  number  of  equal  parts,  e.  g.  three, 
in  H  and  / ;  and  draw  HKy  IL  at  right  angles  to  AB. 
Make  BMy  BN  respectively  equal  to  BL,  BK;  and 
draw  MO,  NP  parallel  to  BC;  and  PQ,  OR  parallel  to 
AB ;  and  produce  AD,  BC  to  S. 

Since  DC^BE  =  BF,  and  OR  —  BM=BL,  and 
PQ^BN=BK,  the  triangle  ORS  \%  to  DSC  in  the 
duplicate  ratio  of  OR  to  CD,  or  of  BL  to  BF,  i.  e.  in  the 
.  ratio  of  JB/  :  BG; 

whence  ODCR  : 

In  the  same  manner  PDCQ  : 

. .  ODCR  : 

and  ODCR  : 

f.  e.  in  a  given  ratio  of  equality. 

And  in  a  similar  manner  APQB  may  be  shewn  to  be 
equal  to  PORQ.  And  so  on,  whatever  be  the  number 
of  equal  parts. 

CoR.  In  nearly  the  same  manner^  the  trapezium 
might  be  divided  into  parts  having  any  given  ratio. 


DSC  ::  GI  : 
DSC  ::  GH  : 
PDCQ  ::  GI 
PORCi  ::  GI 


GB. 

GB, 

GH, 
IH, 


^■^^  *■  #^#^#^^  #\#sr^^4 
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(36.)  From  one  of  the  angular  points  of  a  given 
square  to  draw  a  line  meeting  one  of  the  opposite  sides, 
and  the  other  produced,  in  such  a  manner,  that  the  ex^ 
terior  triangle  formed  thereby  may  have  a  given  ratio  to 
the  square. 


•  • 


Let  ABCD  be  the  gfven  square,  and 
M  :  N  the  given  ratio.  From  A  to  DC 
(produced  if  necessary)  draw  a  line  AO,  ^^^ 
such  that  Af  :  ilf+iV  ::  DC  :  AO.  With  the  centre 
O  and  radius  OA,  describe  a  semicircle  meeting  DC  pro- 
duced  in  E  and  F.  Join  AF;  which  will  be  the  line 
required. 

Join  AE.  Then  M  :  M+  N ::  DC:  AO ::  ABCD : 
the  rectangle  AO,  AD.  Now  the  triangle  ADE  is 
similar  to  ABG,  and  equal  to  it,  since  AB'^AD; 
.-.  the  trapezium  AECG  is  equal  to  ABCD;  and  the 
i^tangle  AO,  AD  is  equal  to  the  triangle  AEF, 
whence  M  :  M+N  ::  AECG  :  AEF, 
r.M  :  N  ::  AECG  :  GCF 

::  ABCD  :  GCF 


^>^«  »^  »«#^ » » »^^i»^w 


(37.)  From  a  given  point  in  tlie  side  produced,  of  a 
given  rectangular  parallelogram,  to  draw  a  line  which 
shall  cut  the  perpendicular  sides  and  the  other  side  pro" 
duced,  so  that  the  trapezium  cut  off,  which  stands  on  the 
aforesaid  side,  may  he  to  the  triangle  which  stands  upon 
the  produced  part  of  the  opposite  side,  in  a  given  ratio. 

Let  AKCp  be  the  given  rect- 
angle, and  E  the  given  point  in 
the  side  CD  produced.  On  EC 
describe  a  semicircle,  and  in  it  place 
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EF:=iED;  join  FC;  and  divide  £C  in  G,  so  that  E6  : 
GC  in  the  given  ratio,  and  draw  GH  at  right  angles  to 
£C.  In  AK  produced  take  BK  a  fourth  proportional  to 
EGt  GH  and  FC.  Join  BE ;  it  is  the  line  required. 
For  (Eucl.  vi.  19.)  the  triangle  ECM  :  EDI  :: 
EC*  :  Eir, 


.♦.  div,  CDIM  :  ECM 
but  ECM  :  BMK 
.*.  ex  ^^0  CDIM :  BilfJ^ 


EC* -^  Ely  :  EC, 
EC  :  BK*, 
EC*-EF*  :  BK* 
FC*  :  5^:» 

EG^  :  GH^,  by  construction, 
£G  :   GC, 
f .  e.  in  the  given  ratio. 


^  ^^*^^<»^^^^^^^^^  ^4 


(38.)  Through  a  given  pointy  between  two  straight 
lines  containing  a  given  angle,  to  draw  a  line  which  sliall 
cut  off*  a  triangle  equal  to  a  givenjigure. 

Let  ABy  AC  be  the  lines  containing 
the  given  angle  BAC^  and  D  the  given 
point.  Through  D  draw  DE  parallel 
to  AC,  and  describe  a  parallelo^am  EG 
equal  to  the  given  figure.  Draw  GH 
perpendicular  to  AC,  and  equal  to  DE ;  and  make  HC 
=::DF;  join  CD,  and  produce  it  to  meet  AB  in  B ;  CB 
is  the  line  required. 

For  the  triangles  EBD,  DIE,  GIC  being  similar, 
are  to  one  another  in  the  duplicate  ratio  of  the  sides 
DE,  DF,  GC;  but  tl^e  square  of  HC  is  equal  to  the 
squares  of  HG,  GC;  and  .*.  the  square  of  DF  is  equal 
to  the  squares  of  DE,  GC;  whence  the  triangle  DIF is 
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equal  to  the  triangles  DBE,  GIC;  /.the  triangle  /iBC 
18  equal  to  AEFG,  L  e.  to  the  given  figure. 


^<^»*'»#»»#^#^^^^»*^»^'g'»»-#^*» 


(39.)  Between  two  Rnes  given  in  position,  to  draw 
a  line  equal  to  a  given  line^  so  that  the  hiangle  thus 
formed  matf  he  equal  to  a  given  rectilineal Jigure, 

Let  j4B,  AC  be  the  lines 
given  in  position,  and  DE  the 
line  whose  magnitude  is  given. 
Bisect  it  in  F,  and  on  DF  de- 
scribe a  rectangular  parallelo- 
gram equal  to  the  given  figure.  On  DE  describe  a  seg- 
ment of  a  circle  containing  an  angle  equal  to  the  angle  at 
A,  and  cutting  HG  in  /.  Join  DI,  IE;  and  make 
AK—ID,  and  AL^IE.  Join  KL-^  it  is  the  line  re- 
quired. 

Since  AK=IDi  and  AL=:IE,  and  the  angle  at  A=s 
DIE,:.KL^DE,  and  the  triangle  AKL=IDE= 
HGFD szthe  given  figure. 


(40.)  F)i'om  two  given  lines  to  cut  off* two  others,  so 
that  the  remainder  of  one  may  have  to  the  part  cut  off* 
from  the  ether  a  given  ratio ;  and  the  difference  rfthe 
squares  of  the  other  remainder  and  part  cut  off  from  the 
first  may  be  equal  to  a  given  square.  ' 

Perpendicular  to  AB  one  of  the  given  lines^  draw  BC 
equal  to  a  side  of  the  given  square;  and  take  AD  to  the 
other  given  line  in  the  given  ratio  of  the  part  remaining 

Z 


178 


GEOMETRICAL   PROBLEMS. 


iSeci.  5. 


from  the  first  to  the  part  cut  off  from  the 
second.  Join  DC;  and  with  the  centre  A, 
and  radius  equal  to  the  second  given  line, 
describe  a  circle  cutting  DC  in  E ;  join 
j4Ej  and  draw  CGF  parallel  to  it,  meeting 
jIFf  drawn  parallel  to  EQ  in  F.  Then 
BG  and  OF  are  equal  to  the  parts  to  be  cut  off. 

For  the  difference  between  the  squares  of  CG,  GB 
is  equal  to  the  square  of  BCj  i.  e.  to  the  given  square ; 
and  AG  :  GF  ::  AD  :  AE^  i.e.  in  the  given  ratio. 


^'^<^^^*<»<^»»^^^^«#^»^i»i^<y^«i»i^^i^» 


(41 .)  F^om  two  given  lines  to  cut  off*  two  others 
which  shall  have  a  given  ratio,  so  that  the  difference  of 
the  squares  of  the  remainders  may  he  equal  to  a  given 
square. 

Let  AC  be  one  of  the  two  given  lines. 
From  C  draw  CD  perpendicular  to  AC, 
and  equal  to  a  'side  of  the  given  square. 
Take  AE  to  the  other  given  line  in  the 
given  ratio  of  the  parts  to  be  cut  off. 
Join  ED,  and  produce  it ;  and  with  the 
centre  A,  and  radius  equal  to  that  other  given  line^  de- 
scribe a  circle  cutting  ED  in  B.  Join  AB ;  and  let  it 
meet  -DF,  which  is  parallel  to  AC,  in  F.  Draw  FQ 
parallel  to  CD.  CG  and  BF  are  the  parts  required  to 
be  cut  off. 

'  For  (DF=)  CG  :  FB  ::  EA  :  AB,  i.e.  in  the 
given  ratio  of  the  parts  to  be  cut  off;  and  the  difference 
between  the  squares  of  FA  and  ^^6  is  equal  to  the  square 
of  GFj  i.  e.  to  the  square  of  CD,  or  the  given 
of  the  squares  of  the  remainders. 


■*■ -t-^ *•»■*■*  .0  ^^  *  r«^«'  •^*»^#^##■*** 
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(42.)  From  two  given  lines  to  cut  off*  two  others 
90  that  the  remainders  maji  have  a  given  ratioy  cf.J  the 
sum  of  the  squares,  of  the  parts  cut  off  may  he  equal  to 
the  square  of  a  given  line. 

Let  AB  be  one  of  the  given  lines^ 
and  in  it  take  AC  to  the  other  given  line, 
in  the  given  ratio  of  the  remainders. 
From  C  draw  CD  perpendicular  to  AB^ 
and  equal  to  the  second  given  line.  Join 
AD,  and  draw  CE  parallel  to  AD ;  and  with  the  centre 
By  and  radius  equal  to  the  side  of  the  given  square, 
describe  a  circle,  cutting  CE  in  E.  Draw  EF  parallel 
to  DC.  Then  BG,  GE  will  be  equal  to  the  parts  to  be 
cut  off. 

Join  BE.  The  squares  of  BGj  GE  are  equal  to  the 
square  of  BEy  i.  e.  to  the  given  square ; 

and  AG  :  GF  ::  AC  :  CD, 
L  e*  in  the  given  ratio  of  the  remainders. 


(43.)  Two  points  being  given  in  a  given  straight 
line ;  to  determine  a  thi  d  such  that  the  rectangles  con- 
tained  by  its  distances  from  each  extremity  and  the  given 
point  (u^acertt  to  that  extremity  may  be  equal. 

hetAB  be  the  given  straight 
line,  C  and  D  the  given  points 
in  it.  On  AC  and  DB  as  dia* 
meters  let  circles  be  described, 
and  let  EF  touch  them  in  E 
and  F.  Bisect  EF  in  6,  and  let  fall  the  perpendicular 
GH;  H  is  the  point  required. 

From  G  draw  any  lines  GNKy  GLM  cutting  the 
circles.     Take  O  the  centre  of  the  circle  ACEy  and  draw 
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OP  perpendicular  to  GK.  (Eucl.  ii.  6.)  the  rectangle 
NG;^K  together  with  the  square  of  PiV is  equal  to  the 
square  of  PO\  to  each  of  these  add  the  square  of  PO ; 
and  the  rectangle  iVG,  GK  together  with  the  squares  of 
OP,  PN  (t.  e.  the  square  of  DC)  is  equal  to  the  squares 
of  OPj  PG,  i.e.  to  the  square  of  OG,  or  to  the  squares 
of  OHy  HG.  But  the  square  of  OH  is  equal  to  the 
rectangle  CH,  HA  together  with  the  square  of  OC; 
whence  the  rectangle  NG,  GK  is  equal  to  the  rectangle 
CH,  HA  together  with  the  square  of  HG.  In  the  same 
manner  it  may  be  shewn  that  the  rectangle  LG,  GM  is 
equal  to  the  rectangle  DH^  HB  together  with  the 
square  of  HG.  But  since  the  rectangle  NG,  GK  is 
equal  to  the  rectangle  LGj  GM,  the  rectangle  CH^  HA 
is  equal  to  the  rectangle  DH^  HB. 

CoR.    If  JH  be  a  mean  proportional  between  CH 
andfr^;  IG^GE. 


(44.)  Through  the  point  of  intersection  of  two  given 
circlesy  to  draw  a  line  in  such  a  manner  that  the  sum  of 
the  respective  rectangles  contained  hy  the  parts  thereof 
which  are  intercepted  between  the  said  point  and  their 
iircumferences,  and  given  lines  A  and  B,  m>ay  he  equal  to 
a  given  square. 

Let  the  two  circles  CID,  CEK 
cut  each  other  in  the  point  C;  from 
Cdraw  the  diameters  CD^  CE.  In 
CD  take  the  point  Psuch,  that  CD  : 
CF  ::  A  :  B.  Join  EF;  and  on 
it  as  a  diameter  describe  a  semicircle^  in  which  place  EG 
a  third  proportional  to  A  and  the  side  ofthe  given  square. 
Draw  7GK^ parallel  to  EG;  it  will  be  the  line  required. 

Join  FG,  and  produce  it  to  H.     The  angle  DIG  b 
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equal  to  FGE,  l  e.  to  FHCy .-.  FH  is  parallel  to  D/; 

and  CI :  CH  ::  CD  :  CF  ::  A  i  B, 
•*.  the  rectaDgle  A,  CH^  is  equal  to  the  rectangle  B,  CI. 
Now  since  EG  is  a  third  proportional  to  A  and  the  side 
of  the  given  square,  the  rectangle  A,  EG  will  be  equal  to 
the  given  square.  ,  But  the  rectangle  A^  EG,  is  equal  to 
the  rectangles  A,  HC,  and  A,  CKy  t.  e.  to  the  rectangles 
JB,  /C,  and  A,  CK;  .\  the  rectangles  A,  KC,  and  B, 
ICi  are  equal  to  the  given  square. 


(45.)  Through  a  given  pointy  to  draw  an  indefinite 
liney  such,  that  if  lines  be  drawn  from  two  other  given 
points,  and  forming  given  angles  unth  it,  the  rectangle 
contcdned  by  the  segments  intercepted  between  the  given 
point  and  the  two  lines  so  drawn,  shall  be  equal  to  the 
square  if  a  given  line. 

Let  A  be  the  given  point  through 
which  the  line  is  to  be  drawn  ;  B  and 
C  the  other  given  points.  Join  AB, 
AC;  and  on  them  describe  segments 
of  circles  ADB^  AEC^  containing 
angles  equal  to  the  given  angles.  Draw  either  diameter 
AF,  on  which  produced  take  AG  such,  that  the  rect- 
angle FAy  AG,  may  be  equal  to  the  given  square.  Draw 
GJS  perpendicular  to  GF\  join  EAy  and  produce  it  both 
ways ;  it  is  the  line  required. 

Join  DF.  The  angles  at  G  and  D  *  being  right 
angles^  the  triangles  AGE,  ADF  are  similar, 

.-.  EA  :  AG  ::  FA  :  AD, 
/.  the  rectangle  EA,  AD  is  equal  to  the  rectangle  FA, 
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AG^  i.  e.  to  the  given  square ;  and   CE^  BD  form  with 
ED  angles  equal  to  the  given  angles.' 

If  GE  does  not  meet  the  circle^  the  problem  is  im- 
possible. 


^^>*^#<»»^^»^>^»»*«*^^i»^i»^»<»^^ 


(46.)  Through  a  given  point  between  two  straight 
lines  containing  a  given  angle^  to  draw  a  line  such  that 
a  perpendicular  upon  it  from  the  given  angle  way  have  a 
given  ratio  to  a  line  drawn  from  one  extremitt/  of  it, 
parallel  to  a  line  given  in  position. 

Let  AB^  AC  he  the  lines  forming 
the  given  angle  BAC,  and  D  a  point 
between  them,  and  AE  the  line  given 
in  position.     Draw  any  line  FG  pa- 
rallel tO' AE,  and  take  AH  :  FG  in 
the  given  ratio ;  and  with  the  centre  A,  and  radius  AH, 
describe  a  circle,  to  which  draw  FIK  a  tangent.     Join 
A  I;  and  through  D  draw  LMN  parallel  to  FK,  and 
LO  parallel  to  FG.     LN  is  the  line  required. 

For  AT  is  perpendicular  to  FK,  and  /.  AM  to  LNi 
and  LO  is  parallel  to  AE, 
and  FG  :  LO  ::  AF  :  AL  ::  (^/=)  AH  :  AM, 

.-.  AM  :  LO  ::,AH:  FG,  i.e.  in  the  given  ratio. 


(47.)  Through  a  given  point  between  two  indefinite 
straight  Ivies  not  parallel  to  one  another,  to  draw  a  line 
which  shall  he  terminated  hy  them,  so  that  the  rectangle 
contained  hy  its  segments  shall  be  less  than  the  rectangle 
contained  by  the  segments  of  any  other  line  drawn 
through  the  same  point. 
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Let  AB,  AC  be    the 

given  lines  meeting  in  A. 
In  AC  take  any  point  2>, 
and  make  AE  s=  AD.  Joi  li 
DE\  and  through  /  the 
given  point  draw  FIG  pa- 
rallel  to  DE.     FIG  is  the  line  required.  ^ 

Draw  the  perpendiculars  FO^  GO  meeting  in  O. 
Then  since  ED  is  parallel  to  FG^  and  the  angles  AED^ 
ADE  are  equals  .-.  AFG  and  AGF  are  equal.  But 
AFO=::AGO,  each  being  a  right  angle,  /.  OGF=z  OFG, 
and  OF^OG;  a  circle  .*.  described  from  the  centre  O, 
and  radius  OG,  will  pass  through  F^  and  touch  AB,  AC 
in  G  and  F,  since  the  angles  at  G  and  jPare  right  angles. 
Let  now  any  other  line  HKLM  be  drawn  through  /, 
and  terminated  by  AB^  AC.  Since  all  other  points  in 
AB  but  G  are  without  the  circle,  H  is  without  the  circle ; 
.%  HM  cuts  the  circle  in  K;  and  for  the  same  reason  also 
in  L.  Now  the  rectangle  Kly  IL  is  equal  to  the  rect- 
angle GI,  IF.  But  the  rectangle  KI,  IL  is  less  than 
the  rectangle  HI,  IM;  /.  the  rectangle  GI,  IF  is  less 
than  the  rectangle  HI,  IM.  In  the  same  manner  it  may 
be  shewn  that  the  rectangle  GI,  IF  is  less  than  the 
rectangle  contained  by  the  segments  of  any  other  line 
drawn  through  I,  and  terminated  by  AB^  AC. 
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(1.)    To  describe  an  isosceles  triangle  on  a  given 
Jinite  straight  line. 

Let  AB  be  the  given  straight  line.  Pro- 
duce it^  if  necessary;  and  make  ^C  and  BD^ 
each  equal  to  one  of  the  equal  sides  of  the  tri* 
angle.  With  A  and  B  as  centra,  and  radii 
AC^  BDy  describe  circles,  cutting  each  other  in  E ;  join 
AE^  BE;  AEB  is  the  triangle  required. 

For  AE:=zAC=BD=BE. 


(3.)    To  describe  a  square  which  shall  be  equal  to  the 
difference  of  two  squares^  whose  sides  are  given^ 

Take  a  straight  line  AB  terminated  at       y^ — ^ 
Ay  and  cut  off  AO  equal  to  a  side  of  the     [_ /  _j 


greater,  and  OB  equal  to  a  side  of  the  lesser  ^  .  ° 
square.  With  O  as  centre,  and  radius  OA9  describe 
a  circle  OCD ;  and  from  B  draw  BC  at  right  angles  to 
AD.  The  square  described  upon  BC  is  the  square  re- 
quired. 

Join  OC.  (EucL  i.  48.),  the  square  described  upon 
BC  is  equal  to  the  difference  of  the  squares  on  OC  and 
OB,  I  e.  on  AO  and  OB. 

Cor.  Hence  a  mean  proportional  between  the  sum 
and  difierence  of  two  given  lines  may  be  determined. 
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'(S.)  To  describe  a  rectangular  parallelogram  which 
shall  he  equal  to  a  given  square,  and  have  its  adjacent 
sides  together  equal  to  a  given  line. 

Let  AB  be  equal  to  the  given  line.  ^^ 
Upon  it  describe  a  semicircle  ADB. 
From  A  draw  AC  perpendicular  to  AB,  ^ 
and  equal  to  a  side  of  the  given  square.  Through  Cdravr 
CD  parallel  to  AB^  and  let  fall  the  perpendicular  DE. 
The  rectangle  contained  by  AE,  EB  will  be  the  rect- 
angle required. 

For  the  rectangle  AE,  EB  is  equal  to  the  square  of 
£/>,  which  is  equal  to  the  square  of  AC,  i.e.  to  the 
given  square ;  and  AB  is  the  sum  of  the  adjacent  sides 
AEy  EB, 


^r^^^^^s 


(4.)  To  describe  a  rectangular  parallelogram  which 
shall  be  equal  to  a  given  square,  and  have  the  difference 
^its  adjacent  sides  equal  to  a  given  line. 

Let  AB  be  equal  to  the  given  line.  On 
it  as  diameter  describe  a  circle.  From  A 
draw  AC  at  right  angles  to  AB,  and  .*;  a 
tangent  to  the  circle  at  A ;  make  AC  equal 
to  a  side  of  the  given  square.  Take  O  the  centre  ;  join 
CO,  and  produce  it  to  D.  The  rectangle  contained  hy 
EC,  CD  is  the  rectangle  required. 

For.  the  rectangle  EC,  CD,  is  equal  to  the  square  of 
AC,  f  •  e.  to  the  given  square ;  and  the  difference  of  the 
sides  containing  the  rectangle  is  EDszAB^^the  given 
line. 


•■*•*  *  ».^«^^^>»v^  ^^'jsr^*'*^^*^^  »^^^ 
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(6.)  To  describe  a  triangle  which  shall  be  equal  to 
a  given  equilateral  and  equiangular  pentc^gonf  and  <^ 
the  same  altitude. 

Let  ABDCE  be  the  given  pentagon. 
Join  AC,  AD;  and  produce  CD  inde- 
finitely both  ways.  Through  jB and  £  draw 
BG,  EF  respectively  parallel  to  AD  and 
AC  Join  AF,  AG.  AFG  is  the  tri- 
angle required. 

Since  AD  is  parallel  to  BGy  (Eucl.  i.  37-)  the  tri- 
angles ABDy  AGD  are  eqaal ;  and  for  a  similar  reason, 
AEC^AFCi  .'.  the  triangles  ABD,  AEC  are  equal  to 
AGDy  AFC;  to  these  equals  add  the  triangle  ADC; 
and  the  pentagon  ABDCE  is  equal  to  the  triangle 
AGF;  and  they  have  the  same  altitude,  viz.  the.perpen- 
dicular  from  A  upon  DC. 


,    ».»^^^.*s^#»#  *  »«^^^^»«»  <»i#i^  <'>^  ■#^>^ 


(6.)    To   describe  an  equilateral  triangle  equal   t0 
a  given  isosceles  triangle. 

Let  ^jBCbethe  given  isosceles  tri- 
angle.  On  AC  describe  an  equilateral 
triangle  ADC,  and  from  D  draw  DE 
perpendicular  to  AC;  it  will  also  bi- 
sect AC  and  pass  through  B.  On  DE 
'  describe  a  semicircle^  and  from  B  draw 
BF  perpendicular  to  DE^  meeting  the  circle  in  F. 
with  the  centre  Ey  and  radius  EF,  describe  a  circle 
meeting  ED'mG;  draw  GH,  GI  parallel  to  DA,  DC 
respectively ;  the  triangle  GHI  is  equilateral,  and  equal 
to  ABC, 


I     c 
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Since  GH  is  parallel  to  ^D,  and  GI  to  DC,  the  tri- 
ai^les  GHI,  ADC  are  similar ;  but  ADC  i»  equilateral, 
and  /.  also  GHI  is  equilateral. 
•     Also  (Eucl.  vi.  8.  Cor.)  ED  :  EG  :.  EG  :  EB, 
and  (Eucl.  vi.  3.)  ED  :  EG  ..  EA  :  EH, 

.'.  EG  :   EB  ::  EA  :  EH, 
and  .-.  (Eucl.  vi.  15.)  the  triangles  EGH,  EBA  arc 
equal.     But  GHE=^GIE,  and  BAE=:BCE,  ..also 
GHI=.BAC. 


•i**.^  ^^^  •■*«^^«  *  ^<^^**<r^^  ^^>*>.*» 


(7.)  To  describe  a  parallelogram^  the  area  and  peri- 
meter  of  which  shall  be  respectively  equal  to  the  area 
and  perimeter  of  a  given  triangle. 

het'ABC  be  the  given  triangle.  Pro- 
duce AB  to  D,  making  BD  s=  BC ;  bisect 
AD  in  E;  draw  BF  parallel  to  AC;  and 
with  the  centre  A,  and  radius  AEj  describe 
a  circle  cutting  BF  in  6.  Join  AG;  and 
bisect  AC  in  H.  Draw  HF  parallel  to  AG.  AGFH 
is  the  parallelogram  required. 

For  HF=^AG—AE,  ,••  HF  and  AG  together  are 
equal  to  AD,  t.  e.  to  ^£  and  BC  together ;  and  6F=;l 
AHsiHCj  ,\  the  perimeter  of  AGFH  is  equal  to  the  pe- 
riibeter  of  ABC-i  and  AGFH  is  double  of  a  triangle  on 
the  base  AH  and  between  the  same  parallels^  and  /.is 
equal  to  the  triangle  ABC 


^<^^^<'^^^^.^^<^'^»»^^^^-^^v»S»-< 


(8.)  To  describe  a  parallelogram  which -shall  he  ^ 
given  altitude^  and  equiangular  and  equal  to  a  given 
parallelogram. 


»   t 
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Let  JBCD  be  the 
given  parallelogram,  and 
EF  the  given  altitude. 
Draw  EH  and  FG  at  right 
angles  to  FE ;  and  at  the 

point  F,  in  the  line  GF,  make  the  angle  GFf  equal  to 
CD  A;  take  FG  a  fourth  proportional  to  FI,  i^Z>  and 
DC;  and  from  G  draw  6^  parallel  to  F/,  meeting  EJ£ 
produced  in  H;  IFGHis  the  parallelogram  required; 

For  its  altitude  is  EF;  and  the  angle  GFI=CDA, 
.\  FIHssDAB;  whence  the  parallelograms  are  equi- 
angular ;  and  they  are  equal ;  since  the  sides  about  the 
equal  angles  are  reciprocally  proportional  (EucK  vi.  14.).. 


(9.)  To  describe  a  square  which  shall  be  equal  to  the 
sum  cf  any  number  of  given  squares. 

Let  AB  be  a  side  of  one  of  the  given 
squares.  From  B  draw  BC  perpendicular 
to  AB,  and  equal  to  a  side  of  the  second 
square.  Join  AC;  and  from  C  draw  CD 
perpendicular  to  it,  and  equal  to  a  side  of 
the  third  square.  Join  AD;  and  from  D  draw  DE 
perpendicular  to  AD,  and  equal  to  a  side  of  the  fourth. 
Join  AE.  The  square  of  AE  is  equaT  to  the  squares  of 
AB,BC,CD,DE. 

Since  the  angles  ADE,  ACD,  ABC  are  right  angles^ 
the  square  of  AE  is  equal  to  the  squares  of  ADy  DE^ 
i.  e.  to  the  squares  of  AC,  CD,  DE ;  and  .v  to  the 
squares  of  AB,  BC,  CD,  DE. 

And  by  proceeding  in  the  same  manner  whatever  be 
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the  number  of  given  squares,   one  equal  to  their   sum 
may  be  found. 

CoR.    Hence  lines  may  be  found,  which  have  the 
same  ratio  as  the  square  roots  of  the  natural  numbers. 


<i^*'»*'^^^^<i»^»*^<»»<^i»^^^  ^^^^^ 


(10.)  Having  given  the  difference  between  the  dioh 
meter  and  side  of  a  square ;  to  describe  the  square. 

Let  j!4B  be  the  given  difference.  Draw 
AC,  AD,  each  making  half  a  right  angle 
with  ABi  and  complete  the  square  EF, 
1  ake  AG  =  the  difference  between  BA  and 
BF.  Since  the  ratio  between  the  side  of  a  square  and 
its  diameter  is  given,  that  of  their  difference  to  the  dia- 
meter is  also  given.  Take  .*.  AH  :  AB  ::  AB  :  AG\ 
and  through  H  draw  HCy  HD,  perpendicular  to  Ad 
AD ;  CD  is  the  square  required . 

For  DC  being  a  parallelogram  is  also  (Eucl.  i.  46. 
Cor.)  rectangular ;  and  the  angle  DAH  being  half  a 
right  angle,  is  equal  to  DHA,  .*.  DA^DH;  whence 
the  sides  are  equal;  and  the  figure  is  a  square.  And 
since  BG^BF,  HB=HC;  and  AB  is  the  difference 
between  the  diameter  and  side. 


^■^S».#^V».»'^.^.^^^^'^»«»^»*>»^^^>»^»^^   • 


(11.)    To  divide  a  circle  into  any  number  of  concen- 
tric equal  annuli. 

Let  ABC  be  the  given  circle,   and  O   its  centre. 
Draw  any  radius  OA,  and  divide  into  the  given  number 


190 


GEOMETRICAL   PROBLEMS. 


[&cr.  & 


of  equal  portions  in  the  points  D^  E, 
Fj  G,  &c.  On  OA  describe  a  semi- 
circle, and  draw  the  perpendiculars 
DH,  EI,  FK,  GL,  &c.  Join  O^, 
01,  &c.  and  with"  the  centre  O  and 
radii  OHy  01,  &c.  let  circles  be  de- 
scribed ;  they  will  divide  the  circle  JBC  as  is  required. 
Since  the  areas  of  circles  are  in  the  duplicate  ratio  of 
their  radii ;  the  area  of  the  circle  whose  radius  is  OA  is 
to  that  whose  radius  is  OH  in  the  duplicate  ratio  of  Oji  : 
OH,  t.  e.  in  the  ratio  of  OJ  :  OD ;  /.  the  area  of  the 
first  annulus  will  be  to  the  area  of  the  circle  whose  radius 
is  OD  ii'AD  :  OD.  And  in  the  same  manner  the  area 
of  the  second  annulus,  will  be  to  the  area  of  the  circle 
whose  radius  is  OD,  as  DE  :  OD;  and  since  AD  =  DE, 
the  annuli  will  be  equal.     The  same  may  be  proved  of 

all  the  rest. 

CoR.  The  construction  will  be  nearly  the  same,  if  it 

be  required  to  divide  the  circle  into  annuli  which  shall 

have  a  given  ratio;  by  dividing  the  radius  AO  in  that 

proportion. 


(12.)     In  any  quadritateral  figure  circumscribing  a 
circle,  the  opposite  sides  are  equal  to  half  the  perimeter. 

Let  ABCD  be  a  quadrilateral  figure 
circumscribing  the  circle  EFG;  its  oppo- 
site sides  are  equal  to  half  the  perimeter. 

For  (Eucl.  iii.  36.  Cor.)  AE^AH,  and 
DH=DG,  .-.  AD  is  equal  to  AE  and 
DG  together.  In  the  same  way  BC  is  equal  to  BE 
and  GC  together,  .-.  AD  and  J8C  together  are  equal  to 
AB  and  DC  together. 
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(13.)  ^the  oppante  angles  of  a  quadrilateral  figure 
he  equal  to  two  tight  angles^  a  circle  may  he  described 
about  it. 

Let  ABCD  be  a  qaadrilateral  figure, 
whose  opposite  angles  art  equal  to  two  right 
angles. 

Join  BDy  then  if  a  circle  be  described 
about  the  triangle  BCD  it  will  pass  through 
A.  For  the  angle  BCD  and  the  angle  in  the  segment 
BED^  are  together  equal  to  two  right  angles,  and  /. 
equal  to  BCD,  BAD;  whence  BAD  is  equal  to  the 
angle  in  the  segment  BED;  and  /.  A  must  baa  point  in 
the  circumference ;  or  the  circle  will  be  described  about 
ABCD. 


^^^•^^^'^■^^^'^'^^■^•^^^■^^^■^■^^^■^^^^ 


(14.)  A  quadrilateral  figure  may  have  a  circle 
described  about  it,  if  the  rectangles  contained  by  the 
segments  of  the  diagonals  be  equal. 

Let  ABCD  be  a  quadrilateral  figure,  the 
rectangles  contained  by  the  segments  of 
whose  diagonals  are  equal,  viz^  the  rectangle 
AE,  EC,  equal  to  BE,  ED. 

Describe  a  circle  about  the  triangle  ABC-,  if  it  does 
not  pass  through  2>,  let  it  cut  BD  in  F;  then  (Eucl.  iii. 
35.)  the  rectangle  BE,  EF,  is  equal  to  the  rectangle  ^£, 
EC,  i.  e.  to  the  rectangle  BE,  ED,  by  the  supposition  ; 
whence  EF  is  equal  to  ED,  the  less  to  the  greater, 
which  is  impossible ;  .*.  the  circle  must  pass  through  D. 
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(15.)  If  from  awf  point  within  a  regular  figure 
circumscribed  about  n  circle  perpendiculars  be  drawn  to 
the  sides  ;  they  will  together  be  equal  to  that  multiple  (f 
the  semidiameter,  which  is  expressed  by  the  number  of 
the  sides  of  the  figure. 

Let  ABCD  be  a  regular  figure  circum- 
scribed about  the  circle ;  and,  from  any 
point  O,  let  perpendiculars  OE,  OF,  OG, 
&c.  be  drawn.  Take  S  the  centre  of  the  cir- 
cle. Join  SDj  SCy  SH.  Then  the  figure 
will  be  divided  into  as  many  triangles  round  S  and  O^  as 
there  are  sides  of  the  figure ;  now  the  triangle  SCD  : 
OCD  ::  SH  :  OG;  and  the  same  being  true  of  the 
triangles  on  each  side^  the  sum  of  the  triangles  round 
S,  will  be  to  the  sum  of  the  triangles  round  O,  as  the  sum 
of  the  lines  8^  to  the  sum  of  the  perpendiculars  from  O. 
And  the  fir^t  term  of  the  proportion  being  equal  to 'the 
second^  the  sum  of  the  perpendiculars  from  O  is  equal  to 
that  multiple  of  the  radius  which  is  expressed  by  the 
number  of  the  sides  ;  each  perpendicular  from  ^S  being  a 
radius  of  the  circle. 


(16.)  If  the  radius  of  a  circle  be  ait  in  extreme  and 
mean  ratio ;  the  greater  segment  will  be  equal  to  the 
side  of  an  equilateral  and  equiangular  decagon  inscribed 
in  that  circle. 

Let  AOf  the  radius  of  the  circle  ABC, 
be  cut  in  extreme  and  mean  ratio  in  D ; 
AD  is  equal  to  the  side  of  an  equilateral 
and  equiangular  decagon  inscribed  in  the 
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circle.  In  the  circle  place  AC  equal  to  AD ;  join  CO. 
Then  (Eucl.  iv.  10.)  the  angles  at  A  and  C  are  double 
the  angle  at  O ;  whence  AOC  is  one  fifth  part  of  two 
right  angles^  or  one  tenth  part  of  four  right  angles,  i.  e. 
of  the  angles  at  O;  and  /.  AC  is  the  side  of  a  regular 
decagon  inscribed  in  tjie  circle. 


^^^^^.^i^^^^^^'^.^^^^^^^S^^^^^^ 


(17.)  Ant/  segment  of  a  circle  being  described  on 
the  base  of  a  triangle ;  to  describe  on  the  other  sides 
segments  similar  to  that  on  the  base. 

Let  ABC  be  a  triangle,  on  the 
base  AC  of  which  a  segment  of  a 
circle  ADC  is  described.  Produce 
AB,  CB  to  E  and  D.  Join  AD, 
CE;  and  through  A,  2>,  B,  and 
C,  E,  B  let  circles  be  described ;  the 
segments  ADB,  BEC  are  similar  to  ADC. 

For  the  angle  ADC  being  in  the  segments  ADB, 
ADCf  those  segments  are  similar.  For  the  same  reason 
the  segments  ADC,  BEC  are  similar,  ^nd  since  the 
angles  ADC,  A  EC  are  equal,  .-.  the  segments  ADB 
BEC  are  similar. 


(18.)-  If  an  equilateral  triangle  be  inscribed  in  a 
circle ;  the  square  described  on  a  side  thereof  is  equal  to 
three  times  the  square  described  upon  the  radius. 

Let  ABChe  an  equilateral  triangle  inscribed  in  a  circle. 
From  ^ilraw  the  diameter  AD,  and  take  O  the  centre ; 

BB 
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join  BD,  BO.  Then  ^lie  angle  BOD=i 
BAC^BCA^BDO,  ..BD  =  BO;  and 
the  squares  of  MB,  BD  are  equal  to  the 
square  of  AD,  i.  e.  to  four  times  the  square 
of  BO,  or  BD ;  and  .•.  the  square  of  AB  is 
equal  to  three  times  the  square  of  ^D  or  BO. 


i#«^^^^i^^  ^^^»^>^^-^^^^^^^**'*'*^^ 


(19.)  To  inscribe  a  square  in  a  given  right-angled 
isosceles  triangle. 

Let  ABC  be  a  right-angled  isosceles  tri- 
angle, having  the  sideB^  =  £C.  Trisect 
the  hypothenuse  AC  in  the  points  D, 
E ;  and  from  2>,  E  draw  DF,  EG  per- 
pendicular to  AC;  join  FG;  DFGE  is  the  square 
required. 

Since  the  angle  DAF  is  half  a  right  angle,  and  the 
angle  at  2>  a  right  angle,  /.  the  angle  DFA  is  half  a 
right  angle,  and  equal  to  DAF;  whence  DF=i  DA.  In 
the  same  manner  it  may  be.shewn  that  EG=^EC.  But 
AD==EC;  and  .-.  FD,  DE  and  EG  are  equal;  and 
(Eucl.  i.  33.)  FG  =  DE ;  /.  the  figure  is  equilateral. 
And  it  is  rectangular,  (Eucl.  i.  46.)  since  the  angles  at  D 
and  E  are  right  angles ;  /.  it  is  a  square. 


(20.)  To  inscribe  a  square  in^a  given  quadrant  of 
a  circle. 

Let  AOB  be  the  given  quadrant,  whose  centre  is  O. 
Bisect  the  angle  AOB  by  the  line  OC.  Draw  CE,  CD 
parallel  to  OA,  OB.     DE  is  a  square. 
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For  the  angle  COD^COE,  and  CDO 
=  CEO,  since  each  of  them  with  DOE 
make  angles  equal  to  two  right  angles,  and 
CO  is  common,  /.  CE=zCD.  And  by  con- 
struction C£—  OD,  and  OE^CD,  .\  the  figure  is  equi- 
lateral. And  the  angle  DOE  is  a  right  angle,  .*.  (Eucl. 
i.  46.  Cor.)  all  its^^angles  are  right  angles ;  and  conse- 
quently the  figure  is  a  square. 


Then  EH 


(21.)    To  inscribe  a  square  in  a  given  semicircle. 

Let  ACB  be  the  given  semicircle; 
take  O  its  centre^  and  from  B  draw  BD 
perpendicular  and  equal  ioBA.  Join  OjP, 
cutting  the  circumference  in  E\  and  from 
E  draw  EF  perpendicular  to  AB,  and 
EG  parallel  to  it ;  draw  GH  parallel  to  EF. 
is  the  square  required. 

Join  OG.  Since  EG  is  parallel  to  AB^  the  angle 
GOH—  EOF,  and  the  angles  at  J7and  JPare  right  angles 
and  GO^OE,  /.  HO=OF. 

Now  EF  :  FO  ::  DB  :  BO, 
.*.  EF=i2FO=^FH;  the  figure  is  .*.  equilateral;  and  it 
is,  by  construction,  rectangular;  /.  it  is  a  square. 

Cor.  Since  FE  =  aFO,  FE'^aOF^,  and  0^= 
5  OF" ;  and  xtFK  be  drawn  perpendicular  to  OE^  OE : 
OK  ::  5:1. 


<^^<#«r<#>^#^4 


(22.)    7b  inscribe  a  square  in  a  given  segment  of  a 
circle. 
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Let  AIB  be  the  segment  of  a  circle^ 
whose  base  AB  is  bisected  in  D.  From  B 
draw  BC  perpendicular  to  BA  and  equal 
to  BD.  Bisect  BD  in  E,  and  join  CE. 
Draw  D6  parallel  to  CEy  and  GF  to  CB.  Take  />/r= 
DF;  draw  ^/  perpendicular  to  AH,  and  /.  parallel  to 
GF;  Join  G/.     -F/is  the  square  required. 

Since  6/)  and  GFare  respectively  parallel  to  C£  and 
CB, 

GF  :  FD  ::  CB  :  BE  ::  2  :  1, 

/.  GF—  2  FD=  FH.  Take  O  the  centre,  and  draw  OL, 
OifcT  perpendiculars  to  Hly  FG ;  then  since  HDstDF, 
OL^OM,  .-.  (Eucl.  ill.  14.),  IL  =  Gilf;  but  LH  ^ 
FMy  .'.  IH=GF;  whence /G  =  ^F,  and  the  figure  is 
equilateral ;  and  since  the  angle  at  F  is  a  right  angle,  the 
figure  is  rectangular,  and  .*.  is  a  square. 


^^^^»»^<»i^^^^»^^^^»^^»^^#^^»^ 


(23.)    Having  given  the  distance  of  the  centres  of 
two  equal  circles  which  cut  each  other ;   to  inscribe  a 
square  in  the  space  included  hetweeen  the  two  circum- 
ferences. 

Let  A  and  B  be  the  centres  of  two  equal 
circles,  which  cut  each  other  in  C  and  2>. 
Join  AB,  and  bisect  it  in  J? ;  and  at  the  point 
E  make  the  angle  GEF^  half  a  right  angle ; 
and  from  F  draw  FGH  perpendicular  to  AB. 
Make  EIszEG;  and  through  /draw  KL  perpendicular 
to  AB ;  join  KF,  LH.    KH  is  a  square. 

Since  EI=EG,  BI^AG,  and  .-.  (Eucl.  iii.  14.)  KL 
^FH\  and  they  are  parallel,  •*.  KF  is  equal  and  parallel 
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to  LH,  .'.  KH  18  a  parallelogram.  Also  since  OEF  is 
half  a  right  angle,  and  EOF  a  right  angle,  /.  EFG  is 
half  a  right  angle,  and  .*•  equal  to  GEF;  whence  EO^x 
GFy  and  FH=  IG.  But  A'Fis  equal  and  parallel  to  IG 
(Eucl.  i.  33) ;  /•  the  four  sides  are  equal ;  and  GFK  is 
a  right  angle,  /.  the  figure  is  rectangular  (Eucl.  i.  46. 
Cor.),  and  consequently  is  a  square. 


«^*^^^^i»^i^^^»»i^i»i»^^^^^^^^i^^ 


(24.)  In  a  given  segment  of  a  circle  to  inscribe  a 
rectangular  paraUeiogram^  whose  sides  shall  have  d  given 
ratio. 

Let  ABC  be  the  given  segment  of  a  »  ..--^^  :y 
circle.  From  A  draw  AD  perpendicular  |f[x^  'S 
to  AC,  and  make  AD  :  AC  in  the  ratio  of  "^^  "*  ^"^ 
the  sides.  Complete  the  parallelogram  AE.  Bisect  AC 
in  O,  and  join  DG ;  and  from  F  draw  jPff  perpendicular, 
and  FJ  parallel  to  AC.  Draw  /iST  parallel  to  FH;  Hlh 
the  rectangular  parallelogram  required. 

Since  FH  is  perpendicular  to  AC,  it  is  parallel  to  AD ; 
and  .-.  FH  :  HG  ::  AD  :  AG, 
whence  FH  :  HK  ::  AD  :  AC, 
i.  e.  in  the  given  ratio.     And  FHG  being  a  right  angle 
all  the  angles  of  the  figure  are  right  angles. 


(25.)    In  a  given  circle  to  inscribe  a  rectangular 
parallelogram  equal  to  a  given  rectilineal ^ure. 

Let  AEB  be  the  given  circle ;  on  the 
diameter  AB  describe  a  rectangular  pa- 
rallelogram ABCD  equal  to  the  given 
rectilineal  figure ;    and  let  the  side  DC 
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cut  the  circumference  in  E.  Join  AE,  EB.  Draw  BF 
parallel  to  AE,  and  join  AF.  FE  is  the  rectangular 
parallelograin  required. 

For  the  angle  EBF  is  equal  to  the  two  angles  EBA^ 
ABFj  t.  e.  to  EBAj  BAE,  and  /.  is  a  right  angle ;  and 
the  angles  BEA  and  BFA  are  right  angles,  by  con- 
struction ;  /•  also  EAF  is  a  right  angle ;  the  6gure 
AFBE  is  therefore  rectangular;  and  it  is  double  of 
ABE,  and  (Eud.  i.  41.)  /.  equal  to  ABCD,  u  e.  to  the 
given  rectilineal  figure. 

The  given  figure  must  not  e:icceed  the  square  of  half 
the  diameter. 


>^^^^^i^^^^x'*i^^^^>»^>^^^-^ 


(26.)  In  a  given  segment  of  a  circle  to  inscribe  an 
isosceles  triangle,  such  that  its  vertex  may  be  in  the  mid- 
dle of  the  chordy  and  the  base  and  perpendicular  together 
equal  to  a  given  line. 

Let  ABC  be  the  given  segment.  Bi*- 
sect  AC  in  D,  and  draw  DE  at  right 
angles  to  AC,  and  equal  to  the  given  line. 
Make"  DF  the  half  of  DE ;  and  join  EF, 
meeting  the  circle  in  G.  Draw  GB  pa- 
rallel to  ACi  join  GD,  DB.  GDB  is 
the  triangle  required. 

Since  GB  is  parallel  to  ACy  it  is  bisected  by  DE. 
Also  (Eucl.  vi.  3.)  EH  is  double  of  GHy  and  .'.  equal  to 
GB\  .-.  GB  and  HD  together  are  equal  to  EDy  i.e.  to 
the  given  line ;  and  since  GH^  HBy  and  the  angles  at  H 
are  right  angles,  GD^DB,  .\  the  triangle  is  isosceles. 

If  EF  does  not  meet  the  segment,  the  problem  is 
impossible.     When  the  line  FE  cuts  the  segment,  there 
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are  two  isosceles  triangles  DGBy  Dgb  that  will  answer 
the  conditions  ;  when  it  toudies  the  segment^  only  one. 


A    Bi 


(27.)  In  a  given  triangle  to  inscribe  a  ptiraUelogram 
similar  to  a  given  parallelogram.  ^ 

Let  ABC  be  the  given  triangle. 

In  AB  take  any  point  D,  and  draw 

DF  parallel  to  AC;  and  make  the 

angle  FDE  equal  to  one  angle  of  the 

parallelogram,  and  take  DF  :  DE  in  the  ratio  of  the 

sides.     Join  AF^  and  produce  it  to  6; 'draw  OH^  HI 

respectively  parallel  to  FD^  DE\  and  GK  parallel  to 

HL     HK  is  the  parallelogram  required. 

For  HI  being  parallel  to  D-B,  and  HG  to  DF, 
HI  :  DE  ::  HA  :  DA  ::  HG  :  DF, 

.-.  HI  :  HG  ::  DE  :  DF, 
t.  e.  in  the  ratio  of  the  sides. 

Also  the  angle  GHJ=.  FDE^^one  of  the  angles  of  the 
parallelogram,  .*.  HIK  will  be  equal  to  the  adjacent 
angle  of  the  parallelogram,  and  HK  is  similar  to  the 
given  parallelogram. 


(28.)    In   a  given  triangle   to  inscribe  a  triangle 
similar  to  a  given  triangle. 

Let  ABC  be  the  given  triangle,  in 
which  the  triangle  is  to  be  inscribed. 
In  AB  take  any  point  jD,  and  draw 
any  line  DF  to  the  opposite  side ;  and 
at  the  points  D  and  F  make  the  angles  FDE,  DFE 
equal  to  two  of  the  angles  of  the  given  triangle  to  which 
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the  inscribed  one  is  to  be  similar,  .*.  the  angle  at  E  ^ili 
be  equal  to  the  third  angle.  Join  AE^  and  poduce  it  to 
G ;  and  from  G  draw  GH,  GI  respectively  parallel  to 
EDy  EF;  join  HI.     HIG  is  the  triangle  required. 

Since  DE  and  EF  are  respectively  parallel  to  HG^ 
GI,  the  angle  DEF\s  equal  to  HGL 

Also  DE  :  HG  ::  AE  :  AG  ::  EF  :  G/, 
whence  (Eucl.  vi.  6.)  the  triangles  HGI,  DEFzrt  simi- 
lar, and  .*.  HGI  is  similar  to  the  given  triangle. 


^^^^i^i^^^^'^'^^'^^^^^^i^i^^ 


(29.)    In  a  given  equilateral  and  equiangular  pen- 
tagon, to  inscribe  a  sqiuxre. 

Let  ABODE  be  the  given  pentagon. 
Join  EB\  and  from  E  draw  £/"  perpen- 
dicular and  equal  to  EB.  Join  AF', 
and  from  G,  where  it  cuts  ED,  draw 
GH  parallel  to  FE.  Draw  HI,  GK 
parallel  to  EB.  Join  IK.  HK  is  the 
square  required. 

Since  HG  is  parallel  to  £Fand  HI  to  EB, 
HG  :  EF  ::  AH  :  AE  ::  fl7  :  £B, 
but  EF=EB,  .-.  HG^HL  And  since  AE^AB,  .-, 
(Eucl.  vi.  2.)  HE=IB,  also  GATand  1>C  being  paral- 
lel to  ^B,  and  DE  =  BC,  .'.  EG^BK.  The  triangles 
EHG,  1KB,  therefore  have  .two  sides  in  each  and  the 
included  angles  equal,  and  .'.  HG  =  IK,  and  the  angle 
EHG=^BIK,  whence  HG  and  IK  are  also  parallel; 
therefore  also  GK  is  equal  to  HI;  hence  the  four  sides  are 
equal ;  and  the  angle  at  H  being  a  right  angle,  all  the  angles 
are  right  angles^  and  consequently  HK  is  a  square. 
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'  (30.)  In  a  given  triangle  4o  inscribe  a  rhombus^  one 
4if  whose  angles  shall  be  in  a  given  point  in  the  side  o^ 
the  triangle. 

Let  ABC  be  the  given  triangle,  and 
D  the  given  point.  Join  BD,  and  pro- 
duce it;  and  with  th^  centre  Ay  and  radius 
ACy  describe  a  circle  cutting  it  in  E. 
Join  AE;  and  draw  DF  parallel  to  it, 
FG parallel  to  AC,  and  GH  to  FD.  FH 
is  the  rhombus  required. 

Since  FD  is  parallel  to  AE,  BF :  FD  ;:  BA  :  A£  i 
and  since  FG  is  parallel  to  AC, 

BF  :  FG  ::  BA  :  AC  ::  BA  :  AE. 
r.  FDszFG;  and  the  sides  opposite  to  these  are  equal, 
^•,  the  figure  FDHG  is  a  rhombus. 


(31.)    To  inscribe  a  circle  in  a  given  quadrants 

Let  ABC  be  the  given  quadrant.  Bi- 
sect the  angle  ACB  by  the  line  CDi 
and  at  D  draw  DE  touching  the  quadrant, 
and  meeting  CA  produced  in  JS»  Make 
CF^AE.  From  Fdraw  FO  at  right  angles  to  AC 
^  is  the  centre  of  the  circle  required. 

From  O  draw  GH  perpendicular  to  BC.  Join  DF. 
Since  the  angle  DCE  is  half  a  right  anglcj  and  the 
angle  at  D  a  right  angle,  DE^DC^AC^FB,  /•  tiw 
angle  EDF=EFD;  whence  also  GDF=z  GFD,  and 
GZ)=  GF;  and  since  the  angles  FCG.  GCH  are  equal, 
and  GC  common  to  the  right-angled  triangles  GFC^ 
GHQ  .\  GF^GH;  /.  the  three  lines  GD,  GF,  GH 

cc 
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are  equal  and  the  circle  described  from  the  centre  6,  and 
distance  of  any  one  of  them^  will  pass  through  the  extre* 
mities  of  the  other  two,  and  touch  the  arc  and  sides  in 
the  points  X>,  F,  i/,  because  the  angles  at  those  pointa 
are  right  angles. 


(32.)  To  desert  a  eircley  the  circumference  of  which 
shall  pass  through  a  given  point,  and  touch  a  given 
straight  line  in  a  given  point. 

het  AB  be  the  given  straight  line,  C 
the  given  point,  in  which  the  circle  is  to 
touch  it,  D  the  point  through  which  it 
must  pass.  Draw  CO  perpendicular  to 
j^B.  Join  CD;  and  at  the  point  D  make  the  angle 
CDO^DCO',  the  intersection  of  the  lines  CO  and  DO 
is  the  centre  of  the  circle  required.   » 

Since  the  angle D CO  =CDO,  CO^DO,  and  .-.a 
circle  described  from  the  centre  O,  at  the  distance  ODy 
will  pass  through  C,  and  touch  the  Kne  AB  in  C,  be- 
cause OC  is  perpendicular  to  AB^ 


^*>*  *^*^  ^^<s»v#sy.^^^*>^ 


«  «    (33.)    To  describe  a  circle  which  shall  pass  through 
a  given  pointy  have  a  given  radius,  and  touch  a  given 


straight  line. 


Let  AB  be  the  given  straight  line, 
and  C  the  given  point  through  which 
the  circle  must  pass. 

In  AB  take  any  point  B ;  and  from 
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it  draw  BD  at  right  angles  to  A  By  and  equal  to  the 
given  radius ;  through  1)  draw  DE  parallel  to  AB;  and 
with  the  centre  C\  and  radius  equal  to  the  given  radius, 
describe  a  circle  cutting  DE  in  O.  O  is  the  centre  of 
the  circle  required. 

From  O  draw  OF  perpendicular  to  AB^  it  is  equal 
to  DB,  u  e.  to  the  given  tadius ;  and  the  circle  described 
from  the  centre  O,  and  radius  OF,  will  touch  (EucL  iii^ 
l6.  Cor.)  the  line  AB  in  F,  and  pass  through  C 


»^^*i#i^»i>^^#>^«*^^^i»i^i»^i»^i»^i» 


(34.)  To  describe  a  circle  which  shall  pass  through 
Ifjoo  given  points^  and  totich  a  given  straight  line. 

Let  ^^  J3  be  the  given  points,  and  CD 
the  given  straight  line.     Join  AB.     And 
1.  let  CD  be  parallel  to  AB. 

Bisect  AB  in  E,  and  draw  EF  perpen- 
dicular to  AB^  and  .•.  to  CD.  Join  FAj  and  make  the 
angle  FAO=AFO ;  then  will  O  be  the  centre  of  the 
circle  required. 

Since  the  angle  FAO  «  AFO.  AO  =  OF.  But  AE- 
EB,  and  EG  is  common  to  the  triangles  AEOy  BEO^ 
and  the  angles  at  E  right  angles,  .',  AO  =  OB.  Whence 
AOy  OB  J  OF  are  all  equ^l ;  and  the  circle  described 
from  the  centre  O,  at  the^  distance  of  any  one  of  them, 
will  pass  through  Ihe  extremities  of  the  other  two^  and 
touch  the  line  C/>,  since  OF  is  perpendicular  to  CD. 

2.  But  if  AB  is  not  parallel  to  CD, 
let  them  be  produced  to  meet  m  Ei  and 
take  EF  a  mean  proportional  between 
EA  and  EB.  Join  FA,  FB;  and 
describe  a  circle  about  the  triangle  AFB ; 
it  will  be  the  circle  required. 


f- 


204  ^EOiVJCTRICAL   PKOBLtMS.  £Seci.  (f. 

SiDce  EF  18  a  mean  proportional  between  MA  and 
EBy  EF  touches  the  circle  (Euclt  iii.  SJ.),  which  passes 
through  A  and  B.  '  - 

(35.)  To  describe  a  circle^  the  circumference  of  which 
shaU  pass  through  a  given  point,  and  touch  a  circle  in 
a  given  point ;  the  two  points  not  being  in  a  tangent 
to  the  given  circle. 

Let  A  be  the  given  point  in  the  cir- 
cumference of  the  circle  whose  centre 
is  O ;  iS  the  given  point  without.  Join 
BA,  and  produce  it  to />.  Join  OD; 
and  through  A  draw  OAE;  and  draw 
BE  parallel  to  OD,  cutting  OAE  in  E.  E  is  the 
centre  of  the  circle  required. 

Since  (Eucl.  i.  29.)  the  angle  ODA  is  equal  to  ABE, 
and  OAD  to  BAE,  /.  the  triangles  ODA,  ABE  are 
similar,  and  OD  being  equal  to  OA,  AE  will  be  equal 
to  £8;  a  circle  .'•  described  with  the  centre  E,  and 
radius  EA^  will  pass  through  £,  and  tough  the  circle 
ADFin  the  point  ^,  since  the  line  joining  the  centres 
passes  through  A. 


'*^^* 


(36.)  To  describe  a  circle  the  centre  of  which  may 
he  in  the  perpendicular  of  a  given  right-angled  tfiangle, 
and  the  circumference  pass  through  the  right  angle  and 
touch  the  hypothenuse. 

Let  EAD  be  the  given  right-angled  triangle,  having 
the  angle  at  ^  a  right  angle.     Make  EC  =  EA.     Join 
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CA';   and  draw  CO  at  right  angles   to     ^ 
ED.     The  circle  described  with  O  as 
centre,  and  radius  OA^  will  be  the  circle 
required. 

Since  EA^EC,  the  angle  ECA- 
EACy  and  ECO,  EAO  are  equal,  being 
right  angles ;  .-.  OCA  =  OAC  and  OA- 
OC.     The  circle  /.  described  from  the  centre  O,  and 
radius  OA,  will  pass  through  the  extremity  of  OC^  and 
touch  ED  in  C,  because  CO  is  at  right  angles  to  ED. 


^>  Oi»  ^^  ^  ^■^^^^■^s^  ^^i^^.^  <>^«»>^^^^^.^  • 


(37.)  7b  describe  a  circle  which  shall  pass  through 
the  extremities  of  a  given  line  9  so  that  if  from  any  point 
in  its  circumference  a  line  he  drawn  making  a  given  angle 
with  the  given  line ;  the  rectangle  contained  by  the  seg^ 
ment  it  cuts  off  and  the  given  line,  may  be  equal  to  the 
square  of  the  line  drawn  from  the  same  point  to  the 
farther  extremity  of  the  given  Une. 

Let  AB  be  the  given  line.  On  it  de- 
scribe a  segment  of  a  circle  containing  an 
angle  equal  to  the  given  angle.  Complete 
the  circle;  it  will  be  the  one  required. 

From  any  point  C  draw  CD^  making  with  AB  the 
angle  ADC  equal  to  the  given  angle;  join  CA,  CB. 
Since  the  angle  CDA^ACB,  and  the  angle  at  A  is 
common,  the  triangles  ACD,  ABC  are  equiangular,  and 
therefore 

AB  :  AC  ::  AC  :  AD, 
whence  the  rectangle  contained  by  AB,  ADy  is  equal  to 
the  square  of  AC 


Z' 
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(38.)    To  determine  a  point  in  the  perpendicular  let 

fall  from  the  vertical  angle  of  a  triangle  on  the  hose ; 

atout  which  as  a  centre  a  circle  may  he  described  touching 

the  longer  side,  and  passing  through  the  opposite  angular 

point. 

Let  ABC  be  a  triangle,  and  from  B 
the  vertex  let  BD  be  drawn  perpendi- 
cular to  AC.  In  DB  take  any  point  E^ 
and  from  it  draw  EF  perpendicular  to 
AB ;  and  from  E  to  BC,  draw  EG  =  EF\ 
from  C  draw  CH  parallel  to  GE,  and  from  H  draw  HI 
perpendicular  to  AB ;  //  is  the  point  required. 

Since  EF  is  parallel  to  HI, 

FE  :  HI  ::  BE  :  BH, 
and  since  GE  is  parallel  to  HC,  ^ 

GE  :  HC::  BE  :  BH, 
.'.  FE  :  HI ::   GE  :  HC; 
i>ut,  by  construction,  FE=EG,  ,\  HI—HC;  and  a  cir- 
cle described  from  the  centre  H  at  the  distance  HI,  will 
pass  through   C,  and  touch  AB  in  /,  since  the  angle 
HIB  is  a  right  angle. 


(39.)  To  describe  a  circle  which  shall  have  a  given 
radiusy  and  its  centre  in  a  given  straight  line,  and  shall 
ako  touch  another  given  straight  line  inclined  at  a  given 
angle  to  the  former. 

Let  AB  be  the  given  line,  in  which 
the  centre  is  to  be;  BCthe  line  which 
the  circle  is  to  touch. 

In  BC  take  any  point  C,  and  draw 
CD  at  right  angles  to  it;  and   make 
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CD  equal  to  the  given  radius.     Through  D  draw  DO 
parallel  to  CB ;  O  is  the  centre  of  the  circle  required. 

Through  O  draw  OE  parallel  to  DC;  .\  CO  is  a 
parallelogram  ;  whence  OE  is  equal  to  DC,  i.  e.  to  the 
given  radius.  With  the  centre  O,  and  radius  OE,  de- 
scribe a  circle ;  it  will  touch  CB  in  E^  hecause  CO 
being  a  parallelogram,  and  ECD  a  right  angle^  CEO  is 
also  a  right  angle. 


^■^S»'^^i»i»^^^^.^^^^^»*^i»^^»*^^ 


(40.)  To  describe  a  circle^  which  sfiall  t(mch  a 
straight  line  in  a  given  pointy  and  also  touch  a  given 
circle. 

Let  j4B  be  the  given  line,  and  C  the 
given  point  in  it,  O  the  centre  of  the 
given  circle.  Draw  CD  perpendicular  to 
AB,  and  OE  parallel  to  CD.  Join  CE, 
meeting  the  circumference  in  F.  Join 
OF,  and  produce  it  to  meet  CD  in  D. 
D  is  the  centre  of  t1ie  circle  required. 

Since  the  triangles  OEF,  CFD  ai:e  similar,  and  OE 
=OFy  .•.  FD^DC;  consequently  a  circle  described 
with  the  centre  D,  and  radius  DFy  will  pass  through  C, 
and  touch  AB  in  C,  because  the  angles  at  C  are  right 
angles  ;  and  it  will  touch  the  given  circle  in  F^  since  the 
line  joining  the  centres  passes  through  F. 


(41.)  To  describe  two  circles^  each  having  a  given 
radius,  which  shaU  touch  each  other y  and  the  same  given 
straight  line  on  the  same  side  of  it. 
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Let  AB  be  the  given  straight  line. 
From  any  point  A  in  it,  draw  AC  at 
right  angles  to  it,  and  make  AC,  AD^ 
equal  to  the  given  radii.  Produce  CA 
to  Ey  making  AE=AD.  Draw  DO 
parallel  to  AB;  and  with  the  centre  C, 
and  radius  CE,  describe  a  circle  cutting  DO  in  0« 
Cand  O  will  be  the  centres  of  the  circles  required. 

Join  CO ;  and  draw  OB  perpendicular  to  AB\  then 
DAB  being  a  right  angle,  as  also  ABO,  .\  AD  is  parallel 
to  BO'f  and  DO  was  drawn  parallel  to  AB^  /.  AO  is  a 
parallelogram^  and  OB=^AD.  With  the  centres  C  and 
O,  and  radii  CA,  OB  describe  circles,  they  will  touch 
A  By  since  the  angles  at  A  and  B  are  right  angles ;  ^hey 
will  also  touch  each  other^  for  CO  is  equal  to  CE,  or  to 
CA  and  AE,  i.  e.  to  CA  and  AD,  or  the  sum  of  the 
radii. 


^^^^  ^^»»*'  »i*>*«*<»i#-^^i»^«^^«^^  »^i^^ 
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(42.)    7b  describe  a  circle  passing  through  two  given 
points,  and  touching  a  given  circle. 

Let  A  and  B  be  the  given  points, 
and  CDE  the  given  circle.  Describe  a 
circle  .through  A  and  B,  and  cutting  the 
^iven  'Circle  in  D  and  E.  Join  DE, 
EB,  DA,  AB.  Then  the  angle  EDA 
■—  EBA;  if  .-.  DE  and  BA  be  pro- 
duced to  meet  in  F,  the  triangle  FDA  will  be  similar  to 
the  triangle  FBE ; 

and  .-.  DF  :  F4  ::  BF :  FE, 
or  .the  rectangle  DFy  FE  is  equal  to  the  rectangle  AF^ 
FB.    Draw  FO  a  tangent  to  the  givea  circle ;  then  the 


.^ 
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square  of  FG  is  equal  to  the  rectangle  EF^  FD,  and 
r.  to  the  rectangle,  J7F,  JPW;  whence  a  circle  described 
through  the  points \^,  G,  B^  will  touch  the  given  circle^ 
since  it  touches  FG. 


■^^^^^■^^■4 
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(43.)  "to  describe  a  circle^  which  shall  pass  through 
H  given  pointy  and  touch  a  given  circle  and  a  given 
straight  line. 

Let  ABC  be  the  given  circle,  D 
the  given  point,  and  EF  the  given 
straight  line.  Through  O  draw 
AOE  perpendicular  to  EF.  Join 
jiD ;  aiid  divide  it  in  G,  so  that  the 
rectangle  AG/ AD,  may  be  equal  to 
the  rectangle  ACf  AE.  Through 
G  and  D  describe  a  circle  touching  EF  in  F;  this  will 
also  touch  the  circle  ABC. 

Draw  the  diameter  FH;  it  is  (Eucl.  iii.  18.)  parallel 
to  AE*,  Join  AFy  meeting  the  circle  in  B.  Join  CB. 
The  triangles  ABC,  AEF  having  the  angle  at  A  con^- 
mon,  and  the  angles  ABC^  AEF r\ght  angles^  are  similar; 
whence 

AC  t  AB  ::  AF  :  AE, 
•^  the  rectangle  AB,  AF  is  equal  to  the  rectangle  AC, 
AE,  i.  e.  to  the  rectangle  AG,  AD;  .\  ^  is  a  point  in 
the  circle  HDF.  Take  /  the  centre ;  join  OB,  BL 
Since  AC  is  parallel  to  FI,  the  angle  OABz:»BFI;  but 
OAB  =  OBA,  and  IFB^IBF,  .\  OB  A  =  /BF;  and 
OBI  is  a  straight  line,  which  joins  the  centres  of  the  two 
circles,  which  /•  touch  each  other. 


DD 
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(44.)  To  describe  a  circle  which  shall  touch  a 
straight  line  and  twd  circles  given  in  magnitude  and 
position. 

Let  A  and  B  be  the  centres 
of  the  two  circles,  and  CD  the 
line  given  in  position.  From 
B  let  fsM  the  perpendicular  BE, 
and  produce  it,  making  EF  = 
the  radius  of  the  circle  whose 
centre  is  A.  Through  F  draw 
FG  parallel  to  CD.  With  the 
centre  B,  and  radius  equal  to 
the  diflerence  of  the  radii  of  the  two  circles,  describe  a 
circle ;  through  A  let  a  circle  be  described,  touching  the 
line  GF  and  the  last  described  circle  [(vi.  43.) ;  and  let 
G  and  H  be  the  points  of  contact.  The  centre  of  tlii» 
circle  will  also  be  the  centre  of  the  circle  required. 

Let  O  be  the  centre;  join  OA,  OG,  OH;  and  with  the 
centre  O,  and  radius  Of^  describe  the  circle  IKL.  Since 
LG=KH=:Al  .-.  OL=0K=OI;  the  circle /A:L /, 
touches  CD  in  Z/,  and  the  circle,  whose  centre  id  A^  in  /; 
and  since  OB  is  equal  to  the  difierence  between  OH 
and  HB,  i.e.  between  OA  and  {lA  —  BK),  or  is  equal 
to  OK  and  KB  together^  .*.  it  touches  the  circle  whose 
centre  is  B,  in  K. 


■^■^^^'^^^■^^^•^^^^  ^^^^^•^^.^^^^■^^•^•^ 


(45.)  To  describe  a  circle  which  shall  touch  two 
given  straight  lines,  and  pass  through  a  given  point 
between  them. 


Let  ABf  CD  be  the  given  lines,  and  ^  the  given 


{/rr^t^x     -'      M^t-^^^t-e/o/  ^J  .rr./^^ 
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point.     Produce  the  lines  to  meet 

in  F.    Bisect  the  angle  BED  by 

the  line  FO ;  and  from  E  draw  EO 

perpendicular  to  jF6,  and  produce 

it  both  ways  to  B  and  D.    Take 

GHsz  GE;  and  make  DI  a  mean 

proportional  between  DE  and  DH;  a  ctrcle  described 

tbroMgh  the  points  H,  E,  I,  will  touch  CD. 

For  the  rectangle  DE,  DH^  is  equal  to  the  square  of 
DL  .  And  for  a  similar  reason  it  will  touch  AB ;  since 
the  red;angle  BHy  BE,  is  equal  to  the  rectangle  ED, 
DH. 

If  the  lines  AB,  CD  be  parallel; 
through  the  given  point  E,  draw  DEHB 
perpendicular  to  AB  or  CD ;  bisect  it  in 
G;  and  make  GH  ^  GE.  Take  DI  a 
mean  proportional  between  DE  and  DH; 
and  a  circle  described  through  /,  E  and  jRT  will  be  the 
circle  required. 


■^■^  ^^^^^»»^»^^^^ii^^^^»^#^^iy 


(46.)    To  describe  a  circle  which  shall  touch  two 
given  straight  lines,  and  also  touch  a  given  circle. 

Let  AB,  CD  be  the  given 
straight  lines^  EFG  the  given 
circle,  whose  centre  is  0. 
Draw  HI,  KL  paijillel  to  the 
given  lines,  so  that  their  per- 
pendicular distances  firom  those 
lines  may  be  equal  to  OF  the 
radius  of  the  given  circle.  By 
the  last   problem  describe  a  circle  touching  HI,  KL, 
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and  passtog  through  O  the  centre  of  the  given  circle. 
Let  P  be  the  centre  of  this  circle ;  it  will  also  be  the 
centre  of  the  circle  required. 

Join  PM^  PN,  PO.  Since  these  lines  are  equal, 
and  MQ,  RN^  OF  are  also  equal  by  construction,  .\ 
PQ,  PR,  PF  are  also  equal ;  and  a  circle  described 
from  the  centre  P  at  the  distance  of  any  one  of  them, 
will  pass  through  the  extremities  of  the  other  two,  and 
touch  the  lines  AB,  CD,  in  Q  and  R ;  since  the  angles 
at  those  points  are  equal  to  the  angles  at  M  and  N,  and 
/.  right  angles;  and  it  will  also  touch  the  Qxrtl&EFO 
in  F,  since  OP  the  line  joining  the  centres  passes 
through  F. 


(47.)  To  describe  a  circle  tphich  shall  touch  a  circle 
and  straight  line,  both  given  in  position,  and  have  its 
centre  also  in  a  given  straight  line, 

Let  the  circle  whose  centre  is  Aj 
and  the  straight  line  BC  be  gjven 
in  posi^on ;  aqd  let  CD  be  the  line, 
in  which  the  centre  of  the  required 
circle  is  to  be.  On  BC  let  fall  tbe 
perpendicular  AB;  and  make  BF 
ssJE;  through  F  draw  FG  parallel  to  BC,  meeting 
DC  in  G. 

Join  GA;  and  draw  C/T  parallel  to  it,  meeting  the 
given  circle  in  H,  (if  the  problem  be  possible).  Join 
AH,  and  let  it  meet  DC  in  O.  O  is  the  centre  of  the 
circle  required. 

Let  fall  the  perpendicular  01     Then  (Eucl.  yi.  3.) 
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HO  :  OC  ::  AH  :  GC  ::  FB  :  GC  by  construction, 

::  BD:  DC,  (EucL  vi.  3.) 
::  10  :  OC,  by  si  m.  triangles; 
.*•  HO=^IOi  and  a  circle  described  with  the  centre  O,  and 
radius  01  or  OH,  will  pass  through  the  extremity  of  the 
other,  and  touch  the  Hoe  J3C  in  /,  and  the  circle  in  H; 
because  the  angles  at  I  are  right  angles ;  and  AO  the 
line  joining  the  centres  of  th^  circles  passes  through  H. 


^^^>»«^^^^»^»^^^<«»»^< 


(48.)  Through  tux)  given  points  within  a  given 
circle^  to  describe  a  circle,  which  shall  bisect  the  circum^ 
ference  of  the  other. 

Let  A  and  B  be  the  given  points 
within  the  circle  whose  centre  is  O. 
Join  AO;  and  produce  it  indefinitely; 
and  from  O  draw  OC  at  right  angles  to 
It.  Join\^C;  and  draw  CD  at  right 
angles  to  it,  meeting  ^O  produced  in  D;  and  through 
A,  B,  D  describe  a  circle ;  it  will  bisect  the  other  in  the 
points  E,  and  JFl         ' 

Join  EO,  OF.    Thei^  (Eucl.  vi.  8.) 

AO  :  OC  ::  OC  :  OD, 
/.  the  rectangle  AO^  OD  is  equal  to  the  square  of  OC, 
i.e.  to  the  rectangle  EO^  OF;  whence  (Eucl.  iii.  35.) 
EOF  is  a  straight  line  -,  apd  since  it  passes  through  the 
centre  of  the  circle  ECF^  it  will  be  a  diameter  of  that 
circle;  .*.  the  circumference  ECF  is  equal  to  the  cir^ 
cumference  EGF,  or  the  circumference  of  the  givep 
/circle  is  bisected , 
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(49.)  Through  two  given  points  without  a  given 
circle,  to  describe  a  circle,  which  shaU  cut  off  from 
the  given  one  an  arc  equal  to  a  given  arc. 

Let  A  and  B  be  the  given  points,  and 
CDE  the  given  circle.  Join  AB ;  and 
bisect  it  in  F;  from  Fdraw  FG  at  right 
angles  to  AB;  and  from  any  point  G  in 
it,  at  the  distance  GA  or  GB,  describe  a 
circle  ABD,  cutting  the  given  circle  in  C  and  D.  Join 
DC;  and  produce  it  to  meet  BA  in  H.  From  H  draw 
HIE  (ii.  20.),  so  that  IE  may  be  equal  to  the  chord  of 
the  given  arc.  Through  A,  B  and  E  describe  a  circle ; 
it  will  also  pass  through  /,  and  cut  off  the  arc  required. 

For  the  rectangle  HI,  HE  is  equal  to  the  rectangle 
HC^  HD,  and  /.  also  to  the  rectangle  HA,  HB,  whence 
/  is  a  point  in  the  circle  ABE. 


Cz  :^  :i 


«  »-*-»--^^  ^■^■^^  4 


(50.)    To  describe  three  circles  of  equal  diameters, 
which  shall  touch  each  other. 

Take  any  straight  line  AB, 
'which  bisect  in  D;  and  from  the 
centres  A  and  B,  with  the  equal 
radii  AD,  BD  describe  two  circles. 
Upon  AB  describe  an  equilateral 
triangle  ABC,  cutting  the  circles  in 
E  and  F;  and  with  the  centre  C, 
and  radius  CE  or  CF,  describe  another  circle;  these 
circles  touch  each  other  as  required. 

Since  y^B  =  ^C,  and  AD  is  half  of  ^B,  /.  AE,  which 
is  equal  to  it,  is  half  of  AC,  and  .•.  AE^EC.     In  the 
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same  manner  CFssFB^  .\  the  radii  of  the  circles  are  all 
equal.  And  the  circles  touch  each  other  in  D,  E^  F, 
because  the  lines  joining  the  centres  pass  through  those 
points.  , 


p.r^^<^*:*  ■^■^■^^■»^^^>^^0I^-*  ^^ 


(51.)  Every  thing  remaining  as  in  the  last  propo- 
sitian ;  to  describe  a  circle  which  shall  touch  the  three 
circles. 

Bisect  the  angles  CAB,  CBA  (see  last  Fig.)  by  the 
line  AO,  BO  meeting  in  O.  O  is  the  centre  of  the 
circle  required. 

Join  OC.  Since  the  angle  CAB  ss  CBA,  .\  their 
halves  are  equal,  or  OABssOBA,  /.  OA=OB.  Also 
since  CA=iAB^  and  AO  is  common,  and  the  angle  CAO 
=zBAO,  .\  CO^OBi  and  the  three  lines  OA,  OB, 
OC  are  equal ;  parts  of  which  GA,  HB,  CI  are  equal ; 
.*.  OO,  OH,  01  are  equal;  and  a  circle  described  from 
O  as  a  centre,  with  a  radius  equal  to  any  one  of  those 
lines,  will  pass  through  the  extremities  of  the  other  two, 
and  touch  the  circles  in  the  points  G,  H,  I;  because  the 
lines  joining  the  centres  pass  through  those  points. 

In  nearly  the  same  manner  a  circle  may  be  described 
which  shall  touch  the  three  circles  on  the  opposite  cir- 
cumference* 


^^  *  »^  »■■»  ■»-»^'*»^ » ^'^^■^■^■^^^^*^»^ 


(52.)  To  determine  how  many  equal  circles  moy  be 
placed  round  another  circle  of  the  same  diameter,  touch- 
ing each  other  and  the  interior  circle. 
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Let  A  be  the  centre  of  the  interior 
ditcle,  and  AD  its  radius.  Describe 
(vi.  50i)  the  circles  DF,  EF  touching 
the  circle  DE,  and  each  other.  Then 
the  angle  at  A  being  one  third  part  of 
two,  or  one  sixth  part  of  four  right 
angles^  subtends  an  arc  £D  equal  to  one  sixth  of  the 
whole  circumference.  And  the  same  being  true  of  every 
other  contiguous  circle,  the  number  of  circles  which  can 
be  described  touching  each  other  and  the  interior  one 
will  be  six. 


»,^>^# 


(53.)  To  draw  two  lines  parallel  to  the  adjacent  sides 
of  a  given  rectangular  parallelogram^  which  shall  cut  off' 
a  portion,  whose  breadth  shall  be  every  where  the  same, 
and  whose  area  shall  be  to  that  of  the  parallelogram  in 
any  given  ratio. 

Let  AC  be  the  given  parallelo-^ 
gram  •  Prdduce  AB  to  D  making  B  D 
=s.  BC  On  AD  describe  a  semicircle, 
and  produce  CB  to  E ;  and  let  the 
ratio  of  the  part  to  be  cut  off,  to  the 
whole,  be  that  of  1  :  n.  Make  BE 
:  BF  ::  n  :  n— 1 ;  and  take  BG  a  mean  proportional 
between  BE  and  BF.  Bisect  AD  in  O ;  and  with  the 
centre  O,  and  radius  06r,  describe  a  semicircle  HGI; 
AHsr  ID,  will  be  the  breadth  of  the  part  to  be  cut  o£f. 

Make  BL:=^Bl,  and  draw  HK,  LK  parallel  to  the 
sides  of  the  parallelogram ;  then  AC  :  HL  in  the  ratio 
^compounded  of  the  ratios  of  AB  :  BH  and  BD  :  BI^ 
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t.  e.  in  the  duplicate  ratio  of  BE  :  BG,  or  the  ratio  of 
BE  :  jBF,  i.  e.  in  the  ratio  of  n  :  n—  I, 

/.  the  portion  AKC  is  to  AC  in  the  ratio  of  1  :  w. 


(54.)    To  describe,  a  triangle  equal  to  a  given  rec- 
tilinearjigurej  having  its  vertex  in  a  given  point  in  a 
side  ofthejigure,  and  its  base  in  the  base  {produced  if 
necessary)  of  thejigure. 

Let  ABCDEF  be  the  given  rectilineal  figure,  and  P 
a  given  point  in  CD,  which  is  to  be  the  vertex  of  the 
triangle^  the  base  being  in  AF.     Join  CAy  and  draw  BG 


A  H  G 


parallel  to  it;  join  CG,  PG,  PF,  PE,  Draw  CH 
parallel  to  PG.  Join  PH.  Draw  DI  parallel  to  PE, 
meeting  ^FE  produced  in  /.  Join  P/;  and  draw 
IK  parallel  to  PF,  meeting  AF  in  K.  Join  PK-,  HPK 
will  be  equal  to  ABCDEF. 

Since  BG  is  parallel  to  CA,  the  triangles  BAG, 
BCG  are  equal ;  the  figure  therefore  is  equal  to 
GCDEF.  And  since  GP  is  parallel  to  CH,  the  triangles 
GCPy  GHP  are  equal.  Again,  since  DI  is  parallel  to 
PE,  the  triangles  PIE,  PDE  are  equal ;  /.  PDEF  is 
equal  to  the  triangle  P/F,  i.e.  to  the  triangle  PJSTF, 
since  IK  is  pai*allel  to  PF\   whence  the  whole  figure 

££ 
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ABCDEF  is  equal  to  the  triangles  PHG,  PGF,  PKF, 
i.  e.  to  the  triangle  PHK. 


^^*^^^^*^^^€  ^t^^^^^W^^'^A 


(55.)  On  the  base  of  a  given  triangle,  to  describe  a 
quadrilateral  ^gure  equal  to  the  triangle,  and  having 
two  of  its  sides  parallel,  one  of  them  being  the  base  of  the 
triangle ;  and  one  of  its  angles  being  an  angle  at  the 
base,  and  the  other  equal  to  a  given  angle, 

m 

Let  ABC  be  the  given  triangle,  AC 
its  base.  At  the  point  C  make  the 
angle  ACD  equal  to  the  given  angle ;  ] 
and  let  CD  meet  BD  drawn  parallel  to 
AC,  in  the  point  D.  On  BD  describe 
a  semicircle  BED ;  draw  AF  parallel 
to  CD,  and  FE  perpendicular  to  BD;  and  with  the 
centre  D,  and  radius  DE,  describe  the  arc  EG.  Draw 
GH  parallel  to  AF,  and  HI  to  AC;  AHIC  will  be  the 
figure  required. 

Join  HC.    Since  DG  =  DE, 

BD  :  DG  ::  DG  :  DF, 
.-.  (Eucl.v.19.)  BG  :  GF  ::  DG  :  DF  ::  HI  :  AC. 
Niow  BG  :   GF  ::  BH  :  HA, 

•     ••  BH  :  HA  ::    HI  :  AC. 
But  the  triangles  HCI,  AHC  are  in  the  proportion  of 
HI :  AC,  and  the  triangles  BHC,  AHC  in  the  propor- 
tion  of  BH  :  HA, 

/.  HCI  :  AHC  ::  BHC  :  AHC, 
or  HCI  =  BHC;  .\  ACH,  and  l^C/ together  are  equal 
to  ACH,  and  JBCfl^  together,  or  AHIC ^  ABC 


■^  ^^^ii»s>-#^N»~»i^^*<»^.o^»»  ^^^*  9*  ■r^ 


Sect.  6.]  GEOMETRICAL   PROBLEMS.  819 

(66.)  A  trapezium  being  given^  two  of  whose  sides 
are  parallel ;  to  describe  on  one  of  those  sides  another 
trapezium^  having  its  opposite  side  also  parallel  to  this, 
and  one  of  the  angles  at  the  base  the  same  as  the  former , 
and  the  other  equal  to  a  given  angle. 

Let  A  BCD  he  the  given  tra-     ' 
pezium  whose  sides  AD,  BC  are 
parallel.      Join   j8Z>;    and    draw 
CE  parallel   to  it^    meeting  AB 
produced  in  E.     Then  the  trian- 
gles BCD  J  BED  are  equal ;  and  /.  the  triangle  ^£D  is 
equal  to  ABCD.     Hence  (vi.  55.)  a  figure  ADGF  may 
be  described  equal  to  ADE,  and  .*.  to  ADCB. 


^«  ^^  ^^  «^i* « »^i»^<»>»^^^  »^^w 


(57.)  If  with  any  point  in  the  circumference  of  a 
circle  as  centre^  and  distance  from  its  centre  as  radius, 
a  circular  arc  be  described ;  and  any  two  chords  be  drawn, 
one  from  the  centre  of  the  circular  arc,  and  the  other 
through  the  point  where  this  cuts  the  arc,  and  parallel  to 
the  line  joining  the  centres ;  the  segments  of  each  chord 
intercepted  between  the  circumferences  which  are  concave 
to  each  other,  will  be  equal  respectively  to  those  of  the 
other  between  the  other  circumferences. 


a» 


With  any  point  C  in  the  circumference 
of  the  circle  ABC  as  centre,  and  radius  CE 
equal  to  the  distance  from  the  centre  E,  let  a 
circle  DFE  be  described.  Join  CE,  and 
draw  any  chord  CFA-,  and  through  Fdrwf  HFG  parallel 
to  CE,  then  will  CF=FH,  and  GF^FA. 

Produce  CE  to  B,  and  join  HE.     And  since  HG  is 
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parallel  to  BC,  the  angle  FHE  is  equal  to  HEB.  Also 
since  the  circles  are  equal,  the  arc  HB  is  equal  to  the 
arc  FE  (ii.  1.  Cor.  1.),  /.  t|ie  angle  HEB  is  equal  to 
FCE,  .-.  FCE^FHE,  and  HC  is  a  parallelpgraro ; 
whence  HF=EC=zCF.  Also  since  the  rectangle  CF, 
FA  is  equal  to  the  rectangle  HF,  FG,  and  HF^  CF, 
.\FA:^FG. 

CoR.  Hence  if  any  nunnber  of  lines  be  drawn  parallel 
to  BE,  and  terminated  by  the  two  circumferences^  each 
of  them  will  be  equal  to  BE, 


.^>*-*^^-^#^-*  ^^^^*^**v«'*#**^-^-^.^^ 


(58.)  If  two  diagonals  of  an  equilateral  and  equi- 
angular pentagon  be  drawn  to  cut  one  another,  the 
greater  segments  will  be  equal  to  the  side  of  the  pen- 
tagon ;  and  the  diagonals  cut  one  another  in  extreme 
and  mean  rath. 

Let  ABDCE  be  an  equilateral  and 
equiabgufar  pentagon;  draw  the  diagonals 
ED,  BC  cutting  each  other  in  F;  EF 
and  FB  will  be  each  equal  to  a  side  of  the 
pentagon  ;  and  ED,  BC  are  cut  in  F,  in  extreme  and 
mean  ratio. 

About  the  pentagon  describe  a  circle.  And  since 
AB^CE,  the  arcs  ^JB,  CE  are  equal;  .-.  AE  is  pa- 
rallel to  BC.  For  the  same  reason,  AB  is  parallel  to 
EF\  .-.  the  figure  ABFE  is  a  parallelogram ;  whence 
AB=FE,2ind  AE=zFB,  but  AB=AE,  r.EF^FB, 
and  each  is  equal  to  a  side  of  the  pentagon. 

Also  the  angle  DCF^  CDF^  DEC, ':.  the  triangles 
DCF,  /^FC  are  similar, 
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and  ED  :  CD  ::  CD  :  DF, 
or  ED  :  EF  ::  EF  :  FD; 

•*.  ED  is  cut  in  extreme  and  mean  ratio.     The  same  may 
also  be  proved  of  BC. 


(59.)  If  the  sides  of  a  triangle  inscribed  in  the  seg- 
ment of  a  circle  be  produced  to  meet  lines  drawn  from 
the  extremities  of  the  base  ^  forming  with  it  angles  equal 
to  the  angle  in  the  segment ;  the  rectangle  contained  by 
these  lines  will  be  equal  to  the  square  described  on  the 
base. 

Let  the  sides  AB,  CB  of  the  tri- 
angle ABCj  inscribed  in  the  segment 
ABC,  be  produced  to  meet  CE,  ADj 
which  make  with  ACy  angles  equal  to 
the  angle  ABC  \n  the  segment;  the 
rectangle  AD^  CE  is  equal  to  the  square  of  AC. 

Since  the  angle  ABC^DAC,  and  the  angle  at  C  is 
common  to  the  triangles  ABC,  ADC,  the  triangles  are 
similar.  In  the  same  manner  it  may  be  shewn  that 
ABC,  AEC  are  similar;  and  .-.  ADC,  AEC  are  also 
similar;  whence 

AD  :  AC  ::  AC  :  CE, 
and  the  rectangle  AD,  CE  is  equal  to  the  square  of  AC. 


(60.)  J^  two  triangles  {one  of  them  right  angled) 
have  the  same  base  and  altitude,  and  the  hypothenuse  in* 
tersect  a  line  which  is  drawn  bisecting  the  right  angle ;  a 
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line  passing  through  this  point  of  intersection  parallel  to 
the  base^  and  terminated  by  the  sides  of  the  other  triangle, 

Let  4IJp  be  a  right-angled  triangle^ 
and  ABC  on  the  same  base,  have  its 
altitude  BE  =  AD;  and  let  the  hypo- 
theouse  DC,  meet  AF  which  bisects  the 
angle  DAC  in  F;  through  which  draw 
GH  parallel  to  AC;  JH  will  be  the  side  of  a  square 
inscribed  in  the  triangle  ABC. 

From  /  draw  IK  perpendicular  to  AC;  then  (Eucl. 
vi.  3.) 

DA  :  AC  ::  DF  :  FC  ::  DG  :  {GAz=:)  IK, 
also^C  :  BE  ::   IH    :  (JBL  =  )  DG, 
.'.  ex  cequo  DA  :  BE  ::  IH   :  IK; 
But  DA=:BE,  .'.  IH-IK;  and  if  HMhe  drawn  per- 
pendicular  to  AC,  -IM  is  a  parallelogram,  whose  sides 
are  equal ;  and  the  angles  at  K  and  M  being  right  angles 
(Eucl.  i.  46.  Cor.)  it  is  a  square. 


(61.)  If  on  the  side  of  a  rectangular  parallelogram 
as  a  diameter,  a  semicircle  be  described,  and  from  any 
point  in  the  circumference  lines  be  drawn  through  its 
extremities  to  meet  the  opposite  side  produced ;  the  alti^ 
tude  of  the  parallelogram  will  be  a  mean  proportional 
between  the  segments  ait  off*. 

On  AB,  the  side  of  the  rectangular 
parallelogram  ABCD,  let  a  semicircle 
AEB  be  described ;  and  from  any 
point  E,  dvRwEAj   EB^  and  produce 
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them  to  meet  CD  produced ;  jiD  will  be  a  mean  pro- 
portional between  GD  and  CF. 

Since  DG  is  parallel  to  BA^  the  angle  DGA  is  equal 
to  BAE,  and  the  angles  at  D  and  E  are  right  angles^ 
•'.  the  triangles  BAE,  DGA  are  equiangular.  In  the 
same  manner  it  may  be  shewn  that  FCB  is  equiangular 
to  BAE^  and  .\  to  DG4;  whence 

GD  :  DA  ::  {CB^)  DA  :  CR 


t'^^^i^^^i^i^o^^* 


(62.)  If  on  the  diameter  of  a  semicircle  a  rectan^ 
gular  parallelogram  he  described,  whose  altitude  is  equal 
to  the  chord  of  half  the  semicircle,  and  lines  drawn  from 
any  point  in  the  circumference  to  the  extremities  of 
the  base  intersect  the  diameter;  the  squares  of  the 
distances  of  each  point  of  section  from  the  farthest  ex- 
tremitjf  of  the  dia  jneter  will  be  together  equal  to  the 
square  of  the  diameter. 

m 

Let  ABC  he  a  semicircle,  on  the 
diameter  of  which  describe  the  rectan- 
gular parallelogram  AE,  whose  side  AD 
is  equal  to  ABb,  chord  of  half  ^BC;  and 
from  any  point  F  in  the  semicircle  draw 
FD,  FE  cutting  the  diameter  in  G  and 
H ;  the  squares  of  AH  and  CG  are  together  equal  to  the 
square  of  AC. 

Draw  the  perpendicular  FK\  the  triangles  DGA, 
DFK  being  similar, 

DA  :  AG  ::  FK  :  KD, 
and  ECH,  FKE  being  similar, 

(C£  =  )  DA  :  CH  ::  FK  :  KE, 
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/.  DA*  :  AGx  CH  ::  FK^  :  (KEx  KD=)  IF* 

::  DE"  :  GH\ 

Now  the  square  of  DE  is  double  of  the  square  of  DA, 
••.  the  square  of  GH\s  double  of  the  rectangle  AG,  CH. 
But  the  square  of  AH  is  equal  to  the  squares  of  AG, 
GH  and  twice  the  rectangle  AG,  GH,  t.  e.  to  the  square 
of  AG  and  twice  the  rectangle  AG^  GC;  .*.  the  squares 
of  AH  and  GC  are  together  equal  to  the  squares  of  AG, 
GC,  and  twice  the  rectangle  AG,  GC,  i.  e.  to  the  square 
o(  AC,  (Eucl.  ii.  4.). 

CoR.  The  square  of  the  part  of  the  diameter  inter- 
cepted between  the  two  lines  drawn  from  the  point  in 
the  semicircle  is  double  of  the  rectangle  contained  by  the 
two  extreme  segments. 


(630  ^  on  the  radius  drawn  ffbm  the  point  of  con" 
tact  of  a  circle  and  its  circumscribed  square,  another 
circle  be  described ;  and  from  any  point  in  the  outer  cir^ 
cumference  a  line  be  drawn  through  its  centre  to  the  inner 
drcurnfereryce,  and  through  the  same  point  another  line 
he  drawn  parallel  to  the  common  tangent  to  the  circles^ 
and  terminated  by  the  side  of  the  square  and  its  diago^ 
nal ;  these  two  lines  are  equal* 

Let  O  be  the  centre  of  the  circle, 
circumscribed  by  a  square,  whose  dia- 
gonal is  DE.  On  AO  describe  a  circle 
AOF;  and  from  any  point  F  draw  a 
line  FOG;  and  through  G  draw  Hf 
parallel  to  AD ;  FG  is  equal  to  HI. 

Join  AF,  and  let  HI  cut  AB  in  K.     Since  IG  is 
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parallel  to  AD,  it  i^  perpendicular  to  AB ;  .-.  the  anglo 
GKO  is  a  right  angle^  and  equal  to  AFO ;  and  the  ver- 
tical angles  at  O  are  equal,  and  GO  tss.  OA ;  .'.  the  tri- 
angles GKO,  OFA  are  equal,  and  OF=  OK.  But 
since  OB=^BE,  /.  (EucL  vi.  3.)  OK^KI;  and  /.  OF 
^Kl  and  OG=KH;  .\  FG^IH. 


*>***^< 


(64.)  If  two  sides  of  a  trapezium  inscribed  in  a 
circle  be  produced,  and  from  the  same  point  in  one  side 
produced  a  line  be  drawn  parallel  to  the  other,  intersect^ 
ing  the  adjacent  side  of  the  trapezium,  and  a  second  line 
to  the  extremity  of  that  other  intersecting  the  circum-^ 
ference ;  the  line  joining  the  two  points  of  intersection, 
will  pass  through  the  same  point. 

Let  the  two  sides  AD,  BC,  of  the  tra- 
pezium ABCD  inscribed,  in  the  circle 
ABC,  be  produced,  and  let  them  meet  in 
E ;  and  from  any  point  in  AD  produced, 
draw  FH  parallel  to  BE,  meeting  the 
side  DC  in  H;  and  join  FB,  meeting  the 
circumference  in  G;  the  line  joining  G,  H 
will  always  pass  through  the  same  point. 

Let  6r/r produced  meet  the  circle  in  /. 
Join  A I  DG.  The  angle  GDHz^  GBC 
in  the  same  segment,  and  /.  is  equal  to  the  alternate 
angle  GFH;  whence  a  circle  may  he  described  through 
the  points  G,  H,  D,  F;  and  /.  the  angle  DGH:=:DFH 
:=DEB.  But  the  angle  DEB  being  always  the  same, 
DGI,  and  /.  DAf,  and  also  the  arc  Z>/ will  be  invariable, 
and  D  being  a  fixed  point,  /  must  be  also ;  i.  e.  GH  will 
always  pass  through  /. 


FF 
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(65.)  If  the  diagonals  of  a  quadrilateral  ^gure  itk^ 
scribed  in  a  circle  cut  each  other  at  right  angles,  the 
rectangles  contained  by  the  opposite  sides  are  together 
double  o/*  the  quadrilateral Jigure. 

Let  ABCD  be  a  quadrilateral  figure  in- 
scribed in  a  circle,  whose  diagonals  AC^  BD 
cot  each  other  at  right  angles  in  E;  the 
rectangles  contained  by  ^B,  CD^  and  AD^ 
BC  are  together  double  of  the  figure. 

For  (Eucl.  vi.  D.)  the  rectangles  contained  by  AB, 
CD,  and  AD,  BC,  are  together  equal  to  therectangte-^C, 
BDf  t.  e,  to  the  rectangles  contained  by  AC,  BE  and 
ACj  ED.  But  the  rectangle  contained  by  AC,  BE  is 
double  of  the  triangle  ABC,  and  the  rectangle  contained 
by  AC,  ED,  is  double  of  ADC;  hence  the  rectangles 
contained  by  AB,  CD  and  AD,  BC  are  together  double 
of  ABCD. 


^■^i»*<^^*« 


(66.)  If  a  rectangular  parallelograni  be  inscribed 
in  a  right-angled  triangle,  and  they  have  the  right  angle 
common ;  the  rectangle  contained  by  the  segments  of  the 
hypothenuse  is  equal  to  the  sum  of  the  rectangles  con- 
tained  by  the  segments  of  the  sides  about  the  right  angle. 

Let  ABC  be  a  right-angled  triangle,  5. 

in   which   the  rectangular  parallelogram      ^/  /^\^ 
DBEF  is  inscribed,    having  one  of  its     /^t    a      c 
angles   at  B;  the  rectangle  AF,  FC  is 
equal  to  the  rectangles  AD,  DB  and  BE,  JBC  together* 

Draw  EG  perpendicular  to  FC.  The  triangles 
ADF,  EFG  being  similar, 

AD  :  AF  ::  FG  :  {EF^)  BD, 
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.-.  the  rectangle  ^D,  DB  is  equal  to  the  rectangle  AFj 
FG.     In  the  same  manner^ 

AF  :  (FD=)  EB  ::  EC  :  CG, 
.\  the  rectangle  BE,  EC  is  equal  to  the  rectangle  jIF, 
GC,  whence  the  rectangles  AD,  DB  and  BE,  EC  are 
together  equal  to  thp  rectangles  AF,  FG  and  AF^  GC, 
i.  e.  to  the  rectangle  AFy  FC  (Euci.  ii.  I.). 


^'^■^^  ^^'^^^^»^  ^^^^^N^^^*^"^^^  ^^^  ^ 


(67.)  ^  oi/i  the  diameter  of  a  semicircle,  two  equal 
circles  be  described,  and  in  the  curvilinear  space  included 
hy  the  three  circumferences  a  circle  he  inscribed;  its 
diameter  will  be  to  that  of  the  equal  circles  in  the  pro^ 
portion  of  two  to  three. 

On  AB  the  diameter  of  the  /semi- 
circle ADB  let  two  equal  circles  ACE, 
BCH  be  described;  and  in  the  cur- 
vilinear  space  let  the  circle  DEG  be 
inscribed;  its  diameter  FG  :  AC  :: 
2:3. 

Let  O  and  /  be  the  centres  of  the  <:ircles.  Join  01, 
which  will  pass  through  the  point  of  contact  jS;  and  pro- 
duce it  to  K.  From  C  draw  CD  perpendicular  to  AJ^, 
which  will  pass  through  O.  Then  tha  rectangle  KO^ 
OE  is  equal  to  the  square  of  OC; 

and  OE  :  OC  ::  OC  :  OK, 
/.  OE  :  OC  ::  OE+OC  :  OC+OK  ::  CD  :  KE  + 

iCD  ::  1  :  3; 
and  OE  :  CD  ::  1  :  3, 
.'.  FG  :  (CD^)  AC  ::'2  :  3. 


^'^^^■^^'^^^^^W^^^^^^^.^0^^,^^^ 
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(68.)  J^  through  the  middk  paint  of  any  chard  of  a 
circle  ttva  chords  be  drawn;  the  Unes  joining  their  ex- 
tremities will  intersect  thejirst  chard  at  equal  distances 
from  the  middle  point. 

Let  ABC  be  a  chord  of  the  circle 
ABD,  bisected  in  C;  and  let  DCF, 
ECG  be  aoy.  chords  drawn  through  C 
Join  DG,  EF  cutting  AB  in  /and  i/; 
then  will  C/=  CH. 

llirough  H  draw  KHL  parallel  to  DG^  meeting 
DF  in  Kj  and  GE  produced  in  L.  Because  LH  is 
parallel  to  GI,  the  angle  HLE^  CGI^HFK,  and  the 
vertical  angles  at  H  are  equal,  .%  the  triangles  LEH, 
HKF  are  equiangular, 

/.  LH  :  HE  ::  HF  :  HK, 
and  the  rectangle  LH^  HK  is  equal  to  the  rectangle  HE^ 
HF,  i.e.  to  the  rectangle  AH,  HB  or  the  difference  of 
the  squares  of  AC  and  CH.  The  triangles  CID,  CHK 
may  in  like  manner  be  proved  to  be  equiangular,  as  also 
the  triangles  CHLy  CIG ;  hence 

KH  :  HC  ::  DI  :  /C, 
and  LH  :  HC  ::  GI  :  IC, 
..  KHxLH  :  HC  ::  DIx  IG  :  IC\ 
But  KHy^  LH=:AC^--HC\  and  DIx  IG=AC^--IC^, 
.%  AC^^HC  :  HC  ::  AC^^IC*  :  IC^ 
comp.  AC^  :  HC  ::  AC^  :  IC\ 
.'.HC^IC^  mdHC^JC. 


^  » ^^■^^ ^^ ^^^.*v»  ^^^ ^«  ^■^^■^■^>^-^^ 


(69.)    The  longest  side  of  a  trapezium  being  given, 
and  nvade  the  diameter  of  the  circumscribed  circle ;  also 
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the  distance  between  i/s  extremity  and  the  intersettion  of 
the  opposite  side,  produced  to  meet  it ;   and  the  angle 
formed  by  the  intersection  of  the  diagonals  ;  to  construct 
the  trapezium. 

With  a  diameter  equal  to  the 
given  longest  side^  describe  a  circle, 
and  from  O  its  centre  draw  the  radii 
OCy  OD  making  with  each  other  an  angle  equal  to  twice 
the  complement  of  the  given  angle  formed  by  the  in- 
tersection of  the  diagonals.  Join  CD^  and  produce  it; 
and  with  the  centre  O,  and  radius  equal  to  the  radius  of 
the  circle  together  with  the  given  intercepted  distance, 
describe  a  circle  cutting  it  in  E.  Join  EO,  and  produce 
it  to  j3 ;  AE  is  equal  to  the  given  intercepted  distance. 
Join  BCj  AD\  ABCD  is  the  trapezium  required. 

Join  AC,  BD.  Then  the  angle  ACB  in  a  semi- 
circle being  a  right  angle^  FBC  is  the  complement  of 
CFBi  but  FBC  is  half  of  DOC,  and  /.  BFC\%  equal 
to  the  given  angle  to  be  made  by  the  diagonals. 


(70.)  The  diagonals  of  a  quadrilateral  J^ure  in- 
scribed in  a  circle  are  to  one  another  as  the  sums  of  the 
rectangles  (f  the  sides  which  meet  their  extremities. 

Let  ABCD  be  a  quadrilateral  figure  in- 
scribed in  a  circle ;  join  AC,  BD ;  AC  is  to 
BD,  as  the  rectangles  AB,  AD  and  CB, 
CD  together^  to  the  rectangles  AB,  BC 
and  AD,  DC  together. 

Make  the  angle  ABF  equal  to  the  angle  DBC;  to 
each  of  which  add  the  angle  FBD,  .'.  the  angle  ABD  is 
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equal  to  EBC;  and  JDB  is  equal  to  ECB,  being  in 
the  same  segment ;  /.  the  triangles  ADD,  EBC  are 
equiangular, .  and 

AB  :  BD  ::  BE  :  BC, 
/.  the  rectangle  BD,  BE  is  equal  to  the  rectangle  AB, 
BC.  Jpin  K7;  and  since  the  angle  ABD  =  FBC, 
.'.  AD^FC.  Also  since  the  angle  EFC  is  equal  to 
BDC  in  the  same  segnnent,  and  ECF  equal  to  ABF,  i.  e. 
to  DBC;  .\  the  triangles  ECF,  BDC  are  equiangular^ 

and  BD  :  DC  ::  CF  :  FE, 
/.  the  rectangle  FE,  BD  is  equal  to  the  rectangle  CF, 
CD  J  i.e.  to  the  rectangle  AD,  DC;  whence  the  rect- 
angles BE,  BD  and  FE,  BD  or  the  rectangle  BF,  BD  is 
equal  to  the  rectangles  AB,  BC  and  AD,  DC  together. 
In  the  same  manner  if  the  angle  BCG  be  taken  equal 
to  the  angle  ACD,  it  may  be  shewn  that,  the  rectangle 
CG,  CA  is  equal  to  the  rectangles  AB,  AD  and  CB, 
CD  together.  And  since  the  angle  BCG  =:  ACD,  the 
arc  BG  is  equal  to  AD,  i.  e.  to  FC;  to  each  of  these  add 
GF;  .-.  the  arc  JB-^^F  is  equal  to  GFC,  and  consequently 
the  line  JBF=  GC;  .-.  the  rectangle  AC,  CG  is  equal  to 
the  rectangle  AC,  BF.  And  AC  :  J&D  as  the  rectangle 
AC,  BF  to  the  rectangle  BD,  BF,  f.  e.  as  the  rectangles 
AB,  AD  and  CB,  CD  together,  to  the  rectangles  AB, 
BC  and  AD,  DC  together. 


(71.)  The  square  described  on  the  side  of  an  egui- 
lateral  and  equiangular  pentagofi  inscribed  in  a  circle, 
is  equal  to  the  sum  of  the  squares  of  the  sides  of  a  regu- 
lar hexagon  and  decagon  inscribed  in  the  same  circle. 

)Let  ABC  be  an  isosceles  triangle  having  each  of  the 
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angles  at  the  base  double  of  the  angle  at  ^. 
With  the  centre  Jl^  and  radius  AB,  describe . 
a  circle  BCE.  Draw  CE  bisecting  the 
angle  ACB.  Join  EB,  EA\  and  draw 
EF  perpendicular  to  AB.  Then  the  angle 
EAB  is  double  of  ECB,  and  therefore  is  equal  to  CDB 
(Euci.  iv.  10.),  and  consequently  is  equal  to  the  verti- 
cally opposite  angle  ADE;  whence  AE  =  ED.  Hence 
EB,  ED  and  BC  are  equal  to  the  sides  of  a  regular  pen- 
tagon, hexagon  and  decagon,  respectively  inscribed  in  the 
circle;  and  the  squares  of  BC  and  DEnre  together  equal 
to  the  square  of  BE. 

For  the  angles  at  F  being  right  angles,  the  squares  of 
AF,  FE  are  equal  to  the  square  of  AE^  t.  e.  to  the 
square  of  ED  or  to  the  squares  of  EF,  FD ;  whence 
AF  is  equal  to  FD.  And  since  AD  is  bisected  in  F, 
and  produced  to  Z),  the  rectangle  AB,  BD  together  with 
the  square  of  DF  is  equal  to  the  square  of  BF;  /.  the 
rectangle  AB,  BD  together  with  ^the  squares  of  DF  and 
FE,  is  equal  to  the  squares  of  BF  and  FE ;  or  the  rect- 
angle AB,  BD  together  with  the  square  of  DE  is  equal 
to  the  square  of  BE.  But  (Eucl.  iv.  lo.)  the  rectangle 
AB,  BD  is  equal  to  the  square  of  AD,  t .  e.  to  the  square 
of  BC;  .'.  the  squares  of  BC,  DE  dre  together  equal  to 
the  square  of  BE. 


(72.)  If  the  opposite  sides  of  an  irregular  hexagon 
inscribed  in  a  circle  be  produced  till  they  meet ;  the  three 
points  of  intersection  will  be  in  the  same  straight  line. 

Let  ABCDEF  be  the  hexagon  inscribed  in  the 
circle ;  ^nd  let  its  opposite  sides  meet  in  G,  H,  I.     Join 
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two  opposite  angles  as  A,  D\ 
and  about  ADI  describe  a  cir- 
cle meeting  GA^  GD  produced 
,  if  necessary^  in  K^  L.  Join 
FQ  KI,  LI,  LK.  Then  be- 
cause  AKID  is  a  quadrilateral 
figure  inscribed  jn  a  circle,  the 
angle  AKI  is  equal  to  ADE : 
and  for  the  same  reason  ADE 
is  equal  to  GFE,  .*•  the  angle 
AKI  is  equal  to  GFE,  and  KI 
is  parallel  to  FH.  In  the  same 
manner  it  may  be  shewn  that  the  angle  AIL  is  equal  to 
ADL  and  consequently  to  CBI,  and  LI  parallel  to  HB. 
Again  the  angle  KLD  is  equal  to  DAF,  i.  e:  to  FCD, 
and  KL  is  parallel  to  FC, 

Hence  GF  :  FC  y.  GK  i  KL, 
and  FC  :  FH ::  KL  :  Kl 
.'.  GF  :  FH ::  GK  :  KI; 
whence  G,  H,  I  will  be  in  a  straight  line. 


s 


ECT. 


VII. 


(1.)  Ihjb  vertical  angle  of  any  oblique-angled  tri- 
angle inscribed  in  a  circle,  is  greater  or  less  than  a  right 
angle,  by  the  angle  contained  by  the  base  and  the  diameter 
drawn  from  the  extremity  of  the  base. 

LfCt  ABC^  be  a  triangle  inscribed  in  a  circle.  From 
A  draw  the  diameter -^D^  join  Bl>;  the  angle  ABC 
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is  greater  or  less  than  a  right 
angle^  by  the  angle  CAD^ 
For  the  angle  ABD  in  a 
semicircle  is  a  right  angle; 
and   ABC  is  equal  to  the 

sum  of  ABD  and  DBC  in  one  ease ;  and  is  equal  to 
their  difference  in  the  other;  and  in  each  ca^e  DJBCss 
DAC  in  the  same  segment. 


^^*^^^^^^<^i»^^rf^^^^»*^«»»»^ 


(2.)  1^  from  the  vertex  of  an  isosceles  triangle  a 
circle  be  described  with  a  radius  Jess  than  one  of  the  equal 
sides,  but  greater  than  the  perpendicular;  the  parts  of 
the  base  cut  off'  by  it,  will  be  equal 

From  the  vertex  O  of  the  isos- 
celes triangle  AOBy  with  a  radius 
less  than  AO,  but  greater  than  the 
perpendicular  from  O  on  AB,  let  a 
circle  be  described,  cutting  AB  in  Cand  D;  AC^sBD. 

Join  EF,  OC,  OD. 

Then  OE  :  OB  ::  OF :  OA, 
and  /.  EF  is  parallel  to  AB\  and  (ii.  1.)  the  arc  FC 
equal  to  the  arc  DE,  or  the  angle  FOC  sz  DOE;  but 
AO,  DC  are  equal  to  BO^  OD  each  to  each ;  .\  ^Cs 
DB. 


r^m*^*^ 


(3.)  If  a  circle  be  inscribed  in  a  right-angled  tri-^ 
angle ;  the  difference  between  the  two  sides  containing 
the  right  angle  and  the  hypothenuse,  is  equal  to  the 
diameter  of  the  circle. 

'     09 


2»4 


GEOMETRICAL   PROBLEMS. 


[Sk/.  7- 


Let  DEF  be  a  circle^  inscribed  in 
the  right-angled  triangle  ABC.  The 
difference  between  AC,  and  AB^  BC,  is 
equal  to  the  diameter  of  the  circle. 

Find  O  the  centre,  and  join  OD,  OE^ 
Then  the  angles  at  /),  B^  and  E  being 
right  angles,  and  OD  ==  OE,  OB  is  a  square ;  and  DB^ 
BE  are  equal  to  ODy  OE,  t.  e.  are  together  equal  to  the 
diameter  of  the  circle.  Now  (Eucl.  iii.  36.  Cor.)  CE^ 
CF,  and  AD=AF;  i.e.  AC  is  equal  to  AD  and  CE; 
whence  it  is  less  than  the  sides  containing  the  right  angle, 
by  DB  and  BE,  or  by  the  diameter  of  the  circle. 


>»»  »i»  *»»i^i^#  ^^i#»»i<«i* 


(4.)-  If  a  semicircle  be  inscribed  in  a  right-angled 
triangle^  so  as  to  touch  the  hypothenuse  and  perpendi^ 
cular,  and  from  the  extremity  of  its  diameter  a  line  be 
drawn  through  the  point  of  contact  to  meet  the  perpen^ 
dicular  produced ;  the  part  produced  will  be  equed  to  the 
perpendicular. 

Let  the  semicircle  ADE  touch  the 
hypothenuse  BC  of 'the  right-angled  tri- 
angle ABC  in  D,  and  the  perpendicular 
in  A ;  and  from  E  let  ED  be  drawn  to 
meet  ^B  produced  in  F;  AB=BF. 

Join  AD.  Since  ADE  is  a  right  an- 
gle»  ADF  is  also  a  right  angle,  and  .'.  equal  to  DAF, 
DFA  together.  But  DAF  is  equal  to  BDA,  since  BD 
ssBAj  being  tangents  from  the  same  point  B  without 
the  circle;  and  .*.  the  angle  BFD  a  BDF,  aad  BFs 
BD:^BA. 


^>»^^>^i»>^»»»^^«^»^i»^#»»<»^»^»#^» 
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(5.)  If  the  base  of  any  triangk  he  bisected  by  the 
diameter  of  its  circumscribing  circle^  and  from  the  ex- 
tremity  of  that' diameter  «  perpendicular  be  let  fall  upon 
the  longer  side ;  it  will  divide  that  side  into  segments j 
one  of  which  will  be  equal  to  ha^  the  sum,  and  the  other 
to  half  the  difference  of  the  sides. 

Let  the  base  BC  of  the  triangle  ABC 
be  bisected  in  E,  by  the  diameter  of  the 
circumscribing  circle  ACD\  and  from  D 
draw  DF  perpendicular  to  AB  the  longer 
side ;  BF  will  be  equal  to  half  the  sum, 
and  ^JPto  half  the  difference  olAB,  BC. 

Join  DA,  DB,  DC;  and  make  BO  =  BC;  join 
DG.  Since  BO=:BC,  and  BD  is  common*  and  the 
angle  GBD=CBD,  sinbe  the  arc  AD^DC;  /.  i)G=s 
DCszDA,  and  DF  is  at  right  angles  to  AG,  .-.  AFssi 
FG.  Whence  the  sum  of  AB  and  BC  is  equal  to  AG 
and  2 BO,  i.e.  to  2BF;  and  the  difierence  of  AB  and 
BC  is  equal  to  the  difference  of  AB  and  BG,  i.  e.  to 
aAF. 


X^^i^^o^**^  #*i»^^^ 


(6.)  7%e  same  supposition  being  made,  as  in  the  last 
proposition ;  if  from  the  point,  where  the  perpendicular 
meets  the  longer  side,  another  perpendicular  be  let  fall 
on  the  line  bisecting  the  vertical  angle ;  it  wiU  pans 
through  the  middle  of  the  base. 

The  same  construction  being  made  as  before;  (see 
last  Fig.)  let  FH  be  drawn  perpendicular  to  BD,  which 
bisecu  the  vertical  angle ;  FH  will  pass  through  E. 

Because  CB  ^  BG,  and  the  angle  CBD  ^  GBD, 
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/.  £Z>  18  perpendicular  to  CG;  iipd  .*.  F^is  parallel  to 
CG.  But  since  .^/^=  FG,  .-.  (Eucl.  vi.  2.)  AC  is  bisect- 
ed  by  FH;  which  /.  passes  through  E. 


{l.)Ifa  point  he  taken  without  a  circle y  and  from  it 
tangents  he  drawn  to  the  circle,  and  another  point  be 
taken  in  the  circumference  between  the  two  tangents^  and 
a  tangent  he  drawn  to  it ;  the  sum  of  the  sides  of  the 
triangle  thusjbrmed  is  equal  to  the  sum  of  the  two  tan- 

■ 

gents.. 

From  a  given  point  D  let  two  tangents 
DA,  DB  be  drawn  ;  and  to  C  any  point  in. 
the  circumference  between  them,  let  a  tan- 
gent ECF  be  drawn.  The  sum  of  the  sides 
of  tlie  triangle''  is  equal  to  the  two  tangents 
DA  and  DB. 

Since  AE^EQ  and  FC=Ffi;  /.  DE,  EF,  FD 
together  are  equal  to  AD  and  DB^  together.  In  the 
same  manner,  if  through  any  other  point  in  the  arc  ACB 
a  tangent  be  drawn,  it  will  be  equal  to  the  two  segments 
of  DAf  DB  intercepted  between  it,  and  the  points  of 
contact  A  and  B ;  and  the  three  sides  of  the  triangle  so. 
Sormed  will  be  equal  to  DA^  and  DB.  together. 


(8.)  Of  alt  triangles  on  the  same  base  and  between 
the  same  parallels,  the  isosceles  has  the  greatest  vertical 
angle. 


Let  ABC  be  an  isosceles  triangle  on      — ^,^^y!^^^. 
the  base  AC,  and  between  the  parallels       ^x^^^^'^'^ 
ACy.BD.     It  has  a  greater  vertical  angle     a  ^ 


Sect.  7.]  fiEOMBIHICAL  PftOALEMS.  tl37 

than  any  other  triangle  uiDC  on  the  same  base,  and 
between  the  same  parallels. 

About  j4BC  describe  a  segment  of  a  drcle  ABC; 
and  since  B  is  the  middle  point  of  the  arc,  and  BD  is 
parallel  to  AC,  BD  is  a  tangent  at  B.  Let  the  arc  cut 
AD  in  E;  join  EC.  Then  the  angle  ABC  =  AEC, 
and  .'.  is  greater  than  ADC 

Cor.  Of  all  triangles  on  the  same  base  and  having 
the  same  vertical  angle,  the  isosceles  is  the  greatest 
For  the  triangle  AEC  has  the  same  vertical  angle  with 
ABC,  and  ABC^ADC  on  the  same  base  and  between 
the  same  parallels ;  but  ^DC  1s  greater  iYi^n  AEC,  .*. 
ABC  is  greater  than  AEC. 


(9.)  If  through  the  verte^o  (^  an  equilateral  triangle 
a  perpendicular  be  drawn  to  thfi  side,  meeting  a  per^ 
pendicular  to  the  hose  drawn  from  its  extremity ;  the 
line  intercepted  between  the  vertex  and  the  latter  per^ 
pendicular  is  equal  to  the  radius  of  the  circumscribing 
circle. 

Let  BE  perpendicular  to  AB  meet 
AEy  which  is  perpendicular  to  the 
base  AC,  in  E ;  BE  is  equal  to  the 
radius  of  the  circle  described  about 
ABC 

Draw  BFy  CG  perpendicular  to  the  sides ;  and  pro* 
duce  CG  to  H.  Then  CI  is  equal  to  the  radius  of  the 
circle  described  about  ABC;  and  EBIH  is  a  parallelo- 
gram. And  since  CF  is  equal  to  FA^  (Eucl.  vi.  2.)  CI 
is  equal  to  IH^  i.e.  to  the  opposite  side  BE;  and  .*. 
BE  is  equal  to  the  radius  of  the  circumscribing  circle. 
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(10.)  Jff"  a  triangle  be  inscribed  in  a  semicircle,  and 
a  perpendicular  drawn  Jram  any  point  in  the  diameter, 
meeting  one  side,  the  circumference,  and  the  other  side 
produced;  the  segments  cut  off  will  be  in  continued  pro^ 
portion. 

Let  ABC  be  a  triangle  in  the  semi- 
circle ABC;  and  from  any  point  D  in 
the  diameter,  let  DF  be  drawn  perpen- 
dicular to  AD,  meeting  BC,  the  circum- 
ference^ and  AB  produced^  in  E,  G,  F; 
DE  :  DG  ::  DG  :  DF. 

For  the  angles  at  E  being  equal,  and  the  angles  at 

B  right  angles,  .*.  the  angle  ECD  is  equal  to  BFD; 
and  the  angles  at  D  are  right  angles ;  .*•  the  triangles 
EDCy  ADF  are  similar,  and  therefore 

DF  :  DA  ::  DC  :  DE, 
hnt  DA  :  DG  ::  DG  :  DC; 
..exa^quo  DF  :  DG  ::  DG  :  DE. 


mm^m0>^mm*<»m^<^>>m^^*>^i0'0m00'^»^ 


(11.)  J/*  a  triangle  be  inscribed  in  a  semicircle,  and 
one  side  be  equal  to  the  semi^diameter ;  the  other  side 
will  be  a  mean  proportional  between  that  side  and  a  line 
equal  to  that  side  and  the  diameter  together. 

Let  ABC  be  a  triangle  inscribed        y^ — •^^^ 
in  the    semicircle,   and    let  BC  be       /O^''/^  \Nv 
equal   to    the    semi-diameter;   then     x" — o c     p 

will 

BC  :  BA  ::  BA  :  BC+CA. 

Produce  AC  to  D,  making  CD  equal  to  the  semi- 
diameter.     Take  O  the  centre.     Join  BD,  BO.    Since 
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BO  s  BC,  the  angle  BCO  is  eqaal  to  BOC,  t.  e.  to  OJB 
^d  OBA  together,  or  to  2  BJC.  But  BCA  is  equal 
to  CAi>  and  CDB  together,  i.e.  to  2CDA,  since  CB^ 
CD;  hence  the  angle  BAC=BDC,  and  BA  =  BDi 
also  the  triangles  BADj  BCD  are  similar ; 
.-.  jBC  :  {BD  =  )  BA  ::  £^  :  AD,  which  is  equal  to 
BC  and  CA  together. 


*i*i#i<«<i#i##»»»  »l»  »^l»  0m*»  »*»»i»^< 


(13.)  TjTa  circ/e  he  inscribed  in  a  right-angled  tri' 
angle ;  to  determine  the  least  angle  that  can  be  formed 
by  two  lines  draumjrom  the  extremity  of  the  hypotlie- 
ntise  to  the  circumference  of  the  circle. 

Let  jiBC  be  a  right-angled 
triaDgle,  in  which  a  circle  DEG 
is  inscribed.  On  AC  describe 
a  segment  of  a  circle  ADC,  which 
may  touch  the  inscribed  circle  in 

some  point,  as  /)•  The  lines  ADy  DC,  drawn  to  this 
point  from  A  and  C,  con|ain  an  angle  less  than  the  lines 
drawn  to  any  other  point  in  the  circumference  of  the 
circle  DEG. 

For  take  any  other  point  E,  and  join  AE,  ECi 
produce  CE  to  F,  and  join  AF.  The  exterior  angle 
AEC  is  greater  than  AFC,  i.  e.  than  ADC,  which  is  in 
the  same  segment.  And  the  same  may  be  proved  of 
lines  drawn  to  every  other  point  in  the  circumference  of 
the  circle  DEG. 


^^^^m^00m0<^0»»0^4 


(13.)    If  an  equilateral  triangle  be  inscribed  in  a 
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circle^  and  through  the  angular  points  another  he  dr- 
cumscribed ;  to  determine  the  ratio  which  they  hear  to 
each  other. 

Let  ABC  be  an  equilateral  triangle 
insoribed  in  the  circle,  about  which 
another  DEFis  circumscribed,  touching 
the  circle  in  the  points  Aj  B,  C. 

Since  DA  touches  the  circle,  the 
angle  DAB=ACB  (Eucl.  iii.  33.) ;  but  ACB=ABC; 
.*.  DAB  =s  ABC,  and  they  are  alternate  angles,  /.  DFis 
parallel  to  BC.  In  the  same  manner  it  may  be  shewn 
that  AB  is  parallel  to  FEy  .*.  ABCF  is  a  parallelogram ; 
and  the  triangle  ABC  is  equal  to  AFC  In  the  same 
manner  ABC  may  be  shewn  to  be  equal  to  each  of  the 
triangles  ABD,  BCE\  and  .*.  it  is  one  fourth  of  the 
circumscribing  triangle. 


(14.)  A  straight  line  drau;,'  from  the  vertex  of  an 
equilateral  triangle  inscribed  in*a  circle  to  any  point  in 
the  opposite  circumference,  is  equal  to  the  two  lines  to^ 
get  her,  which  are  drawn  from  the  extremities  of  the  base 
to  the  same  point. 

Let  ABC  be  an  equilateral  triangle  in- 
scribed in  a  circle^  from  B  draw  BD  to  any 
point  D'  in  the  circumference.  Join  AD, 
CD.     BD  is  equal  to  AD  and  CD  together. 

Make  DE=^DA,  and  join  AE.  The 
angle  DAE  is  equal  to  the  angle  DEA;  but  ADE= 
ACB  in  the  same  segment,  .-.  DAE  and  DEA  together 
are  equal  to  CBA  and  CAB  together  5  whence  DAE 
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as  CAB  i  and  taking  away  th«  ^common  angle  CAE, 
DAC  =  EABi  but  DCA=:  EBA,  and  AC^AB,  .-. 
BE = DC  I  and  B2>  is  equal  ta  AD  and  CZ>  together. 


^#<i^^***  A»  ^  ^o»  ^f  i«l»  <  ^^0^ 


(15.)  i/"  ifAe  We  of  a  triangle  be  produced  hoik 
ways  so  that  each  part  produced  may  he  equal  to  the 
adjacent  side^  and  through  the  extremities  of  ihe  parts 
produced  and  the  vertex  a  circle  be  described ;  the  Ime 
Joining  its  centre  and  the  vertex  of  the  triangle  udU  &t- 
sect  the  angle  at  the  vertex. 

Let  AC  a  side  of  the  triangle 
ABC  be  produced  both  ways  till  jiD 
^AB^  and  CE^CB;  and  through 
D,  B,  B  let  a  circle  be  described, 
iivhose  centre  is  O.  If  OB  be  joined,  it  will  bisect  the 
angle  ABC. 

Join  BD,  BE,  OA,  OD,  OE.  Since  DA^AB, 
the  angle  ABD  is  equal  to  ADB ;  but  the  angle  OBD 
is  equal  to  ODB,  and  .-.  the  angle  OBA  is  equal  to 
ODA.  lY)  the  ^ame  manner  it  may  be  shewn  that  the 
angle  OBC  is  equal  to  OEC\  and  since  ODA  is  equal 
to  OEC,  OBA  is  equal  to  OBCi  or  ABC  is  bisected 

by  OB.. 


>  »^^^  »-f*  ^^  «^ «« 


(16.)  If  an  isosceles  triangle  be  inscribed  in  a  circle,^ 
mndjrom  the  vertical  angle  a  line  be  drawn  meeting  the 
circumference  and  the  base ;  either  equal  side  is  a  mean 
proportional  between  the  segments  of  the  line  thus  draum. 

HH 
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Let  ABC  be  an  isosceles  triangle  in- 
scribed in  the  circle  AEQ  the  side  AB 
being  equal  to^C;  and  from  A  draw 
any  line  AED,  meeting  the  circumfe- 
rence in  Ef  and  CB  produced  in  D;  AB  is  a  mean 
proportional  between  D^^and  AE. 

Join  EC.  Since  AB^AC,  the  angle  ACB=:ABC 
« A  EC  in  the  same  segment ;  and  the  angle  at  A  is 
common  to  the  triangles  AEC,  ACD,  /.  the  triangles 
are  equiangular  and  similar ; 

/.  AD  :  AC  ::  AC  :  AE. 


^■»*l«»^^NI»»*'##»»>*»^^«»*^^^»^* 


(I'^'O  (ffro^  'A^  extremities  of  one  of  the  equal 
sides  of  an  isosceles  triangle  inscribed  in  a  circle^  tan- 
gents be  drawn  to  the  circle^  and  produced  to  meet ;  ttvp 
lines  drawn  to  any  point  in  the  circumference  J^rom  the 
point  of  concourse  and  one  point  of  contact  will  divide 
the  base  {produced  if  necessary)  in  geometrical  proportion. 

Let  CBG  be  an  isosceles  tri- 
angle inscribed  in  a  circle,  the  side 
CB  being  equal  to  J3G ;  and  at  B 
and  C  let  tangents  BA,  CA  be 
drawn,  meeting  in  A.  From  A  and 
B  draw  AD,  BD  to  any  point  D  in  the  circumference, 
cutting  the  base  CG  in  E  and  F; 

CE  :  CF  ::  CF  :  CG. 
Join  CD.    The  angle  ABC  being  equal  to  BGC,  is 
eqaal  to  BCOy  and  .*.  CG  is  parallel  to  ^B ;  and  the 
triangles  ABC^  CBG  are  equiangular; 

.-.  BC  :  C;G  ::  j4B  :  BC; 
but  (vii.  16.)  BF  :  BC  ::  BC  :  Bi). 
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.-.  ex  eemto  BF  :  CG  ::  AB  :  BD  ::  EF  :  FD^ 
stnoe  CO  18  parallel  to  AB ; 

but  CF  :  5F  ::  Fi>  :  FQ, 
.'.  CF  i  CG  ::EF  :  FO, 
whence  (Eucl.  v.  19.)  CE  :  CF  v.  CF  :  CG. 

•  ■  ■ 


■  »*  l^^t^i^t^N^W  #|##>#^^»^IP  #|g^'##'»^ 


(18.)  ^  on  /Ae  sides  of  a  triangle^  segments  qfchr^ 
cles  he  described  similar  to  a  segment  on .  the  hase^  and 
from  the  extremities  of  the  base  tangents  be  draum  int&' 
secting  theii  circurnferences ;  the  points  of  intersection 
and  the  vertex  of  the  triangle  wHl  be  in  the  same  straight 
line. 

Od  ABf  BC,  the  sides  of  the 
triangle  ABCy  let  the  segments 
JDBf  BEC  be  described,  similar 
to  AFC  the  segment  on  AC.  At 
A  and  C  let  tangents  AD,  CE  be 
drawn.  Join  X)B,  BE;  they  are 
in  the  same  straight  line. 

Since  DA  touches  the  circle  AFG,  the  angle  DAC 
18  equal  to  the  angle  in  the  alternate  segment  AQC, 
f.  e.  to  the  angle  in  the  segment  AHB.  But  the  angle 
ADB,  together  with  the  angle  in  the  segment  AHff^ 
will  be  equal  to  two  right  angles ;  /.  the  angles  CADy 
ADB  are  equal  to  two  right  angles;  .'.AC^  DB  are 
paralleL  In  the  same  manner  AC,  BE  may  be  shewn 
to  be  parallel;  /•  BD  and  BE  being  drawn  from  the 
same  point,  parallel  to  the  same  lines  will  also  be  in  the 
saipe  straight  line. 


*^  •*  #^»  i^  r  •*  *  *  *  *  ^♦*'*^.#-*  #  #  *s*-#N#^ 
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(19.)  The  centre  of  the  circle,  which  tmicb^  the 
semicircles  described  on  the  two  sides  cf  a  right-angled 
triangle,  is  in.  the  middle  point  of  the  hypothenuse^ 

On  the  sides  AB,  BC  of  the 
right-angled  triangle  ABC,  let 
semicircles  ADB,  BEC  be  de- 
scribed. Bisect  AC  in  Q;  O  is 
the  centre  of  a  circte  which  wilt 
touch  both  the  semicircles. 

From  O  draw  OFE,  OHD 
perpendiculiar  to  the  sides.  Thea 
0/r  being  parallel  to  BC, 

(Eucl.  vi.  2.)  AO  :  OC  ::  AH  :  HB, 
.\  AHssHBf  and  H  is  the  centre  of  the  semicircfe 
ADB,  Henee  the  centre  of  a  circle  touehing  ADB.xvk 
D  is  in  the  line  DHO.  For  the  same  reason,  the  centre 
of  a  circle  touching  BEC  in  E  is  in  the  lifie  EFO.. 
Also  since  OD  is  equal  to  OH  and  HD  together^  t.  e.. 
to  BF  and  HB,  or  EF  and  FO  together,  %.  e.  to  EO, 
O  is  the  centre  of  the  circle,  which  will  touch  both. 

Cor.    The  diameter  of  this  cfrcle  will  be  equal  to 
Ihe  sides  of  the  triangle  together.. 


^m^t^^f0*0^t^ 


(20.)  J^on  the  three  sides  of  a  right-angled  triangle- 
semicircles  he  described,  and  with  the  centres  of  those 
described  on  the  sides,  circles:  be  described  touching  that 
described  on  the  basei  they,  will  also  touch  the  other 
semicircles. 

On  the  sides  AB,  BC  of  the  right-angled  triangle 
ABC  let  semicircles  be  described ;;  and  with  the  cenjtres^ 
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D  and  E,  let  circles  be  described 
touching  that  described  on  the  base 
in  F  and  G;  each  of  these  circles 
will  touch  the  semicircle  described 
on  the  other  side. 

Join  ODF,  OEG,  DE.  Since 
ABy  BC  are  bisected  in  D  and  E, 
DE  is  parallel  to  AC,  and  equal  to  half  ^C,  i.e.  to  AO 
or  OC.  In  the  same  manner  OD  is  parallel  to  BC,  and 
OE  to  ^B;  .\  ODBE  is  a  parallelogram,  and  EB^ 
I.  e.  Efl^=  OD',  but  OF^DE,  .%  DH^DF,  and  if  is 
a  point  in  the  circumference  of  the  circle  FHK;  and 
being  in  the  circumference  of  BHC,  it  will  be  the  point 
of  contact,  since  DE  joins  the  centres.  In  the  same 
manner  it  may  be  shewn  that  the  circle  GI  touches  the 
circle  ABI  in  /. 


>^  »*  ^>^*  *  ^^^  J^^  ^^>s<*^  ^^^*»*«»  ^ 


(21.)  If  from  any  point  in  the  circumference  of  a 
circle  perpendiculars  he  drawn  to  the  sides  of  the  in* 
scribed  triangle ;  the  three  points  of  intersection  will  be 
in  the  same  straight  line. 

From  D  any  point  in  the  circumference 
of  the  circle  ABC,  let  DE,  DF,  DG  be 
drawn  perpendicular  to  the  sides  of  the  in- 
scribed triangle  ACB;  join  EF,  FG;  EFG 
IS  a  straight  line. 

Join  AD,  BD,  CD.  Since  the  angles  DFB, 
DGB  are  right  angles,  a  circle  may  be  described  about 
the  quadrilateral  figure  DGBF  (vi.  13.);  and  the 
angle  DFG  is  equal  to  DBG.  Also  since  the  angles 
DFA,  DEA  are  right  angles,  a  circle  may  be  described 
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about  the  qaadrilateml.  Qgme  HFEA ;  wbenoe  the  angles 
DFEj  DAE  are  together  eqoal  ifi  two  right  angles.  But 
ADBC  being  a  quadrilateral  figure  inscribed  in  a  circle^ 
the  angle  DAC  is  equal  to  fiBG,  i.e.  to  DFG;  .-. 
DFE,  DFG  are  equal  to  two  right  angles ;  and  EFG  ia 
a  straight  line. 


^0i0>m0im0m0mmm0»mm^mm'm^>^^'*tm^ 


(82.)  '  ITie  haserf.a  right-angled  triangle  not  being 
greater  than  the  perpendicular ;  if  on  any  line  drawn 
from  the  vertex  to  the  base  a  semicircle  be  described,^  and 
a  chord  equal  to  the  perpendicular  placed  in  ity  and  bi^ 
sected ;  the  point  of  bisection  will  always  fall  within  th& 
triangle. 

Let  ABC  be  a  right-angled  triangle, 
of  which  the  side  AC  is  not  greater  than 
BC.  From  B  let  any  line  BD  be  drawn 
to  the  base ;  on  which  describe  a  semi- 
circle BCD,  and  in  it  place  EF^.BC^ 
which  bisect  in  G ;  the  point  G  is  within  the  triangle 
ABC. 

Take  O  the  centre  of  the  semicircle ;  draw  OH  per- 
pendicular to.  BC;  join  OG.  Since  BCn  equal  to  EF^ 
OH  is  equal  to  OG ;  and  the  angles  at  G  and  H  being 
right  angles,  a  circle  described  with  the  centre  O,  and 
radius  OG,  will  touch  BC  in  H,  and  **.  G  is  within  the 
.angle  I^BC.  Also  since  AC  is  not  greater  than  £C 
DC  is  less  than  BC  or  EF,  .\  EF  is  nearer  to  the  centre 
O,  than  DC  is;  or  G  falls  above  DC  and  within, the 
angle  DCB. 


^  »»«»  »^#l*  *^*^*  »»r#  »»^«»  »  ^^^^ 
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(23.)  The  strafghi  line  bisecting  any  an^le  6fd  ttU 
ringle  inscribed  in  d  given  citxle,  cuts  th&  circAmJerente^ 
in  a  point,  which  is  equidistant  from  the  eattretfdtiis  fljf 
the  side  opposite  to  the  bisected  angle^  and  Jrom  the 
centre  of  a  circle  inscribed  in  the  triangle. 

Let  ABC  be  a  triangle  inslnibed  in 
the  circle  ACD.  Bisect  the  angles  BAC^ 
ABC  by  the  lines  AD,  BO,  which  meet 
in  O;  O  is  the  centre  of  the  circle  inscribed 
in  the  triangle.  Join  BD,  DC.  The 
Tines  DB,  DC,  DO  are  equal  to  each  other. 

Because  the  angles  DAB,  DAC  arc  equal,  BD  :^DC; 
and  because  the  angle  CBD=^CAD  =  DAB,  to  each  6f 
these  add  the  angle  CBO  or  its  equal  ABO ;  and  th^ 
whole  angle  OBD  is  equal  to  the  two  ABO,  OAB, 
t.  e.  to  BOD  (Eud.  i.  32.) ;  and  /.  ODz^DB. 


»^»m0^»m»m^»^*<*m^mm0<**immm^ 


(24.)  The  perpendicular  from  the  vertex  on  the  base 
of  an  equilateral  triangle  is  equal  to  the  side  of  an  equi- 
lateral triangle  inscribed  in  a  tircle,  whose  diameter  is 
the  base. 

From  C  the  vertex,  let  CO  be  drawn 
perpendicular  to  AB,  the  base  of  the  equi- 
lateral triangle  ABC;  upon  AB  describe 
a  circle  ADB,  and  let  DEF  be  an  equi- 
lateral triangle  inscribed  in  it;  CO  will  be 
equal  to  a  side  of  this  triangle. 

Draw  DO  bisecting  the  angle  at  D,  and  /.  bisecting 
EP  at  right  feinglesy  consequently  passing  through  the 
cetiti^.     Join  EG.     The  angles  ACO,   ADG  bfetng 
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each  equal  to  half  the  angle  of  an  equilateral  triangle*  are 
equal  to  each  other,  and  AOC  s  DEG,  each  being  a 
right  angle,  and  AC=ABz^DG,  .\  CO=zDE. 


I  ^l»^i#i^^l»»^»0»^»#^X^l^*i^ 


(25.)  y  an  eqtiilateral  triangle  be  inscribed  in  a 
drck,  and  the  at^aeent  arcs  cut  off*  by  two  <^its  sides  be 
bisected:  the  line  joining  the  points  of  bisection  will  be 
by  the  sides. 


Let  ABC  be  an  equilateral  triangle  in- 
scribed in  a  circle;  bisect  the  arcs  AB^ 
AC  in  D  and  E ;  join  DE ;  it  is  divided 
into  three  equal  parts  in  the  points  F  and 
G. 

Since  DE  and  BC  cut  off  equal  arcs  BD,  CE,  they 
are  parallel,  and  .*.  (Eucl.  vi.  12.)  AF^AG.  Join  BD^ 
AE.  The  angle  BFD^AFE,  and  DBF^  AEF  in  the 
same  segment,  and  BD  =  AE^  since  they  subtend  equal 
arcs ;  .*.  DF^  FA.  In  the  same  manner  it  may  be 
shewn  that  AG^GE.  Now  the  triangle -^FG  being 
similar  to  ^J9C  is  equilateral,  .*•  Z>F,  F6,  GE  are  all 
equal,  and  DE  is  trisected. 


«^^^i^»«  »^^i»^^*^i^X 


(26.)    If  any  triangle  be  inscribed  in  a  circle^  and 
from  the  vertex  a  line  be  drawn  parallel  to  a  tangent  at 
either  extremity  of  the  base ;  this  line  will  be  ajburth 
proportional  to  the  base  and  ttvo  sides. 

Let  ABC  be  a  triangle  inscribed  in  the  circle  ABC; 
and  firom  B  let  BD  be  drawn  parallel  to   AE  a  tB.nr 
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gent  at  A;  then  will  ^C  z'AB  ::  BC: 

bd: 

Produce  CB  to  meet  the  tangent  in  E. 
Since  the  angle  EAB  is  equal  to  the  angle 
in  the  alternate  segment  ACB,  and  the 
angle  AEB  it  equal  to  CBD,  .-.  the  triangle  ABE  is 
similar  to  CBD, 

and  AE  :  AB  ::  CB  :  CD; 
but  from  similar  triangles  BDC,  EAC, 

AC  :  AE  ::  DC  :  DB, 
.'.  ex  asquo  AC  :  AB  ::  CB  :  DB. 


>^^^i»i»^^^»^«»*^^^^»i»»i» 


(27.)  ijTa  triangle  he  inscribed  in  a  circle y  and  from 
Us  vertex  lines  be  drawn  parallel  to  tangents  at  the  ex* 
tremities  of  its  base ;  they  will  cut  off*  similar  triangles. 

Let  ABC  be  a  triangle  inscribed  in  a 
circle,  and  AD,  CE  tangents  at  the  points 
A  and  C  From  B  draw  BFy  BO  respec- 
tively parallel  to  them  ;  these  lines  will  cut 
off  the  triangles  ABF^  CBG,  which  are 
similar. 

For  (Eucl.  iii.  32.)  the  angle  ACB  is  equal  to  DAB^ 
i.  e.  to  the  alternate  angle  ABF;  and  the  angle  BAC  is 
equal  to  BCE,  L  e.  to  CBG ;  whence  the  triangles  ABF, 
CBG  having  two  angles  in  each  equals  will  be  equi- 
angular and  similar. 

CoR.^1.  The  rectangle  contained  by  the  segments  of 
the  base  adjacent  to  the  angles  will  be  equal  to  the  square 
of  either  line  drawn  from  the  vertex. 

For  if  AD  and  CE  be  produced,  they  will  meet  an4 

II 
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form  with  jiC  an  isosceles  triangle,  to  which  BFO  is 
similar,  .\  BF=BG. 

NowJF:  BF::  BG  :  GC 
.\  the  rectangle  AF,   GC  \s  equal  to  the  rectangle  BF, 
BGf  t.  e.  to  the  square  of  BF. 

CoR.  2.    Those  segments  are  also  in  the  duplicate 
ratio  of  the  adjacent  sides. 

For  the  triangles  ABF  and  CBG  are  each  of  them 
similar  to  ABC,  whence  AC  :  AB  ::  AB  :  AF^ 

.•.  AC  :  AF\n  the  duplicate  ratio  of  AC  :  AB; 
for  the  same  reason,  .   . 

AC  :  CG  in  the  duplicate  ratio  of  AC  :  CB, 

.\  AF  :  CG  in  the  duplicate  ratio  of  AB  :  CB. 


^<>^^.»^)^^^>^^^i^i«»i»«^^i^»^«^^^i^i^^^ 


(28.)  J^  one  circle  be  circumscribed  and  another 
inscribed  in  a  given  triangle,  and  a  line  be  drawn  from 
the  vertical  angle  to  the  centre  of  the  inner,  and  pro- 
duced  to  the  circumference  of  the  outer  circle ;  the  whole 
line  thus  produced  has  to  the  part  produced  the  same 
ratio  that  the  sum  of  the  sides  of  the  triangle  has  to  the 
base. 

hetABD  be  a  circle  circumscribed  about 
the  triangle  ABC;  O  the  centre  of  the  in- 
iscribed  citx^le.  Join  AO,  and  produce  it  to 
JD;  then  AOD  bisects  the  angle  BAC.  Jojn 
BD,  DC;  and  draw  BO,  CO  to  the  centre 

ofthe  inscribed  circle;  then 

AD  :  DO  ::  AB  +  AC  :  CB. 
Draw  OF,  OG  parallel  to  AB,  AQ  meeting  BD, 
CD  in  F  and  G.    The  angle  Z>JBC^  DAC  ^  DAB±l 
DOF,  and  the  angle  at  D  is  common  to  the  triangles 
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BED,  OFD,  and  (vii.  20.)  BD  =  DO,  /.  OF^BE. 
In  the  same  manner  it  may  be  shewn  that  OGs:EC. 
Now  the  trapeziums  BACDy  FOGD  being  similar,  and 
similarly  situated, 

AD  :  OD  ::  AB+AC  :  FO  +  OO 

::  AB+AC  :  BC. 


9 

(29.)  If  in  a  right-angled  triangle^  a  perpendicular 
he  drawn  from  the  7*ight  angle  to  the  hypothenuse^  and 
circles  inscribed  within  the  triangles  on  each  side  of  it ; 
their  diameters  will  be  to  each  other  as  the  subtending 
sides  of  the  right-angled  triangle. 

Let  ABC  be  a  right-angled 
triangle;  from  the  right  angle 
B  let  fall  the  perpendicular  BD ; 
and  in  the  triangles  ABD, 
BDC  let  circles  be  inscribed ; 
their  diameters  are  to  one 
another  as  AB  to  BC. 

Bisect  the  angles  BADy  ABD  by  th^  lines  AO, 
BOf  they  will  meet  in  the  centre  O ;  in  the  same  manner 
lines  bisecting  DBC,  DCB  meet  in  the  centre  E ;  draw 
OF,  EG  to  the  points  of  contact.  Now  the  triangles 
ABDf  BDC  being  similar  (Eucl.  vi.  8.),  •*.  the  triangles 
ABO,  BCE  are  similar ;  whence 

AB  :  BC  ::  BO  :  CE; 
but  the  triangles  GjBF,  EGCzre  similar, 

.-.  BO  :  .CE  ::  OF  :  EG  ::  20F  :  2EG. 
..AB  :  BC  ::  2OF  :  oEG. 


I'** 
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(SO.)    Tojind  the  locus  of  the  vertex  of  a  triangle, 
whose  base  and  ratio  of  the  other  two  sides  are  given. 

Let  AB  be  the  given  base ;  divide 
>  it  in  C  so  that  AC  :  CB  may  be  in 
the  given  ratio  of  the  sides.  Produce 
AB  to  O;  and  take  CO  a  mean  pro- 
portional between  AO  and  BO.  With  the  centre  O, 
and  radius  CO^  describe  a  circle;  it  will  be  the  locus 
required.  • 

In  the  arc  CD  take  any  point  D ;  join  DA,  DB, 
DC,  DO.    Since  0/>=  OC, 

AO  :  OD  ::  OD  :  OB, 
/.  the  sides  about  the  common  angle  O  are  proportional^ 
and  the  triangles  ADO,  BDO  are  equiangular ; 
. .  AD  :  DB  ::  DO  :  OB  ::  CO  :  OB  ::  AO  :  CO 

::  AO-'CO  :  CO-^OB  ::  AC  :  CB, 
i.e.  in  the  given  ratio.      In  the  same  manner,  if  any 
other  point  be  taken  in  the  circumference  of  the  circle, 
and  lines  drawn  to  it,  they  will  be.  in  the  same  given 
ratio,  and  /.  the  circumference  is  the  locus  required. 

CoR.  Since  in  any  triangle,  if  from  the  vertex  a  line 
be  drawn  cutting  the  base  in  the  ratio  of  the  sides,  it 
will  bisect  the  angle,  /.  the  angle  ADC=BDC. 


^  «>^^'«  ^-^  ^  #  ^^4«^^  ^  < 


(3i.)  A  given  straight  line  being  divided  into  any 
three  parts ;  to  determine  a  point  such,  that  lines  drawn 
to  the  points  ofsectiwi  and  to  the  extremities  of  the  line 
shall  contain  three  equal  angles. 

Let  AB  be  the  given  line,  and  AC,  CD,  DB  the 
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given  'parts.     Take  CO  a  mean  pro- 
portional   between    AO    and    DO; 
and  with  the  centre  O  and  radius  DC     _^^__^____ 
describe  a  circle.     Produce  CB ;  and 
make  DE  a  mean  proportional  between  CE  and  BE ; 
and  with  the  centre  Ey  and  radius  ED^  describe  a  circle 
cutting  the  former  in  F;  Fis  the  point  required. 

For,  as  was  proved  in  the  last  proposition, 

AF  :  FD  ::  AC  :  CD, 
and  .-.  the  angle  AFC-  CFD ;  and 

CF  :  FB  ::  CD  :  DB,   - 
.-.  the  angle  CFD^DFB; 
and  .-.  the  thr^e  angles  AFC,  CFD,  DFB  are  equal. 


«»^S^  <»»«»<»  ^^1 


(32.)    If  ttvo  equal  lines  touch  two  unequal  circles, 
and  from  the  extremities  of  them  lines  containing  equal 
angles  he  drawn  cutting  the  circles,  and  the  points  of  . 
section  joined ;  the  triangles  so  formed  will  berecipro- 
cally  proportional. 

Let  two  equal  lines  AB,  CD  touch  two  unequal 


circles  EBF,  GDH-,  and  from  A  and  C  let  lines  AJK, 
AEF,  CLM,  CGH  be  drawn  containing  the  equal 
angles  KAF,  MCH.  Join  IE,  KF,  GL,  MH-,  then 
will  the  triangle  AKF  :  CHM  ::  CGL  :  AIE. 
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Since  ^B  is  equal  to  CD^  the  rectangles  E^^  AF^ 
and  GCi  CH  are  equal ; 

.-.  AF  :  CH  ::  GC  :  AE, 
and  for  the  same  reason^ 

AK  :  CM  ::  CL  :  AI, 
whence  AFx  AK  :   CHx  CM ::  CGxCL:  AExAl, 

.\  the  triangle  ^AF  :  CMU  ::   CGL  :  ^/JB, 
since  AK  :  CM  in  the  ratio  of  the  perpendicular  from  K 
and  M  on  ^F  and  CH;  and  CL  :  ^/  in  the  ratio  of 
the  perpendiculars  from  L  and  /. 


>0^»»^<^^^»»^>»  0*00  ^»^*X> 


(33.)  If  from  an  angle  of  a  triangle  a  line  be  draum 
to  cut  the  opposite  side,  so  that  the  rectangle  contained 
hy  the  sides  including  the  angle,  he  equal  to  the  rectangle 
contained  hy  the  segments  of  the  side  together  tjbith  the 
square  of  the  line  so  drawn ;  that  line  bisects  the  angle. 

From  B  one  of  the  angles  of  the  triangle 
ABC,  let  BD  be  drawn^  so  that  the  rect- 
angle AB,  iSC  may  be  equal  to  the  rectangle 
ADy  DC  together  with  the  square  of  BD ;  ^_ 

BD  bisects  the  angle  B. 

For  if  not,  let  BE  bisect  it ;  the  rectangle  AB,  BC 
is  equal  to  the  rectangle  AE,  EC  together  with  the 
square  of  BE.  About  ABC  describe  a  circle,  and  pro- 
duce BD,  BE  to  the  circumference  in  F  and  G ;  join 
FG.  The  rectangle  AD,  DC  is  equal  to  the  rectangle 
BD,  DF;  .\  the  rectangle  AB,  BC  is  equal  to  the 
rectangle  BD,  DF  together  with  the  square  of  BD. 
i.  e.  to  the  rectangle  BF,  BD.  In  the  same  way  the 
rectangle  AB,  BC  is  equal  to  the  rectangle  BG,  BE; 
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whence  the  rectangle  BG,  BE  is  equal  to  the  rectangle 
BF,  BD;  a  circle  may  therefore  be  described  through 
D,  E,  G,  F;  whence  DEG,  DFG  are  equal  to  two 
right  angles,  i.  e.  to  DEG,  DEB\  and  /.  DFG  is  equal 
to  DEB,  or  to  DAB  and  ABG-,  and  .-.  the  arc  AB 
equal  to  the  arc  BC,  which  is  absurd,  unless  the  triangle 
be  isosceles.  Hence  .\  BG  does  not  bisect  the  angle ; 
and  no  other  but  BD  can  bisect  it. 


^^^>#»^i»'^^^^^^<#  ^^■•0'^'^^k^-^*>^^'^^ 


(34.)    In  any  triangle,  if  perpendiculars  be  drawn 
from  the  angles  to  the  Opposite  sides;  they  will  all  meet 
in  a  point. 

Let  ABC  be  any  triangle ;  and  'AF, 
CD  perpendiculars  drawn  upon  the  op- 
posite sides,  intersecting  each  other  in 
G.  Through  G  draw  BGE ;  it  is  per- 
pendicular to  AC. 

Join  FD;  and  about  the  trapezium 
BFGD  describe  a  circle.     The  triangles  ADG,  GFC 
being  equiangular, 

AG  :  GC  ::  GD  :  FG, 
whence  also  the  triangles  ^GC,  FGD  are  equiangular ; 
and  .\  the  angle  ACD=:DFG^ABE;  and  the  angle 
BAC  IS  common  to  the  two  triangles  ABE,  ACD;  /• 
the  angle  ^EB  sis  ADC,  i.  e.  it  is  a  right  angle,  and  BE, 
18  perpendicular  to  AC. 


j#i»»#>»^j»«iw^»»^^»»»^i»^»^i»^i^#^ 


(35.)  If  from  the  extremities  of  the  base  of  any  tri- 
angles  two  perpendiculars  be  let  fall  on  the  line  bisecting 
the  vertical  angle ;  and  through  the  joints  where  they 
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meet  that  line,  and  the  point  in  the  base  whereon  the  per- 
pendicular from  the  vertical  angle  falls,  a  circle  he 
described ;  that  circle  will  bisect  the  base  of  the  triangle. 

Let  ABC  be  a  triangle,  whose  vertical 
angle  B  is  bisected  by  the  line  jBD,  on  which 
let  fall  the  perpendiculars  AF^  CE.  From 
B  let  fall  BG  perpendicular  to  AC;  a  circle 
described  passing  through  E,  F,  G  will  also  bisect  AC 

About  the  triangle  ABC  describe  the  circle  ADB ; 
and  from  D  draw  a  diameter  which  will  bisect  AC  in 
H.  Now  since  the  angle  AID  is  common  to  the  tri- 
angles AIF^  HID,  and  the  angles  AFI,  IHD  are  right 
angles,  .-.  the  triangles  AIF,  HID  are  similar.  In  the 
same  manner  BIG,  CEI  are  similar.     Whence 

HI  :  ID  ::  IF  :  lA, 

and  IG  :  IB  ::  IE  :  IC, 

.'.  HIx  IG  :  IDxIB  ::  IFx  IE  :  lAxIC, 

and  since  ID  x  IB^IAxIC,  .\  HIx  IG  =  IFx  IE, 

or  a  circle  passing  through  E,  F,  G  will  pass  through  H 

(vi.  13  •)j  and  /.  bisect  the  base  AC 


■^^^■^^^•r^*^*'^^^<^^^^<0>'^^^<0*^'* 


(36.)  If  from  one  of  the  angles  of  a  triangle  a 
straight  line  be  drawn  through  the  centre  of  its  inscribed 
drcky  and  a  perpendicular  be  drawn  to  this^  line  from 
one  of  the  other  angles;  the  point  of  intersection  of  the 
perpendicular y  and  the  two  points  of  contact  of  the  in-- 
scribed  circle,  which  are  adjacent  to  the  remaining  angle, 
are  in  the  same  straight  line. 

Let  ABC  be  a  triangle,  and  O  the  centre  of  its  in- 
scribed circle.    From  B  draw  BOD  through  the  centre ; 
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and  from  C  let  fall  CH  perpendicular 
to  it.  Let  the  circle  touch  the  sides 
of  the  triangle  in  F  and  O ;  join  HGj 
GF.     HGF  is  a  straight  line. 

Join  OG^  OC\  and  let  a  circle  be 
described  about  the  triangle  ABC\ 
join  CD.   The  triangles  OGE,  CHE, 
having  the  vertical  angles  at  E  equal,  and  OGE,  CHE 
right  angles^  are  similar, 

.-.  CE  :  HE  ::  OE  :  EG, 
and  /.  the  rectangle  CE,  EG  is  equal  to  the  rectangle  OE, 
HE\  whence  a  circle  will  pass  through  the  points  C,  O, 
G,  //,  /.  the  angle  COH  ^  CGH.  Again  (vii.  20.) 
CD^DO,  and  AG^AF,  also  the  angle  CDO^  GAP, 
/.  COE=AGF;  whence  CGH^AGF;  and  CG,  GA 
are  in  the  same  straight  line,  .*.  FG,  GH  are  in  the  same 
straight  line. 


(37.)  If  from  the  three  angles  of  any  triangle  three 
straight  lines  he  drawn  to  the  points  where  the  inscribed 
circle  touches  the  sides ;  these  lines  shall  intersect  each 
other  in  the  same  point. 

Let  ABC  be  a  triangle^  in  which 
a  circle  is  inscribed,  touching  the 
aides  in  E,  F,  D.  Join  AF,  CE, 
cutting  each  other  in  O.  Join  BO, 
and  produce  it ;  it  will  pass  through  D. 

For  if  not  let  it  pass  through  some 
other  point  K;  draw  EG,  EH  re- 
spectively parallel  to  AC,  BC  Then 
the  triangles  OEH,  OFC  being  similar, 

KK 
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OE  :  EH  ::  OC  :  {CF=)  C/>; 
in  the  same  manner, 

EG  :  EO  ::  KC  :  CO, 
.'.  EG  :  EH  ::  KC  :  CD. 
Again,  since  EH  is  parallel  to  B'F, 
AE  :  EH  ::  AB  :  (JJF=)  BE  ::  ^A^  :  J&G, 
/.  AK  :  ^i£  ::  EG  :  EH  ::  KC  :  CD, 

or  AK  :  AD  ::  KC  :  CD; 
. .  AK+KC  :  AD  +  DC  ::  ^A:  :  AD; 
whence  AK:=:AD,  and  i^  coincides  with  />. 


(S8.)    If  three  circles  touch  each  other,  two  of  which 

are  equal ;  the  vertical  angle  of  the  triangle  formed  by 

joining  the  points  of  contact ,  is  equal  to  either  of  the 

angles  at  the  base  of  the  triangle,  which  is  formed  by 

joining  the  centres. 

Let  three  circles,  whose  centres 
are  A,  B,  C,  touch  each  other  in  the 
points  D,  E,  ,F;  and  let  the  two 
circles^  whose  centres  are  A  and  B, 
be  equal.  Join  AB,  BC,  CA,  ED, 
DF,  FE ;  the  angle  EDF  is  equal 
to  either  of  the  angles  at  A  or  B. 

Since  AE  is  equal  to  BF,  the  sides  of  the  triangle 
ACB  are  cut  proportionally,  .*.  EF  is  parallel  to  AB, 
and  the  angle  FED  is  equal  to  EDA.  Now  since  CA 
is  equal  to  CB,  the  angle  at  A  is  equal  to  the  angle  at  B ; 
but  AD,  AE  are  each  equal  to  BF,  BD,  /.  DE  is  equal 
to  DF,  and  the  angle  DFE  =  FED^EDA=AED'^ 
whence  the  angle  EDF^DAE^DBF. 


^^**>^'*.#>*#K^***'**^  •'*♦'*•#**  *  #«» 
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(39.)  ff"  three  equal  circles  iowk  each  other;  to 
compare  the  area  of  the  triangle  Jormed  In/ Joining.their 
centres  with  the  area  of  the  triangle  Jhrmed  b^  joining 
the  points  of  contact. 

Let  three  equal  circles,  whose  cen- 
tres are  ^,  B,  C,  touch  each  other  in 
Z>,  F,  E.  Join  AB,  BC,  CA,  ED, 
DF,  FE. 

Since  the  circles  are  equal,  their  radii 
are  equal,  -■.  the  sides  of  the  triangle 
ACB  are  cut  proportionally,  and  DF  is  parallel  to  AC, 
and  DE  to  BC;  .-.  AEFD  is  a  parallelogram,  and  the 
triangle  DEF  is  equal  to  ADE.  In  the  same  manner 
it  may  be  proved  to  be  equal  to  each  of  the  triangles 
DFB.  FCE;  and  .•-  it  is  equal  to  one  fourth  of  ABC. 


(40.)  If  Jour  straight  lines  intersect  each  other,  and 
form  four  triangles ;  the  circles  which  circumscribe  them 
will  pass  through  one  and  the  same  point. 

Let  the  lines  AB,  AC,  DE,  DC 

form  the  four  triangles  ABC,  AEF, 
DCE.  DBF;  and  let  the  circles 
circumscribing  AEF,  DBF,  inter- 
sect each  other  in  G ;  the  circles 
circumscribing  the  triangles  ABC, 
DEC  will  also  pass  through  G. 

Join  GA,  GE,  GF,  GB,  GD.  Because  the  points 
G,  F,  B,  D  are  in  the  circumference  of  a  circle,  the 
angle  GDB  =  GFA  =  GEA,  i.  e.  GDC  =  GEA,  and 
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/.  the  points  Gy  E^  C,  D  are  in  the  circumference  of  the 
same  circle,  i.  e.  the  circle  circumscribing  ECD  passes 
through  G.  Also  since  the  angle  GAE^  GFD^  GBD, 
i.  e^  GAC=^GBDy .-.  the  points  G,  A^  C,  JB  are  in  the 
circumference  of  the  same  circle ;  or  the  circle  circum-i 
scribing  ACB  also  passes  through  G^  ** 


(41 .)    Having  given  the  base  and  vertical  angle  qjT 
a  triangle ;  to  determine  the  locus  of  the  extremity  of 
tfie  line  which  always  bisects  the  vertical  angle,  and  is 
equal  to  half  the  sum  of  the  sides  containing  the  angle. 

Let  AB  be  the  given  base ;  and  on  it 
describe  a  segment  of  a  circle  ACB,  con- 
taining an  angle  equal  to  the  given  ver- 
tical angle.  Complete  the  circle ;  and 
draw  the  diameter  FD  bisecting  AB. 
Join  AFy  FB;  and  with  the  centre  F, 
and  radius  FA^  describe  a  circle  ABE^ 
cutting  FD  in  E.  On  DE  as  a  diameter  describe  a 
circle ;  it  will  be  the  locus  required.  ^ 

Let  ACB  be  any  position  of  the  triangle,  and  draw 
CGD;  it  bisects  the  angle  at  Q  since  ACD  is  equal  to 
AFD,  i.e.  to  the  half  of  ^/B  or  to  the  half  of  ACB. 
Produce ^C,  ^Fto  /and  H.  Join  HI,  CF,  EG.  The 
angle  C^Fis  equal  to  CDF,  and  the  angles  AIH,  FCD, 
DGE  are  right  angles;  /.  the  triangles  AIM,  CDF, 
EDG  are  equiangular^ 

and  AH  :  AI  ::  FD  :  CD,::  FE  :  CG. 
But  AH  is  equal  to  AF  and  FB  together,  i.  e.  to  2  F^ 
wd  Aln  cquatto  AC md  CB  together  (ii.  60),  .-.  AQ 
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and  CB  together  are  equal  to  3  CG,  i,  e.  CG  a  half  the 
sum  of  the  sides  j4C  and  CB,  and  its  extremity  is  in 
the  circumference  of  the  circle  EOD. 


(43.)  If  from  the  extremities  of  the  base  of  a  tri- 
angle inscribed  in  a  circle,  perpendiculars  be  drawn  to  the 
opposite  sides,  intersecting  a  diameter  which  is  perpen- 
dicular to  the  base ;  the  segments  of  the  diameter  inter- 
cepted between  these  points  and  a  point  in  it,  whose 
distance  from  the  base  is  equal  to  the  lesser  segment  of 
the  diameter  made  by  the  base,  will  be  to  one  another  in 
the  ratio  of  the  sides  of  the  triangle. 

Let  ABC  be  a  triangle  inscribed  in  a 
circle,  whose  diameter  DE  is  perpendicular 
to  the  base^C.  Make  FG^FEi  and 
let  the  perpendiculars  be  drawn  from  A 
and  C  to  the  opposite  sides,  intersecting  in 
H,  and  meeting  the  diameter  in  /  and  K ; 
KG  :  IG  ::  AB  :  BC. 

Join  AG,  GC.  Because  GF=  FE,  the  angles 
GAF,  GCF  are  each  equal  to  FOE,  i.e.  to  half  the 
vertical  angle  of  the  triangle ;  .-.  AGC,  ABC  are  tt^e- 
ther  equal  to  two  right  angles  (EucI,  i.  33.) ;  and  since 
AHC  is  equal  to  its  vertically  opposite  angle,  AHC,  ABC 
are  equal  to  two  right  angles;  whence  AGC=AHCi 
and  A,  G,  H,  C  are  in  the  circumference  of  a  circle ; 
.-.the  angle  GH A  =  GCA  =  ha\{  the  angle  ABC.  Now 
the  angle  KHI,  contained  by  the  perpendiculars,  is 
equal  to  ABC, .:  Gif  bisects  the  angle  KHI.  Also  the 
angle  GKH^KHB^BAC;  and  KIH-AIF=ACBi 


« 
\ 
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.'•  the  triangle  KHI  is  eqiiiangiilar  to  ABC\  And  it  has 
been  shewn  that  OH  bisects  the  angle  KHI. 

:  G/  ::  X^  :  HI  ::  ^B  :   BC. 


(43.)  If  the  exterior  angle  of  a  triangle  he  bisected 
hy  a  straight  line  which  cuts  the  hose  produced ; .  the 
square  of  the  bisecting  line  is  equal  to  the  difference  of 
the  rectangles  of  the  segments  of  the  base  and  of  the 
sides  of  the  triangle. 

^ 

Let  CBD  the  exterior 
angle  of  the  triangle  u4BC 
be  bisected  by  BE  which 
meets  AC  produced  in  E; 
the  square  of  BE  is  equal 
to  the  diflerence  of  the  rectangles  AE,  EC  and  AB, 
BC. 

About  the  giren  triangle  describe, the  circle  ABC; 
and  produce  EB  to  JP;  and  join  AF.  Then  because 
the  angle  EBC:^EBD^FBA,  and  AFB:=BCE,  since 
each  of  them  together  with  ACB  is  equal  to  two  right 
angles;  /.  the  triangles  EBC,  FBA  are  equiangular^ 

and  AB  :  BF  ::  EB  :  BC, 
.'.  the  rectangle  AB,  BC  is  equal  to  the  rectangle  EB, 
BF'y  to  each  of  these  equals  add  the  square  of  BE,  and 
the  rectangle  AB,  BC  together  with  the  square  of  BE  ia 
equal  to  the  rectangle  EB,  £F  together  with  the  square 
of  BE,  i.  e.  to  the  rectangle  FJ?,  EB,  or  its  equal  AE,^ 
EC;  and  .*.  the  square  of  BE  is  equal  to  the  diflerenoe 
between  the  rectangles  AE,  EC  and  AB,  BC. 


Sect.  8.3 
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(1.)  Tf  from  the  centre  of  a  circle  a  line  be  drawn 
to  any  point  in  the  chord  of  an  arc ;  the  square  of  that 
line  together  with  the  rectangle  contained  by  the  segments 
of  the  chord  will  be  equal  to  the  square  described  on  the 
radius. 

B 
I 

From  the  centre  O  of  the  circle  ABD, 
let  OC  be  drawn,  to  a  point  C  in  any 
chord  AB ;  the  square  of  OC  together  with 
the  rectangle  AC,  CB  is  equal  to  the  square 
described  on  the  radius. 

Through  C  draw  DE  perpendicular  to  OC.  Join 
OD.  Then  DC  =  CE,  and  the  rectangle  DC,  CE  is- 
equal  to  the  square  of  DC\  but  the  rectangle  DC^  CE 
is  equal  to  the  rectangle  ACy  CB,  .\  the  rectangle  AC, 
CB  together  with  the  square  of  CO  is  equal  to  the 
squares,  of  DC,  CO,  i.  e.  to  the  square  of  DO. 


(2.)    If  two  straight  lines  in  a  circle  cut  each  other 
at  right  angles ;  the  sums  of  the  squares  of  the  two  lines 
joining  their  extremities  will  be  equal. 

LfCt  the  two  straight  lines  AC,  BD  cut 
each  other  at  right  angles  m  E;  join  AB, 
BCy  CD,  DA;  the  squares  of  AB,  CD 
are  equal  to  the  squares  of  AD  and  CB. 

For  the  squares  of  AB  and  CD  are  equal 
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to  the  squares  of  AE,  EB,  DE,  EC.  But  the  squares 
of  jIE  and  DE  are  equal  to  the  square  of  AD,  and  the 
squares  of  EC  and  EB  are  equal  to  the  square  of  BC; 
.\  the  squares  of  AB  and  CD  are  equal  to  the  squares  of 
AD  and  BC. 


(3.)  If  two  points  be  taken  in  the  diameter  of  a 
circle,  equidistant  from  the  centre;  the  sum  of  the 
squares  of  two  lines  drawn  from  these  points  to  any 
point  in  the  circumference  will  always  be  the  same. 

Let  A  and  B  be  two  points  in  the  dia* 
meter  of  the  circle  CDE,  equally  distant 
fix)ni  the  centre  O;  if  lines  AC,  BC  be 
drawn  to  a  point  in  the  circumference,  the 
^sum  of  the  squares  of  AC,  CB  will  be  the  same,  in  what- 
ever point  of  the  circumference  C  is  taken. 

Join  CO ;  then  (iv«  30.)  the  sum  of  the  squares  of 
AC,  CB  is  double  of  the  sum  of  the  squares  of  AO  and 
OC,  which  is  an  invariable  quantity. 


^^^  «^^«  i^i^^  »i^-^^^«»^^»»'^^'^^^-^  ^ 


(4.)  If  from  any  point  in  the  diameter  of  a  semicircle 
there  be  drawn  two  straight  lines  to  the  circumference, 
one  to  its  point  of  bisection,  and  the  other  at  right 
angles  to  the  diameter ;  the  squares  of  these  two  lines 
are  together  double  of  the  square  of  the  semi-diameter. 

From  any  point  C  in  the  diameter  AB,      •  ^^TTTX 
let  CD,  CE  be  drawn ;  of  which  CD  is  per-     /\r\    \ 
pendicular  to  AB,  and  CE  is  drawn  to  the 
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middle  point  E  of  the  semi-circumferenoe  AEB\\  the 
squares  of  CD  and  CE  together  will  hp  double  of  the 
square  of  the  semi-diameter. 

Join  DO,  OE.  The  angle  EOC  is  a  right  angle, 
and  •*.  the  square  of  EC  is  equal  to  the  sum  of  the 
squares.of  j^O  and  OC;  butthe  square  of  DC  is  equal  to 
the  difference  of  the  squares  of  DO  and  OC;  .*.  the 
squares  of  EC  and  CD  together  are  equal  to  the  squares 
of  EO  and  DO  together^  i.  e.  are  double  of  the  square  of 
EO. 


(5.)  J[fa  straight  line  he  drawn  at  right  angles  to 
the  diameter  of  a  circlcy  and  be  cut  hy  any  other  line ; 
the  rectangle  contained  hy  the  segments  of  this  cutting 
line,  together  with  the  square  of  that  part  (fthe  perpen- 
dicular line  which  is  intercepted  hetween  it  and  the 
-diameter,  is  always  of  the  same  magnitude. 

Let  AB  be  drawn  at  right  angles  to  CD  ^  » 

the  diameter  of  the  circle  ABC;  and  let  it 
be  cut  in  G,  by  any  other  line  EF;  the 
rectangle  EG,  GF,  together  with  the  square 
of  HG  is  of  invariable  magnitude. 

For  the  rectangle  EG^  GF  is  equal  to  the  rectangle 
AG,  GB,  and  the  rectangle  AG,  GB  together  with  the 
square  of  HG  is  equal  to  the  square  of  AH,  .*.  the  rect- 
angle EG,  GF  together  with  the  square  oi  .HG  is  equal 
to  the  square  of  half  AB,  which  is  always  the  same* 


^t^r-^^  ^^^^^^■^■^m-^  »^«^s»^  »^»»^»» 
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(6,)  A  straight  line  being  draU)nJrom  the  centre  of 
a  quadrant  bisecting  the  arc  and  meeting  a  tangent 
drawn  from  one  extremity ;  if  from  any  point  in  the 
hounding  radius  a  tinf  be  drawn  parallel  to  the  tangent, 
the  sum  of  the  squares  of  the  segments  ofU,  cut  off*  by 
the  aforesaid  line  and  by  the  drcutrference  will  be  equal 
to  the  square  of  the  radius. 

From  the  centre  O  let  OC  be  drawn 
bisecting  the  quadrantal  arc  ^B,  and  meet- 
ing a  tangent  to  the  point  A  in  C  From 
any  point  D  in  AO  draw  a  perpendicular 
DE ;  the  squares  of  DF  and  DE  are  together  equal  to 
the  square  of  OB. 

Join  FO.  Since  the  angle  DOE  is  half  a  rigKt 
angle,  and  the  angle  at  2>  a  right  angle,  /•  DEO  is  half 
a  right  angle^  and  equal  to  DOE;  whence  DE^DO. 
Now  the  squai'es  of  DO  and  DF  are  together  equal  to 
the  square  of  0F\  .\  also  the  squares  of  DE  and  DF  are 
together  equal  to  the  square  of  OF,  or  OB.  In  the 
same  manner  it  may  be  shewn  that  the  squares  of  GH 
and  GI  are  together  equal  to  the  square  of  OB. 


9^^^>^>^>^-^  ^^^^■^^^  *^  #  *■»  #^  #  *i^* 


(7.)  If  from  a  point  without  a  circle  there  be  drawn 
two  straight  lines,  one  of  which  is  perpendicular  to  a 
diameter,  and  the  other  cuts  the  circle ;  the  square  of  the 
perpendicular  is  equal  to  the  rectangle  contained  by  the 
whole  cutting  line  and  the  part  without  the  circle^  toge^ 
ther  with  the  rectangle  contained  by  the  segments  of  the 
diameter. 

From  the  point  A  let  AB  be  drawn  perpendicular 
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to  CD  the  diameter  of  the  circle  DEC, 
and  AFB  cutdng  the  circle ;  the  square  of 
AB  is  equal  to  the  rectangles  EA,  AF,  and 
CB,  BD  together. 

Through  the  centre©  draw  ^GH.  The 
squares  of  AB^  BO  are  equal  to  the  square 
t^  AO,  i.e.  to  the  rectangle  HA,  AG  together  with  the 
square  of  GO  (Euol.  ii.  6.),  i.  e.  to  the  recta^le  HA^ 
AG  together  with  the  rectangle  DB,  BC  and  the  square 
of  OB ;  and  .'.  the  square  of  AB  is  equal  to  the  rectaoglea 
HA,  AG  and  DB,  BC  together. 


(8.)  Ifar^  straight  line  be  drawn  perpendicular  to- 
the  (Rameter.fif  a  given  circle,  and  produced  to  cut  antf 
chord;  the  rectangle  contained  by  the  segments  of  the 
diameter  mil  he  less  or  greater  than  the  rectangle  con- 
tained by  the  segments  of  the  chord,  by  the  sgware  of  the 
line  intercepted  between  them,  aeccording  as  it  is  drauau 
without  or  within  the  arch. 

Let  AB  meet  tlie  diameter  CD  of 
the  circle  CGD  at  right  angles  in  the 
point  E,  and  any  other  chord  GH  in 
Fi  the  rectangle  CE,  ED  is  less  or 
greater  than  the  rectangle  GF,  FH,  by 
the  square  of  EF,  according  as-  AB,  is 
without  or  within  Hie  cirde. 

Take  O  the  centre  of  the  circle,  and  through  it  draw 
FOJt  cutting  the  circle  in  /  and  K,  Then  because  Kl 
is  bisected  in  O,  and  produced  to  F,  the  rectangle  KF, 
FI  together  with  the  square  of  01  is  equal  to  the  square 
of  OF,  i.  e.  to  the  squares  of  OE  and  EF.     But  when  E 
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15  without  the  circle,  the  rectangle  CEy  ED'  together 
with  the  square  of  OD  is- equal  to  the  square  of  OE, 
/.  the  rectangle  jKF,  F/ together  with  the  square  of  O/ 
is  equal  to  the  rectangle  CE^  ED^  together  with  the 
squares  of  OD,  and  EF.  And  since  OI  is  equal  to 
O A  and  the  rectangle  KF^  FI  is  equal  to  the  rectangle 
GF,  FH,  (Eucl.  iii.  36.  Cor.) ;  /.  the  rectangle  GF, 
FH  is  ^qual  to  the  rectangle  CE^  ED  together  with  the 
!ft]aare  of  EF.  In  nearly  the  same  manner  it  is  demon- 
strated if  AB  be  within  the  circle. 


(9.)  If  a  diameter  of  a  circle  he  produced  to  bisect 
a  line  at  right  angles ^  the  length  of  which  is  the  double 
of  a  mean  proportional  between  the  whole  line  through 
the  centre  and  the  part  without  the  circle ;  and  from  any 
point  in  the  double  of  the  mean  proportional  a  line  be 
drawn  cutting  the  circle ;  the  sum  of  the  squares  of  the 
segments  of  the  double  mean  proportional  will  he  equal 
to  twice  the  rectangle  contained  by  this  cutting  line  and 
the  part  without  the  circle.. 

Let  the  diameter  BA  produced  bisect 
DCE  at  right  angles,  and  let  CD  and  CE 
be  each  a  mean  proportional  between  j4C 
and  CB;  and  through  any  point  F  let 
FGH  be  drawn  cutting  the  circle  in  G  and 
H ;  the  squares  of  DFy  and  FE  are  together  equal  to 
twice  the  rectangle  GF,  FH. 

Since  the  rectangle  ACy  CB  is  equal  to  the  square  of 
CDy  the  rectangle  ACy  CB  together  with  the  square  of 
CF  is  equal  to  the  squares  of  CD  and  CF.     But  (viii.  8.) 
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the-  rectangle  AC,  CR  together  with  the  square  of  CF 
is  equal  to  the  rectangle  GF^  FH;  whence  the  rectangle 
GFy  FH  is  equal  to  the  squares  of  CD  and  CFtc^ther ; 
and  the  doubles  of  equals  are  equals  /.  twice  the  rect« 
angle  OF,  FH  is  equal  to  twice  the  squares  of  CD  and 
CF  together,  i.  e.  to  the  squares  of  DF  and  FE  together 
(EucK  ii.  9.). 

Cor.  If  from  F  tangents  be  drawn,  to  the  circle^  the 
sum  of  their  squares  will  together  be  equal  to  the  sum- 
of  the  squares  of  DF  and  FE. 


^■^^^  #-^.^^^^^,»^i^^.^.»V#^^^^i»^\^-*' 


(10.)  If  from  a  point  without  a  circle  two  straight 
lines  be  drawn,  one  through  the  centre  to  the  drcumfe- 
rence,  and  the  other  perpendicular  to  it,  and  on  the  former 
a  mean  proportional  he  taken  between  the  whole  line  and 
the  part  without  the  circle;  any  other  line  passing 
through  that  extremity  of  the  mean  proportional  which 
is  mthin  the  circle,  and  terminated  by  the  circumference 
and  perpendicular,  will  be  similarly  divided. 

From  a  point  C  without  the  circle 
ABG,  let  CAB  be  drawn  through  the 
centre ;  take  a  point  D  such  that  AC  : 
CD  ::  CD  :  CB;  and  from  C  let  CE 
be  drawn  perpendicular  to  CB;  if  through  D,  any  line 
EFG  be  drawn  terminated  by  the  circumference  and  the 
perpendicular  CE,  EF  :  ED  ::  ED  :  EG. 

For  the  rectangle  AC,  CB  together  with  the  square 
of  CE  is  equal,  by  construction,  to  the  squares  of  DC, 
CE,  i.  €.  to  the  square  of  DE,  But  (viii.  8.)  the  rect- 
angle AC,  CB  together  with  the  square  of  CE  is  equal 
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to  the  rectaogle  FE,  EG ;  .*.  the  reotaDgk  FM,  EG 
is  equal  to  the  square  of  ED ; 

and  EF  :  ED  ::  ED  :  EG. 


^»#^»»  <  ^X*»»*#*i*i»<  #»*< ##>*<*»» 


(11.)  If  a-  chord  he  drawn  parallel  to  the  diameter  of 
a  circle^  andjrom  any  point  in  the  diameter  lines  he 
draum  to  its  extremities ;  the  sum  of  their  squares  wiU 
be  equal  to  the  sum  of  the  squares  of  the  segments  o/"  the 
diameter. 

Let  CD  be  drawn  parallel  to  ^B  the 
diameter  of  the  circle  ACD ;  and  from  any 
point  E  in  AB,  let  EC,  ED  be  drawn ;  the 
squares  of  EC  and  ED  are  together  equal 
to  the  squares  of  Ej4  and  EB. 

Take  O  the  centre^  and  join  CO,  DO ;  and  let  fell 
the  perpendiculars  CF,  DO.  Then  since  CD  is  parallel 
to  AB,  the  angles  JOQ  BOD  zee  equal,  and  OF=s  OO. 
Now  (End.  ii.  13.)  CiP=CO+0^  +  2  0Fx  OE, 
and  (Eucl.  ii.  13.)  ED'=DO'+0E^^^OOy  OE, 
whence  the  squares  of  CE,  EI^  are  equal  to  twice  the 
squares  of  CO,  OE,  or  twice  the  squares  of  AO,  OE, 
i.  e.  to  the  squares  of  AE^  EB  (Eucl.  ii.  9.). 


^i^i»^^i»^>i»^^^^»#i^>»»i»^^^<»^»i»^^ 


(12.)  ^  through  a  point  within  or  without  a  circle^ 
two  straight  lines  be  drawn  at  right  angles  to  each  other, 
and  meeting  the  (Arcumference ;  the  squares  of  the  seg- 
ments of  them  are  together  equal  to  the  square  of  the 
diameter. 
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Let    AB,     CD   cut   one 

another  at  right  angles  in  £; 
the  sum  of  the  squares  of  AE, 
EB,  CE,  ED  will  be  equal  to 
the  square  of  the  diameter. 

Draw  the  dianieter  AF.  Join  FB,  BC,  FD,  DA ; 
then  ABF  being  a  right  angle  is  equal  to  AEDy  and 
.\  BF  is  parallel  to  CD,  and  (ii.  1.  Cor.  2.)  BC^FD. 
And  since  the  angles  at  E  are  right  angles,  the  squares 
of  CEj  EB  are  equal  to  the  square  of  CB^  t .  e.  to  the 
square  of  DF\  but  the  squares  of  AE^  ED  are  equal 
to  the  square  of  AD ;  /.  the  squares  of  CE^  EB,  AE, 
ED  are  equal  to  the  squares  AD,  DF,  i.  e.  to  the  square 
of  AF,  ADF  being  a  right  angle. 


(13.)  If  from  a  point  without  a  circle  there  be  drawn 
two  straight  lines,  one  of  which  touches  the  circle,  and  the 
other  cuts  it ;  and  from  the  point  of  contact  a  perpen^ 
dicular  be  drawn  to  the  diameter ;  the  square  of  the  line 
which  touches  the  circle  is  equal  to  the  square  of  that 
part  of  the  cutting  line  which  is  intercepted  by  the  per- 
pendicular, together  with  the  rectangle  contained  Btf  the 
segments  of  that  pari  of  it  which  is  within  the  circle. 

From  the  point  A  without  the  cir- 
cle BCD  let  two  lines  AB,  AC  be 
drawn  ;  of  which  AB  touches  the  cir- 
cle, and  AC  cuts  it ;  and  from  B  let 
BFO  be  drawn  perpendicular  to  the  diameter ;  the  square 
of  AB  is  equal  to  the  square  of  AB  together  with  the 
rectangle  CE,  ED. 
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For  the  square  of  AB  is  equal  to  the  squares  of  ^F, 
FB.  But  (EucL  ii.  5.)  the  square  of  FB  is  «qual  to 
the  rectangle  BE,  EG  together  with  the  squa^e  of  EF, 
i.  €.  to  the  rectangle  CE^  ED  together  with  the  square 
of  EF\  .'.  the  square  of  AB  is  equal  to  the  squares  of 
AF,  FE  together  with  the  rectangle  CE,  ED,  i.  e.  to 
the  square  of  AE  together  with  the  rectangle  CEy  ED. 


(14.)    A  straight  line  drawn  from  the  concourse  of 
two  tangents  to  the  concave  circumference  of  a  circle  is 
,  divided  harmomcally  by  the  convex  circumference  and  the 
chord  which  joins  the  points  of  contact. 

Let  ABf  AC  touch  the  circle 
ADC,  and  AGE  cut  it.  Join  BC ; 
then  will 

AE  :  AG  ::  EF  :  FG. 

Op  EG  as  diameter  describe  a 
circle  EHG,  and  through  Fdraw  ^F/ perpendicular  to 
EG.  Join  AH.  Then  the  rectangle  BF,  FC  is  equal 
to  the  rectangle  EF,  FG,  i.  e.  to  the  square  of  HF,  or 
the  rectangle  HF,  FI;  and  .-.the  points  H,  B,  /,  C 
are  in  the  circumference  of  a  circle.  And  since  the  square 
of  AH  is  equal  to  the  squares  of  AF,  FH,  or  to  the 
square  of  AF  and  the  rectangle  BF,  FC,  i.  e.  to  the 
squares  of  AK,  KF,  together  with  the  rectangle  BF,  FC, 
i.  e.  to  the  squares  of  AK,  KB, .  or  to  the  square  of  AB ; 
.'•  AH=z  AB ;  and  since  the  square  of  AH  is  equal  to  the 
rectangle  EA,  AG,  AH  is  a  tangent  at  H.  And  since 
EG  is  a  diameter,  (ii.  42.) 

AE  :  AG  ::  EF  :  GF. 
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(If.)  If  from  the  extremities  of  any  chord  in  a  circle 
straight  lines  he  drawn  to  any  point  in  the  circumference 
meeting  a  diameter  perpendicular  to  the  chord ;  the  rect- 
angle contained  by  the  distances  of  their  points  of  inter- 
section Jrom  the  centre  is  equal  to  the  square  described 
upon  the  radius. 

From  A  and  B,  the  extremities  of 
the  chord  AB,  let  ACy  BC  be  drawn 
to  any  point  C  in  the  circumference ; 
and  let  them  meet  a  diameter  perpen-. 
dicular  to  AB  in  D  and  E.  Take  O 
the  centre;  the  rectangle  DO,  OE  is  equal  to  the 
square  described  on  the  radius. 

Draw  the  diameter  BOO.  Join  CO,  CO.  Since 
the  angle  OCB  is  equal  to  OBC,  and  BGC  to  FAD. 
and  that  CBO,  and  BOC  together  are  equal  to  a  right 
angle ;  /•  OCE  and  FAD  together  are  equal  to  a  right 
angle,  and  .\  to  FAD  and  ADF  together;  hence  OCE 
is  equal  to  ADO,  .*.  the  triangles  COD,  COE  are  equi- 
angular^ 

and  DO  :   OC  ::   OC  :  OE. 
/.  the  rectangle  DOy  OE  is  equal  to  the  square  of  OC. 


*^.^p##»^^^*^^^-»^^^<^^^^>»^<#^A» 


(16.)  If  from  any  point  in  the  base  or  base  produced^ 
of  the  segment  of  a  circtcy  a  line  be  drawn  making  there- 
with an  angle  equal  to  the  angle  in  the  segment,  and 
from  the  extremity  of  the  base  any  line  be  drawn  to  the 
former,  and  cutting  the  circumference ;  the  rectangle  con* 
tained  by  this  line  and  the  part  of  it  within  the  segment 
is  always  of  the  same  magnitude. 

.    M  m' 


C   D 
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Let  jiBC  be  a  segment  of  a  circle 
on  the  base  AC;  and  from  any  point 
D,  let  DE  be  drawn,  making  with  AC 
an  angle  equal  to  the  angle  in  the  seg- 
ment, and  meeting  any  line  AB  drawn  from  the  extremity 
A ;  the  rectangle  EA,  AB  is  of  invariable  magnitude. 

Since  the  angle  ADE  is  equal  to  ABCy  and  the 
angle  at  A  common  to  the  triangles  ADE,  ABCy ^the 
triangles  are  •*.  similar;  whence 

AD  :  AE  ::  AB  :  AC, 
and  the  rectangle  AE,  AB  is  equal  to  the  rectangle  AD, 
AC,  which  is  invariable. 


(17.)  To  determine  the  locus  of  the  extremities  of 
any  number  of  straight  lines  drawn  from  a  given  pointy 
so  that  the  rectangle  contained  by  each  and  a  segment 
cut  off  from  each  by  a  line  given  in  position  may  be  equal 
to  a  given  rectangle. 

Let  A  be  the  given  point,  and  DE  the 
line  given  in  position.  Draw  AGF  per- 
pendicular to  DE ;  and  take  AF  such  that 
the  rectangle  AG,  AF  may  be  equal  to  the 
given  rectangle ;  and  on  AF  as  diameter 
describe  a  fArc\e\  it  will  be  the  locus  required. 

Draw  any  line  AC;   and  join  FC     The  triangles 
ABGy  AFC  being  similar, 

AF  :  AC  ::  AB  :  AG, 
.*•  the  rectangle  AC,  AB  is  equal  to  the  rectangle  AFy 
AG,  i.  e.  to  the  given  rectangle.     And  the  same  may  be 
proved  of  any  other  line  drawn  from  A  to  the  circum- 
ference^ which  •*.  is  the  locus. 


<»«»»^#^^^^  ^^<»*>»^^^i»^/'^»0^«^^ 
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•{18.)  If  from  a  given  point  two  straight  lines  he 
drawn  J  containing  a  given  angle  ^  and  such  that  their 
rectangle  may  he  equal  to  a  given  rectilineal  figure^  and 
one  of  them  he  terminated  by  a  straight  line  given  in 
position ;  to  determine  the  locus  of  the  extremity  of  the 
other. 

Let  A  be  the  given  pointy  and  BC  the 
line  given  in  position.  From  A  draw  AD 
perpendicular  to  £C;  and  draw  AE^ 
making  with  it  the  angle  DAE  equal  to 
the  given  angle ;  and  make  AE  of  such 
a  magnitude  that  the  rectangle  AD,  AE  may  be  equal 
to  the  given  figure.  On  AE  as  diameter  describe  a 
circle  AFE:  it  will  be  the  locus  required. 

Draw  any  other  line  AB,  and  AF  making  with  it  the 
angle  FAB  equal  to  the  given  angle;  join  FE.  Then 
the  triangles  ABD,  AFE,  being  equiangular^ 

AB  :  AD  ::  AE  :  AF, 
whence  the  rectangle  AB,  AF  is  equal  to  the  rectangle 
AD,  AE,  i. e.  to  the  given  figure;  and  the  same  may  be 
proved^  of  any  other  two  lines,  similarly  drawn  from  A- 


^■^^^•^•^^^>*f^^<^'^'^>^^^^'^^>,^^>^^^i^ 


(19.)  If  from  the  vertical  angle  of  a  triangle  two 
lines  he  drawn  to  the  hase  making  equal  angles  uuth  the 
adjacent  sides ;  the  squares  of  those  sides  will  be  proppr^ 
tional  to  the  rectangles  contained  by  the  adjacent  seg^ 
ments  of  the  base. 

Let  AD,  AE  be  drawn  from  the  ver- 
tical  angle  A  making  equal  angles  BAD, 
EAC  with  the  adjacent  sides;  then  will 
AB"  :  AC'  ::  BDxBE  :  CDx  CE. 


B  IF 


£    C 
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About  the  triangle  ADE  describe  a  circle,  cutting 
AB,  AC  (produced  if  necessary)  in  G  and  F.  Join  FO. 
Then  (Eucl.  iii.  26.)  the  arcs  GD,  FE  are  equal,  .*. 
(ii.  1.  Cor.)  FG  is  parallel  to  BC; 

.'.  AB  :  AC  ::  BG  :  CF, 
and  AB"  :  AC*  ::  ABxBG  :  ACxCF, 
;;  BDxBE  :  CDxCE  (Eucl.  iii.  36.). 


/^•^  ^^^^^»#  «^ ' 


(20.)  If  a  line  placed  in  one  circle  be  made  the 
diameter  of  a  second,  the  circumference  of  the  latter 
passing  through  the  centre  of  the  former ;  and  any  chord 
in  the  former  circle  he  drawn  through  this  diameter  per- 
pendicularly ;  the  rectangle  contained  hy  the  segments 
made  hy  the  circumference  of  the  latter  circle  will  he 
equal  to  that  contained  hy  the  whole  diameter  and  a  mean 
proportional  between  its  segments. 

Let  a  line  j^C,  placed  in  the  circle 
ADC,  be  the  diameter  of  the  circle  ABC, 
vvhose  circumference  passes  through  the 
centre  of  ADC.  Through  any  point  B 
let  a  line  DBE  be  drawn  perpendicular 
to  AC\  the  rectangle  DB,  BE  is  equal 
to  the  rectangle  AC,  BF. 

Draw  CBG.  And  since  the  circumference  ABC 
passes  through 'the  centre  of  AGD,  .*.  (ii.  6o.)  AB  is 
equal  to  BG,  and  the  rectangle  AB,  BC  is  equal  to  the 
rectangle  GB,  BC,  i.  e.  to  the  rectangle  DB,  BE.  Also 
the  rectangle  AB,  BC  is  equal  to  the  rectangle  AC,  BF, 
(Eucl.  vi.  C),  /.  the  rectangle  DB,  BE  is  equal  to  the 
rectangle  AC,  BF. 
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(21  •)  ^  semicircles  be  described  on  the  segments  of 
the  base  made  by  a  perpendicular  drawn  from  the  right 
angle  of  a  triangle ;  they  will  cut  off  from  the  sides, 
segments  which  will  be  in  the  triplicate  ratio  of  the  ddes. 

From  the  right  angle  B  let .  BD  be 
drawn  perpendicular  to  AC;  and  on 
^Df  DC  let  semicircles  be  described, 
cutting  ^JB,  CB  in  E  and  F;  AE  : 
CF  in  the  triplicate  ratio  of  AB  :  CB. 

Join  DE,  DF;  they  are  perpendicular  to  AB,  BC 
respectively ;  .•.  (Eucl.  vi.  8.  Cor.) 

AC  :  AB   ::  AB   :  JD 
AB  :  AD  ::  AD  :  AE; 
hence  AC  :  AE  in  the  triplicate  ratio  of  AC 
In  the  same  manner  it  may  be  shewn  that 

AC  :  CF  in  the  triplicate  ratio  of  AC 
/.  inv.  and  ex  a^quo, 

AE  :  CF  in  the  triplicate  ratio  of  AB  :  CB. 


AB. 


CB, 


^*^«»*>|^^»«»■*<^»^^^^^^^.^>^^»^^^»^^ 


(33*)  If  from  any  point  in  the  diameter  of  a  send^ 
circle  a  perpendicular  be  drawn,  and  from  the  extre- 
mities of  the  diameter  lines  be  drawn  to  any  point  in  the 
circumference,  and  meeting  the  perpendicular ;  the  reel- 
angle  contained  by  the  segments  which  they  cut  off  from 
the  perpendicular y  will  he  equal  to  the  rectangle  con- 
tained by  the  segments  of  the  diameter. 

> 

From  any  point  D  in  the  diameter 
^C  of  the  semicircle  ABCj  let  a  perpen- 
dicular DF  be  drawn ;  and  to  any  point 
B  in  the  circumference  let  the  lines  AB, 
CB  be  drawn,  meeting  the  perpendicular 
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in  E  and  F;  the  rectangle  FD,  DE  is  equal  to  the 
rectangle  AD^  DC. 

Since  the  angle  ABC  in  a  semicircle  is  a  right  angle, 
FBE  is  also  a  right  angle^  and  .'.  equal  to  FDC ;  and 
the  vertically  opposite  angles  at  E  are  equal,  •*•  the 
angle  BFE  is  equal  to  ECD,  and  the  triangles  FDA^ 
DEC  are  equiangular^ 

and  FD  :  DA  ::  DC  :  DE, 
.*.  the  rectangle  FD,  DE  is  equal  to  the  rectangle  AD, 
DC 


^^^^i^«^^«^»^^«»^>#^^i^^^^^^^^>*^^ 


(23.)  If  from  the  paint  of  bisection  and  any  other 
point  in  a  given  arc  of  a  circle,  two  parallel  lines  be 
drawn,  the  former  terminated  by  the  circumference^  the 
latter  by  the  chord  of  the  arc ;  tlie  rectangle  contained 
by  these  two  lines  will  be  equal  to  that  contained  by  the 
lines  which  join  the  latter  point  with  each  extremity  of 
the  given  arc. 

From  C  the  middle  point  of  the  arc 
ACB,  and  D  any  other  point,  let  any  two 
parallel  lines  CE,  DFhe  drawn,  of  which 
CE  is  terminated  by  the  circumference  of 
the  circle,  and  DF  by  the  chord  AB. 
Join  AD,  DB;  the  rectangle  CE,  DF  is  equal  to  the 
rectangle  AD,  DB. 

Draw  DG  perpendicular  to  AB;  draw  the  diameter 
CH;  and  join  EH.  The  angle  FDO  being  equal  to 
ECH,  and  the  angles  at  G  and  E  right  angles,  the  tri- 
angles FDG,  ECH  are  equiangular, 

. .  DG  :  DF  ::  EC  :  CH, 
whence  the  rectangle  EC,  DF  is  equal  to  the  rectangle 
DG,  CH,  i.  e.  (Eucl.  vi.  C.)  to  the  rectangle  AD,  DB. 


*^~^^^  #s#^^^^ 
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(24.)  If  two  circles  cut  each  other  y  and  from  either 
point  of  intersection  lines  he  drawn  meeting  both  circum-- 
ferences ;  the  rectangles  contained  hf  the  segments  of 
these  lines  are  to  one  another  in  the  ratio  of  the  perpen-- 
diculars  drawn  from  their  intersection  with  the  iniier 
circumfei'ences  upon  the  line  joining  the  intersections  qf 
the  circles. 

Let  the  two  circles  ABC^  ABE  cut 
each  other  in  A  and  B\  join  AB-,  and 
from  B  draw  any  two  lines  BCy  BD  cutting 
the  circles  in  E,  jP,  C,  D  ;  let  fall  the  per- 
pendiculars EG^  FH ;  the  rectangles  BE, 
EC  and  BF,  FD  are  to  one  another  as 
EG  to  FH. 

3o\u  AD,  AC.  Since  the  angle  AFB^AEB,  .'. 
AFD^AECi  hxxtADF^ACE  in  the  same  segment, 
/.  the  triangles  AFD,  AEC are  similar; 

and  EC  :  EA  ::  FD  :  FA. 
But  EC  :  EA  ::  ECx  EB  :  EAx  EB 

=EG  X  diameter  of  the  circle  ABE, 

and  FD  :  FA  ::  BFx  FD  :  BFxFA 

ssFHx  diameter  of  the  circle  ABE, 

whence  ECx  EB  :  BFx  FD  ::  EGxD:  FHx  D  :: 

lEG  :  FH. 


^^■^0 ■»«^^^^^-»» # »^^  ^0^0'^>^^  «>^^ ^^ 


(25.)  If  on  opposite  sides  of  any  point  in  the  chord 
qf  a  circle  two  lines  he  taken,  one  terminating  in  the 
chord,  the  other  in  the  chord  produced,  whose  rectangle 
is  equal  to  that  contained  hy  the  segments  qf  the  chord  ; 
and  the  extremities  of  the  lines  so  taken  he  joined  to  those 
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tf  any  other  chard  pasdng  through  the  same  point ;  the 
Hne  joining  their  intersections  of  the  circle  will  be 
parallel  to  thejirst  chord. 

On  opposite  sides  of  any  point  C 
of  the  chord  AB  of  the  circle  ABG 
let  two  lines  CD  and  CE  be  taken, 
such  that  the  rectangle  DC,  CE  may 
be  equal  to  the  rectangle  AC^  CB; 
and  through  C  let  any  chord  GCF  be  drawn^  and  DF, 
GE  joined,  meeting  the  circumference  in  H  and  /. 
Join  HI\  it  will  be  parallel  to  AB. 

Since  the  rectangle  DC,  CE  is  equal  to  the  rectangle 
AC,  CB,  i.  e.  to  the  rectangle  GC,  CF, 

.\  DC  :  CF  ::  GC  :  CE, 
•*•  the  triangles  DCF,  GCE  are  equiangular,  and  the 
angle  FDC  is  equal  to  CGE  or  FHI  in  the  same  seg- 
ment ;  /.  HI  is  parallel  to  AB. 


'^*^>^>^^^^^^^^^^^^*^^^^^^ 


(26.)  If  from  two  points  without  a  circle  two  tan- 
gents  be  drawn,  the  sum  of  the  squares  of  which  is  equal 
to  the  square  of  the  line  joining  those  points ;  and  from 
one  of  them  a  line  be  drawn  cutting  the  circle,  and  two 
lines  from  the  other  point  to  the  intersections  with  the 
circumference ;  the  points  in  which  these  two  lines  cut 
the  circle,  are  in  the  same  straight  line  with  the  former 
point. 

From  A  and  B  two  points  without  the  circle  CDE 
let  tangents  AC,  BD  be  drawn,  such  that  the  sum  of 
their  squares  may  be  equal  to  the  square  of  AB.      If 
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from  j4  any  line  AFE  be  drawn, 
and  BFy  BE  joined;  the  points 
j4,  Hy  G  will  be  in  a  straight  line* 
In  AB  take  a  point  I,  so  that 
tbe  rectangle  AB,  BI  tnay  be  equal 
to  the  square  of  BD.  Join  IF^ 
IHy  AH,  HG.  Then  the  rect< 
angles  AB,  AI  and  AB,  BI  are  together  equal  to  the 
square  of  AB,  t.  e.  to  the  squares  of  AC,  BD ;  .\  the 
rectangle  ABj  AI  is  equal  to  the  square  of  AC  or  to  the 
rectangle  AF,  AE ; 

/.  AF  :  AB  ::  AI  :  AE, 
and  .*.  ^EucL  vi.  6.)  the  angle  AIF  is  equal  to  AEB, 
whence  also  FIB=FHG.     Now  the  rectangte  BI,  BA 
being  equal  to  the  square  of  BD^  or  to  the  rectangle 
BH,  BF. 

/.  BF  :  BA  ::  BI  :  BH, 
and  /.  the  angle  AHB  is  equal  to  FIB,  or  FHG%  and 
BHF  is  a  straight  line,  /.  AHG  is  a  straight  line. 


^■i^wsr^^^Js^^^^^i^t^iy^s^^^^i^^^^i^* 


(37.)  If  from  the  vertex  ofu  triangle  there  bedraum 
a  line  to  any  point  in  the  base,  from  which  point  lines 
are  drawn  parallel  to  the  sides ;  the  sum  of  the  rectangles 
of  each  side  and  its  segment  adjacent  to  the  vertex  will 
be  equal  to  the  square  of  the  line  drawn  from  the  vertex 
together  with  the  rectangle  contained  by  the  segments  of 
the  base. 

•  _  ^^^ 

From  the  vertex  A  of  the  triangle  ABC  let  a  line  AD 
be  drawn  to  any  point  D  in  the  base ;  from  which  let 
DF,  DE  be  drawn  parallel  respectively  to  AB,  AC;  the 
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rectangles  BJ,  AE^  and  CA,  AF  will 
together  be  equal  to  the  square  of  AD,  and 
the  rectangle  BD^  DC  U^ether. 

About  ABC  let  a  circle  be  described ; 
and  let  AD  meet  the  circle  in  6.  Join 
BG,  GC.  From  E  draw  EH,  making  the  angle  AHE 
equal  to  ABG.  Produce  AB  to  /•  Because  the  angles 
AHE,  ABG  are  equal,  the  points  JS,  B,  G,  H  are  in 
the  circumference  of  a  circle^  /•  the  rectangle  BA^  AE 
is  equal  to  the  rectangle  ^  GA,  AH ;  and  the  angle  EHD 
will  also  be  equal  to  GBI,  i.  e.  to  ACG.  And  because 
AC,  DE  are  parallel^  the  angle  EDH  is  equal  to  GAC ; 
hence  the  triangles  EDH,  GAC  are  equiangular^ 

and  /.  AC  :  AG  ::  DH  :  DE, 
and  the  rectangle  AG,  DH  is  equal  to  the  rectangle  AC, 
DE,  i.  e.  to  the  rectangle  AC,  AF.  And  because  the 
rectangle  BA,  AE  is  equal  to  the  rectangle  GA,  AH 
and  the  rectangle  CA,  AF  to  the  rectangle  AG,  DH, 
.-.  the  rectangles  BA,  AE  and  CA,  AF  are  together 
equal  to  the  rectangles  GA,  AH,  and  GA,  DH,  i.  e.  to 
GA,  AD  or  to  the  rectangle  AD,  DG  together  with  the 
square  of  AD ;  or  to  the  rectangle  BD,  DC  together 
with  the  square  of  AD. 


^■^#'^^^^^^>»«»i»^^-»^^*>^i^^»^< 


(28.)  If  on  the  chord  of  a  quadrantal  arc  a  semi- 
circle he  described ;  the  area  of  the  lune  so  formed  mil 
be  equal  to  the  area  of  the  triangle  formed  by  the  chard 
and  terminating  radii  of  the  quadrant. 

Let  ABO  be  a  quadrant,  on  the  chord 
of  which  let  a  semicircle  ADB  be  described; 
the  lune  ADBE  is  equal  to  the  triangle 
ABO. 
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Since  circles  are  as  the  squares  of  their  radii,  the 
quadrant  AEBO  :  ADC  ::  AO"  :  AC^  ::  2  :  1,  .-. 
the  quadrant  AEBO  is  equal  to  the  semicircle  ADB ; 
and  taking  away  the  part  AEBC,  the  lune  ADBE  is 
equal  to  the  triangle  ABO. 


(89.)    If  from  the  extremities  if  the  side  of  a  square 
circles  be  described  with  radii  equal  the  former  to  the  side^ 
and  the  latter  to  the  diagonal  of  the  square;  the  area  of 
the  lune  so  formed  will  be  equal  to  the  area  of  the  square. 

From  D  and  C  the  extremities  of  DC 
the  side  of  a  square,  with  radii  DB  and 
CB,  let  circles  be  described,  cutting  each 
other  again  \n  E  -,  the  area  of  the  lune 
BFE  is  equal  to  the  square  AC. 

Join  CE,  ED.  Since  BC  is  equal  to  CE,  and  CD 
is  common,  and  BD  is  equal  to  DE ;  /•  the  angles  BCE^ 
ECD  are  equal;  whence  BE  is  a  straight  line;  also  the 
angles  BDC,  EDC  are  equal ;  and  BDC  being  half  a 
right  angle,  BDE  is  a  right  angle ;  .*.  the  arc  BE  is  a 
quadrant;  /.  the  lune  BFE  is  equal  to  the  triangle 
BDE  (viii.  28.)  L  e.  to  the  square  AC. 


(30.)  If  on  the  sides  of  a  triangle  inscribed  in  a 
semicircle,  semicircles  be  described ;  the  two  lunes formed 
thereby  unll  together  be  equal  to  the  area  of  the  triangle. 

Let  ABC  be  a  triangle  inscribed  in  a  semicircle. 
On  AB,  BC  let  semicircles  ADB,  BEC  be  described  ; 
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the  lanes  ADBF,  BGCE  are  together 
equal  to  the  triangle  ABC. 

Since  the  areas  of  circles  are  as  the 
squares  of  their  diameters,   the  sen»i- 
circle  ABC  :  ADB  ::  ^C*  :  AB^, 
and  ABC  :  BEC  ::  ^C»  :  5C*, 
.-.  ABC  :  ADB+BEC  ::  AC^  :  AB'+BC^ 
i.  €.  in  a  ratio  of  equality,   .-•  ABC  =  ADB  +  BEC; 
irom  these  equals  take  away  the  segments  AFB,  BGC, 
and  the  triangle  ABCzsAFBD+BGCE. 


*>»*»»«^%r#  ^■*^^4 


(31.)  If  on  tKe  two  longer  sides  of  a  rectangular 
parallelogram  as  diamelers,  two  semicircles  be  described 
towards  the  same  parts ;  the^figure  contained  by  the  two 
remaining  sides  of  the  parallelogram  and  the  two  dr- 
cumferences  shall  be  equal  to  the  parallelogram. 

Let  ABCD  be  a  rectangular  parallel- 
ogram, on  the  sides  AB,  DC  of  which 
let  semicircles  AEBy  DFC  be  described  ^ 
the  figure  DAEBCHFG  is  equal  to 
ABCD. 

Since  AB=DC,  the  semicircles  are  equal;  from 
each  of  which  take  away  FGH,  and  AGFHBE  = 
DGHC;  if  to  these  equals  be  added  ADG  and  BHC, 
the  whole  ADGFHCBE  will  be  equal  to  the  whole 
ABCD. 


t'^^^'*^**^ 


(33.)    If  two  points  be  taken  at  equal  distances  from 
the  extremities  of  a  quadrant,  and  perpendiculars  be 
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draum  Jrvm  these  paints  to  the  radius ;  the  mixtilinear 
space  cut  qffl  shall  be  equal  to  the  sector  which  stands  on 
the  arc  between  them. 

Let  two  points  C,  E  he  taken  at  equal 
distances  from  A  and  B,  the  extremities  of  the 
quadrant  AB ;  and  let  fall  the  perpendiculars 
CD,  EF  on  AO.  Join  CO,  EO;  the  figure 
CDFE  is  equal  to  the  sector  COE. 

Since  the  arc  AC^EB,  the  zx^^Xe  AOC^EOB^ 
OEF9  and  the  angles  at  D  and  F  are  right  angles,  and 
CO=OE,  /.  the  triangle  COD:=zEOF;  from  each  of 
these  take  away  OFH,  .'.  DFHC^OHE^  to  each  of 
these  add  CHE,  and  CDFE  :^  COE. 


^^^^'^^^•^^^^•^■^^  »^»^^^^^  »^^  ^^» 


(33.)    If  the  arc  of  a  semicircle  be  trisected,  and 

from  the  points  of  section  lines  be  drawn  to  either  extre^ 

mity  of  the  diameter  ;  the  difference  of  the  two  segments 

thus  made,  will  be  equal  to  the  sector  which  stands  on 

either  of  the  arcs. 

Let  the  arc  of  the  semicircle  ACB  be        ^^C^^T^ 
divided   into    three   equal  parts    in    the      /^3^?/      \ 

points  C,  and  D.    From  A  the  extre-     zY b 

mity  of  the   diameter  draw  AC,  AD ; 

take  O  the  centre,  and  join  OC,  OD ;  the  difference  of 

the  segments  AC  and  ACD  is  equal  to  the  sector  COD. 

Since  the  angles  CAD,  DAB  stand  on  equal  cir- 
cumferences,  they  are  equal ;  but  the  angle  DAO  ss  ODA, 
.-.  CAB  =  EDO;  and  CEA^OED,  .\  the  triangles 
CAE,  EOD  are  equiangular ;  and  since  OE  is  drawn 
bisecting  the  vertical  angle  O  of  the  isosceles  triangle 
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AOD9  it  bisects  the  base,  /.  A  Ess  ED;  and  conse- 
quently the  triangle  AEC  is  equal  to  the  triangle  DOE ; 
add  to  each  CED,  and  CAD^  COD. 


#«^l»»^^#l»^l><^^^l#^>^^»»»#'l»^S^^^ 


(34.)  (fa  straight  line  be  placed  in  a  circle,  and  on 
the  radius  passing  through  one  extremity,  as  a  diameter, 
another  circle  be  described;  the  segments  of  the  two 
circles  cut  off  hf  the  above  straight  line  will  be  similar, 
and  in  the  ratio  cf  fodxr  to  one. 

Let  £C  be  a  straight  line  placed  in  the 
circle  ABC.  Take  O  the  centre,  and  join 
OC;  and  upon  it  describe  a  semicircle  ODC. 
The  segments  EAC,  DGC  are  similar,  and 
in  the  ratio  of  4  :  1. 

Join  QD,  and  produce  it  both  ways  to  the  circum- 
ference. Take  F  the  centre  of  the  semicircle  ODC. 
Join  OE,  FD.  Then  ODC  being  a  right  angle,  ED 
^DC,  and  OF^FC,  .\  (Eucl.  vi.  2.)  DF  is  parallel 
toEO; 

and  CE  :  EO  ::  CD  :  DF, 
and  the  segments  EAC,  DGC  are  similar; 

whence  EAC  :  DGC  ::  EC^  :  CD"  ::  4  :  1. 

CoR.  The  segment  ADC  is  bisected  by  the  circum- 
ference DGC. 


^^^«»^^i»^^##  ^»*>^»i^^^i»  ^'^^^^ 


.  (36.)  *  TjT  on  any  two  segments  of  the  diameter  of  a 
semicircle  semicircles  be  described;  the  area  included 
between   the  three  circumferences  will  be  equal  to  the 
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area  of  a  circle^  whose  diameter  is  the  mean  proportional 
between  the  segments. 

On  AD,  and  DC,  segments  of  AC 
the  diameter  of  the  semicircle  ABC 
let  semicircles  AED^  CFD  be  de- 
scribed ;  from  D  draw  DB  perpendi- 
cular to  AC,  and  .*.  a  mean  proper-  ^ 
tional  between  AD  and  CD ;  the  figure  AEDFCB  is 
equal  to  the  circle  described  upon  DB. 

Join  AB^  BC.  Since  ADB  is  a  right  angle,  the 
semicircle  on  AB  is  equal  to  those  on  AD  and  DB 
together ;  and  the  semicircle  on  BC  is  equal  to  those  on 
BD  and  DC;  /.  the  semicircles  on  AB  and  BC,  or  the 
semicircle  ABC  which  is  equal  to  them,  will  be  equal  to 
the  semicircles  AEDy  DFC  and  the  circle  described 
upon  DB.  From  these  equals  take  away  the  semicircles 
AEDy  DFC,  and  the  figure  AEDFCB  is  equal  to  the 
circle  described  upon  DB. 


^«^<N^  ^^N^^^^^^y^-^^ 


(36.)  If  the  diameter  of  a  sendcircle  be  divided  into 
any  number  of  parts,  and  on  them  semicircles  be  de- 
scribed;  their  circumferences,  will  together  be  equal  to 
the  circun^erence  of  the  given  semicircle. 

Let  AB  the  diameter  of  the  semi- 
circle ACB  be  divided  into  any  num- 
ber of  parts  in  the  points  D,  E ;  and 
on  AD,  DE,  EB,  let  semicircles  be 
described;  their  circumferences  are 
together  equal  to  ACB, 

For  since  the  circumferences  of  circles  are  as  their 
diameters. 
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^CB  :  AFD  ::  AB  :  AD 
ACB  :  DGE  ::  AB  :  DE 
ACB  :  EHB  ::  AB  :  EB, 

whence  ^CJJ  :  AFD+DGE  +  EHB  ::  AB  :  AD+ 

iDE+EB, 

in  which  proportion  the  third  term  being  equal  to  the 

fourth, 

ACB = AFD + DOE + EHB. 


»^^»»^i^»»»*^>^^»^#^»#>i#^«»^i*>»^^ 


(37.)  If^  two  equal  circles  ctU  [each  other,  and  from 
either  point  of  section  a  line  be  drawn  meeting  the  two 
circumferences ;  the  area  cut  off  hy  the  part  of  this  line 
between  the  two  circumferences  will  he  equal  to  tfie  area 
of  the  triangle  contained  by  that  part  and  lines  drawn  to 
its  extremities  from  the  other  point  of  section. 

Let  the  two  equal  circles  ADB^  ACB 
cut  each  other  in  A  and  By  and  from  A 
draw  any  line  AC,  cutting  the  circles  in  2) 
and  C;  join  DB,  BC;  the  figure!)  6  Be  CD 
is  equal  to  the  triangle  DBC. 

Take  any  points  E,  F  in  the  circumferences  AEB, 
AFB;  join  AE,  EB,  AF,  FB.  Since  the  arcs  ADB, 
AFB  are  equal,  the  angles  ADB,  AFB  are  equal.  But 
the  angles  AFB,  AEB  are  equal  to  two  right  angles,  and 
.-.  to  ADB,  BDC;  whence  the  angle  BDC^AEB^ 
ACB,  and  EDs^BC;  /.  the  segment  DbB  is  equal  to 
the  segment  BcC;  to  each  of  these  add  DbBC,  and 
the  triangle  DBC  is  equal  to  DbB c  CD. 

Cor.  If  AE  is  a  tangent  to  ADB  zt  A;  the  area 
ADbBcCEA  will  be  equal  to  the  triangle  ABE. 
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(38.)  Jff'two  equal  circles  touch  each  other  externalhfy 
and  through  the  point  of  contact  another  he  described 
with  the  same  radius ;  the  area  contained  by  the  convex 
circumferences  cut  off  from  the  touching  circles,  and  the 
part  of  the  third  without  them^  is  equal  to  the  area  of  the 
quadrilateral  figure  formed  hy  lines  drawn  from  the 
points  of  intersection  to  the  point  of  contact^  and  to  the 
point  where  the  third  circle  is  cut  hy  a  tangent  drawn 
to  the  point  of  contact  of  the  two  circles. 

Let  two  equal  circles  touch  each  other 
\n  A'y  and  through  the  point  of  contact  let 
an  equal  circle  ABC  be  described,  cutting 
the  former  in  B  and  C  Join  AB,  AC; 
and  to  the  point  ^  let  a  tangent  AD  be  drawn ;  join  BD^ 
DC.  The  anea  contained  by  AEBy  AFC  and  the  inter- 
cepted arc  BDC  is  equal  to  the  quadrilateral  figure 
ABDC. 

Since  DA  touches  the  circle  AEB,  the  angle  DAB 
18  equal  to  the  angle  in  the  alternate  segment,  and  /. 
equal  to  the  angle  in  the  segment  BCA,  i.  e.  equal  to  the 
angl&  BDA,  whence  BA=BD;  »*•  the  segment  BE  A 
is  equal  to  the  segment  BGDi  and  AEBGDA  is  equal 
to  the  triangle  ABD.  In  the  same  manner  it  may  be 
shewn  ihsit  AFCHDA  is  equal  to  the  triangle  ^CD ; 
.'.  AEBGHCFA  is  equal  to  the  quadrilateral  figure 
ABDC. 


'^^■^^^^^^^J>^^^»N»<P^^^^ 


(39.)  J^a  straight  line  he  divided  into  any  two  parts, 
and  upon  the  whole  and  the  two  parts  semicircles  be  de- 
scribed; and  from  the  point  of  section  a  perpendicular 
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be  dratbn,  on  each  side  of  which  circles  are  described 
touching  it  and  the  semicircles;  these  circles  wilt  be 
equal. 

Liet  AB  be  divided  into  any 
two  parts  in  C;  and  on  AB^  AC, 
CB  let  semicircles  be  described ; 
from  C  draw  the  perpendicular 
CDf  on  each  side  of  which  let 
a  circle  be  described  touching 
the  perpendicular  and  each  of  the  semicircles.  These 
<circles  are  equal. 

Let  EFOH  touch  the  perpendicular  in  H,  and  the 
semicircles  in  F  and  O.  Draw  the  diameter  EH  parallel 
to  AB.  Join  FE,  EA;  AF  will  be  a  straight  line  (ii.  35.)* 
Produce  it  to  meet  the  perpendicular  in  D.  Join  FHj 
HB ;  FB  will  aho  be  a  straight  line,  and  perpendicular 
to  AD  at  the  point  F.  Join  EG,  GC,  HG,  GA;  EC 
and  HA  wilt  also  be  straight  lines.  Produce  AH  to  I. 
Join  BI;  it  will  be  perpendicular  to  AI^  and  p^uB 
through  D,  since  the  perpendiculars  to  the  three  sides 
of  the  triangle  AHB  meet  in  a  point.  And  since  the 
angles  AGC,  AIB  are  equal,  EC  is  parallel  to  DB, 

.\AD  :  DE  ::  AB  :  BC; 
and  AC,  HE  are  parallel, 

. .  AD  :  DE  ::  AC  :  EH, 
.\AB    :  BC  ::  AC  :  EH, 

In  the  same  manner  it  may  be  proved  that 

AB  :  AC  ::  BC  :  KL 
KL  being  the  diameter  of  the  other  circle  drawn  parallel 
to  AB.    Hence  EH^  KL,  and  the  circles  are  equal. 
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Sect.  IX. 

(1.)  Given  one  angle^  a  side  adjacent,to  it,  and  the 
difference  of  the  other  two  sides ;  to  •  Qonstrwt  the  tri- 
angle. 

Let  CB  be  equal  to  the  given* 
side ;  draw  the  indefinite  line  CA^ 
making  with  it  an  angle  equal  to 
the  given  angle;  and  cut  off  CD 
equal  to  the  given  difierenoe.  Join, 
BD;  and  make  the  angle  DBA  equal  to  ^£M;,  ABC 
is  the  triangle  required.. 

The  angle  DBA  being  equat  to  A DB,  the  side  AD 
is  equal  to  AB';  and  the  differences  between  C^  and  AB 
in  equal  to  CD,  L  <.  to  tihe  given,  difference* 


-T^*^  *^<**^^  ^■*^'##^*  *^r•*^^  ^  ^^^ . 


(9.)  CUven  one  angle,  a  side  opposite  to  it,  and  the 
difference  of  the  other  two  sides ;  to  construct  the  tri^ 
angle.. 

In  any  line  CA,  (see  bst  Fig.)  take  CD  equal  to  the 
given  difference ;  roak,e  the  angle  CDB  greater  than  a 
right  angle  by  half  the  given  angle ;  from  C  draw  -  CB 
equal  to  the  given  side,  and  meeting  DB  in  B ;  and 
make  the  angle  DBA  equal  to  BDA ;  ABC  is  the  tri- 
angle required. 

Since  the  angles  ABD,  ADB  are  equal,  AB  is  equal 
to  AD ;  /.  the  difi^rence  between  CA^  and  AB  is  equal. 
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to  CD,  i.  €/  to  the  given  difference.  Also  the  angle  at 
j4  is  equal  to  the  difierence  between  the  angles  CDB^ 
DBA  J  or  CDB^  BDA^  t.  e.  to  the  given  angle.  And 
CB  was  made  equal  to  the  given  side. 


^«^^^>>^^»^^^^^  ^^«V^'i^«s^'^^  »<■*! 


(3.)  Given  the  base  and  one  of  the  rnngles  at  the 
base ;  to  construct  the  triangle,  when  the  side  opposite 
the  given  angle  is  equal  to  half  the  sum  of  the  other  side 
and  a  given  line. 

Let  AB  be  the  given  base^  and  ABC 
the  given  angle;  produce  CB  to  D. 
making  BD  equal  to  the  given  line. 
Join  AD;  and  from  B  to  AD  draw 
BE,  equal  to  half  BD.  From  A  draw 
AC  parallel  to  BE;  ABC  is  the  triangle  required. 

For  AB  and  ABC  are  made  equal  to  the  given  base 
and  angle ;  and  since  BE  is  parallel  to  AC, 

AC  :  CD  ::  BE  :  BD  ::  1   :  a. 


(4.)  Given  the  base  of  a  right-angled  triangle,  and 
the  sum  of  the  hypothenuse  and  a  straight  line,  to  which 
the  perpendicular  has  a  given  ratio;  to  construct  the 
triangle. 

Let  AB  be  equal  to  the  given 
base.  From  B  draw  BC  perpen- 
dicular to  it,  and  such  that  it  may 
have  to  the  given  sum,  the  given 
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ratio.  Join  C^,  and  produce  it ;  and  from  B  to  CD, 
draw  BD  equal  to  the  given  sum.  From.^  draw^£ 
perpendicular  to  AB ;  j4BE  is  the  triangle  required. 

For  AE  being  parallel  to  BC^ 

AE  :  ED  ::  BC  :   BD,  i.e.  in  the  given  ratio; 
•'.  AE  is  equal  to  the  perpendicular;  and  AB  was  made 
equal  to  the  given  base. 


>^^«^^^^^i^^^^  #>»^^^  ^4 


(5.)  Given  the  perpendicular  drawn  from  the  ver- 
tical angle  to  the  hose,  and  the  difference  between  each 
side  and  the  a^acent  segment  of  the  base  made  by  the 
perpendicular ;  to  construct  the  triangle. 

From  any  point  C  in  an  indefinite  line 
ABy  erect  a  perpendicular  CD  equal  to  the 
given  perpendicular ;  and  take  CE  equal  to 
the  given  difference  between  the  side  and  a  k  c  t  b 
adjacent  segment  on  the  opposite  side  of  the  perpendi- 
cular.  Also  take  CF  equal  to  the  other  given  difierence^ 
Join  ED,  FD ;  and  ma)ce  the  angle  FDA=DFA,  and 
EDB^  DEB ;  ADB  is  the  triangle  required. 

Since  the  angles  ADF,  AFD  are  equal,  AD^AF, 
.•.  the  difference  between  AD,  AC  is  equal  to  CF,  i.  e.  to 
the  given,  difference.  In  the  same  manner  the  diflference 
between  BD  and  BC  is  equal  to  CE,  i.  e.  to  the  given 
difference. 


^s»^.^  #'^>^^^\^^^  ^«»^  ■»  ^^  ^^^^-^  *■ 


(6.)  Gicen  the  vertical  angle,  amd  the  base ;  to  con-^ 
struct  the  triangle,  when  the  line  drawn  from  the  vertex 
cutting  the  base  in  any  given  ratio,  bisects  the  vertical 
angle. 
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Let  AB  be  equal  to  the  giren  base; 
and  upon  it  describe  a  s^ment  of  a  circle 
containing  an  angle  equal  to  the^  given 
angle;  and  let  the  base  be  divided  in  the 
given  ratio  in  D.  Complete  the  circle; 
and  bisect  the  arc  ACB  in  C;  join  CD,  and  produce  it 
to  E;  }o\n  AE,  EB;  AEB  is  the  triangle  required* 

For  AEB  is  equal  to  the  given  angle ;  and  since  the 
arc  AC^  CB,  the  line  EDy  which  divides  AB  in  the 
given  ratio  in  D,  makes  the  angle  AED  s  DEB. 


<^^^^^>^^^ 


(7.)  Given  the  vertical  angle,  and  one  of  the  sides 
containing  it ;  to  construct  the  triangle j  when  the  line 
drawn  from  the  vertex  making  a  given  angle  with  the 
base,  bisects  the  triangle. 

Let  AB  be  equal  to  the  given  side ;  and 
on  it  describe  a  segment  of  a  circle  containing 
an  angle  equal  to  the  given  angle  made  by  the 
bisecting  line  with  the  base;  and  make  the 
angle  ABC  equal  to  the  given  vertical  angle. 
Bisect  AB  in  D ;  and  draw  DE  parallel  to  BC,  meeting 
the  circle  in  E  ;  join  AE,  and  produce  it  to  C ;  ABC 
IS  the  triangle  required. 

Join  BE.  Since  DE  is  parallel  to  BC,  (Eucl.  vi.  2.) 
AE  is  equal  to  EC,  and  /.  BE  bisects  the  triangle ;  and 
it  makes  with  the  base  AE  an  angle  equal  to  the  given 
angle.  Also  AB  is  equal  to  the  given  side,  and  ABC 
to  the  given  angle  at  the  vertex. 


^^^  tfV*' « ^s^^^t^ .#<«  #  ^^  >^ ^.^^  « ^^ #  ^^ 
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(8.)  Gwen  one  angle,  a  side  cppodte  to  it,  and  the 
sum  of  the  other  two  sides ;  to  construct  the  triangle. 

Let  AB  be  the  given  side.  Upon  it 
describe  a  segment  of  a  circle  containing  an 
angle  equal  to  half  the  given  angle ;  and 
from  A  draw  AC  equal  to  the  given  sum  of 
the  two  sides ;  join  BC\  and  make  the  angle  CBD 
equal  to  BCD ;  ABD  is  the  triangle  required. 

Since  the  angle  DCB  is  equal  to  DBC\  DB  is  equal 
to  DC\  /.  AD,  jDjB  together  are  equal  to  the  given  sum. 
And  the  angle  ADB  is  equal  to  DBC,  DCB,  i.e.  to 
twice  DCB,  and  ..is  equal  to  the  given  angle. 


(9.)  Given  the  vertical  angle,  the  line  bisecting  the 
basCf  and  the  angle  which  .  the  bisecting  Une  makes  with 
the  base ;  to  construct  the  triangle. 

On  any  line  ^0  describe  a  seg- 
ment of  a  circle  containing  an  angle 
equal  to  the  given  angle.  Bisect 
AB  in  C;  and  at  C  make  the  angle 
BCD  equal  to  the  given  angle  which  the  bisecting  line 
makes  with  the  base;  produce  it,  if  necessary,  till  CE  is 
equal  to  the  given  line ;  join  DA^  DB ;  and  draw  EF, 
EG  respectively  parallel  to  them ;  EFG  is  the  triangle 
required. 

For  FE  and  EG  being  respectively  parallel  to  DA^ 
DB, 

FC  :  CE  ::  (ACu.)  CB  :  CD  ::  CO  .  CE, 
.'.  iRC=5  CO,  and  EC,  which  is  equal  to  the  given  line, 
bisects  the  base ;  and  the  angles  FEC^  CEO  being  equ«il 
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to  the  angles  JDC,  CDB,  FEG  is  equal  to  ADB,  i.  e. 
to  the  given  angle* 


ir»»i*«»i*«^i^^«*«^'^<»>^^<»i^^>*«^^<»^»^'»^ 


(10.)  Given  the  vertical  angle,  the  perpendicular 
drawn  from  it  to  the  base,  and  the  ratio  of  the  segments 
of  the  base  made  by  it ;  to  construct  the  triangle, 

• 

Take  any  line  AB,  arid  on  it  describe 
a  segment  of  a  circle  containing  an  angle 
equal  to  the  given  angle.  Divide  AB  in 
C,  in  the  given  ratio ;  and  from  C  draw 
the  perpendicular  CD,  from  which  cut  off  DE  equal  to 
the  given  perpendicular.  Join  DA,  DB ;  and  through 
E  draw  FEG  parallel  to  AB ;  DFG  is  the  triangle 
required. 

Since  FG  is  parallel  to  AB, 

FE  :  EG  ::  AC  :  CB,  i.  e.  in  the  given  ratio, 
and  DE  is  equal  to  the  given  perpendicular^  and  FDG 
to  the  given  angle. 


(11.)  CHven  the  vertical  angle,  the  base,  and  a  line 
drawn  from  either  of  the  angles  at  the  base  to  cut  the 
opposite  side  in  a  given  ratio ;  to  construct  the  triangle. 

Let  AB  be  equal  to  the  given  base  ; 
and  divide  it  at  D  in  the  given  ratio. 
On  AD  describe  a  segment  of  a  circle 
containing  an  angle  equal  to  the  given  angle ;  and  from 
B  draw  BE  equal  to  the  given  lipe.  Join  AE,  ED; 
and  from  B  draw  BC  parallel  to  DE,  and  meeting  AE 
produced  in  C;  ABC  is  the  triangle  required. 
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For  AB  is  the  given  base;  BE  is  the  given  line ; 
and  AE  :  EC  ::  AD  :  DB,  i.e.  in  the  given  ratio; 
and  the  angle  at  C  is  equal  to  AED,  i.  e.  to  the  given 
angle. 


(13.)  Given  the  perpendicular,  the  line  bisecting  the 
vertical  angle,  and  the  line  bisecting  the  base ;  to  con- 
struct  the  triangle. 

From  any  point  C  in   the  inde- 
finite line  AB,  draw  a  perpendicular 
CD  equal  to  the  given  perpendicular ; 
and  with  D  as  centre,  and  radii  equal 
to  the  two  given  lines  describe  circles  . 
cutting  AB  in  E  and  F.     Through 
E  draw   GEH  perpendicular  to  AB;  join  DE,  DF; 
and  produce  DF  to  meet  HE  in  G.     Bisect  DG  in  /; 
and  draw  10  at  right  angles  to  DG,  meeting  GH  in  O. 
With  the  centre  O,  and  radius  OG  describe  a  circle 
cutting  AB  in  K  and  L;  join  DK,  DL ;  DKL  is  the 
triangle  required. 

Join  OD,  OK,  OL.  Since  01  bisects  DG  at  right 
angles,  OD=OG,  and  the  circle  passes  through  D.  And 
since  OE  is  perpendicular  to  KL,  KE=  EL,  or  KL 
is  bisected  by  DE,  which  is  equal  to  the  given  bisecting 
line;  and  the  arc  KG  =GL,  and  the  angle  KDF  is 
equal  to  FDL,  or  the  angle  KDL  is  bisected  by  DF, 
which  is  equal  to  the  given  line ;  and  DC  was  made 
'equal  to  the  given  perpendicular. 


(13.)    Given  the  line  bisecting  the  vertical  angle. 
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the  line  bisecting  the  hase^  and  the  difference  of  the 
angles  at  the  hose ;  to  construct  the  triangle. 

Construct  a  right-angled  triangle  FDC^  (see  last  Fig.) 
having  its  hypothenuse  FD  equal  to  the  given  line  which 
bisects  the  vertical  angle,  and  the  angle  FDC  equal  to 
half  the  given  difference  of  the  angles  at  the  base.  Pro- 
duce FC  both  ways ;  and  to  it  from  D  draw  DE  equal 
to  the  given  line  which  bisects  the  base.  Praw  HEG 
parallel  to  DC^  meeting  DF  produced  in  G.  Bisect 
GD  in  /;  and  from  1  draw  10  at  right  angles  to  DGy 
meeting  GH  in  O.  With  the  centre  0,  and  radius  OG, 
describe  a  circle,  cutting  FC  produced  in  K  and  L\  join 
DK^  DL;  DKL  is  the  triangle  required. 

For  KE  =  EL,  i.  e.  the  base  KL  is  bisected  by  DE, 
which  is  equal  the  given  line ;  and  the  angle  KDF  is 
equal  to  FDL,  being  on  equal  circumferences  KD,  DL; 
f.  e.  the  vertical  angle  KDL  is  bisected  by  DF,  which 
was  made  equal  to  the  given  bisecting  line.  Also  (iii.  5.) 
the  difference  between  the  angles  DLK  and  DKL  is 
equal  to  twice  the  angle  FDC,  i.  e.  to  the  given  angle. 


^^i^^^»^i^^^^^^*«»*'^^i*^-»S^^i>y^ 


(14.)  Given  the  vertical  angle,  and.  the  line  drawn 
to  the  base  bisecting  the  angle,  and  the  difference  between 
the  base  and  the  sum  of  the  sides  ;  to  construct  the  tri- 
angle. 

Let  ABC  be  equal  to  the  given 
angle,  and  BD  the  line  bisecting  it. 
Make  BE  and  BF,  each  equal  to 
half  the  given  difference.  From  F 
draw  FO  perpendicular  to  BC,  meet-    jf ^^ 
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iDg  BD  in  O.  With  the  centre  O,  and  radius  OF 
describe  a  circle,  it  will  touch  AB  in  E  (EucL  iv.  4.). 
Through  D  draw  a  line  AC  touching  the  circle  in  G ; 
ABC  will  be  the  triangle  required. 

For  (Eucl.  iii.  36.  Cor.)  AE  =  AG,  and  GC^CF, 
.'.  AC  is  equal  to  AE  and  CF  together ;  whence  the 
difference  between  AC  and  the  sum  of  the  sides  ABj 
BC  is  equal  to  BE,  BF  together,  u  e.  to  the  given 
difference.  Also  BD  is  equal  to  the  given  line,  and  it 
bisects  the  angle  ABC^  which  is  equal  to  the  given  ver- 
tical angle. 


^  


(15.)  Given  the  Une  bisecting  the  vertical  angle^ 
the  perpendicular  drawn  to  it  from  one  of  the  angles  at 
the  hasCj  and  the  other  angle  at  the  base ;  to  construct 
the  triangle. 

Let  AB  be  equal  to  the  given  bisecting 
line ;  and  upon  it  describe  a  segment  of  a 
circle  containing  an  angle  equal  to  the 
given  angle.  Draw  BC  perpendicular  to 
AB^  and  make  BD  equal  to  the  given 
perpendicular.  Bisect  AB  in  E ;  join  ED,  and  produce 
it  to  F;  join  FA,  FB\  and  through  2>,  draw  GDH 
parallel  to  AB.  In  FB  produced  take  JB/ equal  to  BH. 
Join  AI;  ^F/ is  the  triangle  required. 

Join  /G,  cutting  AB  in  K.  Because  GHh  parallel 
to  AB,  and  FE  bisects  AB,  it  also  bisects  GH,  i.  e.  GD 
ssDH;  but  HB  also  is  equal  to  BI;  r.  BD  is  parallel 
to  G/,  and  IK  is  half  of  IG,  and  .-.  equal  to  BD  the 
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given  perpendicular.  Also  since  AB  bisects  GI  at  right 
angles,  it  also  bisects  the  angle  lAG;  and  it  is  equal  to 
the  given  bisecting  liqe.  And  AFl  is  equa)  to  the  other 
given  angle. 


(16.).  Given  the  straight  line  bisecting  the  vertical 
angle,  and  the -perpendiculars  drawn  to  that  line  from 
the  extremities  of  the  hose  ;  to  construct  thie  triangle. 

On  the  indefinite  straight  line  AB,  take 
AC,  CD  respectively  equal  to  the  greater 
and  less  perpendiculars;  and  from  C  draw 
CE  at  right  angles  to  AB^  and  equal  to  the 
given  bisecting  line.  Take  AB  :  ,BD  :: 
AC  :  CD.  Joiji  BE;  and  produce  it  to  meet  AF, 
DGy  drawn  from  A  and  Dy  perpendicular  to  AB.  Join 
GC,  CF;  GCF  is  the  triangle  required,  '      . 

Draw  F/,  GH  perpendicular  to  CE.  Then  the  trir 
angles  BGD,  A BF  being  similar, 

AF  :  GD  ::  AB  :  BD  ::  AC  :  CD, 
and  the  angle  at  A  is  equal  to  GDC;  whence  (EucK  vi. 
6.)  AFC,  GDC  are  similar,  and  the  angle  ACF  is 
equal  to  GCD ;  and  .'.  the  angle  FCE  is  equal  to  ECG, 
i.  e.  the  angle  FCG  is  bisected  by  EC,  which  was  made 
equal  to  the  given  bisecting  line.  Also  PI,  GH  are 
respectively  equal  to  AC,  CD,  which  were  made  equal  to 
the  given  perpendiculars. 


P*^  •*  **^  ■*»^*^^*^*  *  **  *^*  ^  ^^^  .*s*  ^ 


(17.)     Given  the  vertical  angle,  the  difference  of 
the  two  sides  containing  it,  and  the  difference  of  the 
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segments  of  the  base  made  hy  a  perpendicular  from  the 
vertex ;  to  construct  the  triangle. 

Let  AB  be  equal  to  the  given  differ- 
ence of  the  segments  of  the  base.  Draw 
BDy  making  the  angle  ABD  equal  to  half  aT 
the  given  angle;  and  from  A  draw  AD 
meeting  it  in  D,  and  equal  to  the  given  difference  of  the 
sides ;  produce  it,  and  make  the  angle  DBE  =-  EDBy 
and  with  the  centre  E  and  radius  EB  describe  the  circle 
DBC  meeting  AB^  AD  produced  in  C  and  F\  join 
EC\  AEC  is  the  triangle  required. 

Join  FC.  Since  BDFC  is  a  quadrilateral  figure  in-^ 
scribed  in  a  circle  (Eucl.  iii.  22.)  the  angles  ABD,  DFC 
are  equal;  but  AEC  is  double  of  DFC  (Eucl.  iii.  20.), 
and  .'•  also  of  ABD,  i.  e.  it  is  equal  to  the  given  angle. 
Also  since  the  angles  EDB,  EBD  are  equal,  ED=^EB 
^ECy  .•.  the  difference  of  the  sides  AE,  EC  is  equal 
to  ADy  i.e.  to  the  given  difference;  and  ^0  is  evi- 
dently equal  to  the  difference  of  the  segments  of  the 
base. 


\ 


(18.)  Given  the  hose  and  vertical  angle  /  to  construct 
the  trianglcy  when  the  square  of  one  side  is  equal  to  the 
square  of  the  base,  and  three  times  the  square  of  the 
other  side. 

Let  AB  be  equal  to  the  given  base. 
Upon  it  describe  a  segment  of  a  circle 
containing  an  angle  equal  to  the  given 
angle.  Produce  AB  to  C,  and  make 
JSC  equal  to  BA ;  and  upon  BC  describe  a  semicircle 
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BDC  cutting  the  segment   in  D.     Join  jiD,   BD; 
ABD  is  the  triangle  required. 

Let  fall  the  perpendicular  DE ;  then  (Eucl.  vi.  8.) 
the  square  of  DB  is  equal  to  the  rectangle  CBy  BE  or 
to  the  rectangle  AB^  BE;  and  (Eucl.  ii.  12.)  the  square 
oiAD  is  equal  to  the  squares  of  AB^  BD^  and  twice  the 
rectangle  ABy  BE^  i.  e.  to  the  square  of  AB,  and  three 
times  the  square  of  BD.  Also^  by  construction^  ADB 
is  equal  to  the  given  angle. 


(19.)  Criven  the  base  and  perpendicular;  to  con- 
struct the  triangle^  when  the  rectangle  contained  hy  the 
sides  is  equal  to  twice  the  rectangle  contained  by  the 
segments  of  the  base  made  by  the  line  bisecting  the  ver- 
tical angle. 

Let  AB  be  equal  to  the  given  base ; 
and  draw  the  indefinite  line  ED  bisecting 
it  at  right  angles.  Take  CE,  CD  each 
equal  to  the  given  perpendicular;  and 
through  the  points  A^  D,  B  describe  a 
circle.  Draw  EF  parallel  to  AB  meeting  the  circle  in  F. 
Join  AF,  FB ;  AFB  is  the  triangle  required. 

Draw  FG  perpendicular  to  AB,  it  is  equal  to  the 
given  perpendicular.  Join  FD.  Since  DC  is  equal  to 
CE,  DF  is  equal  to  twice  DH ;  and  .*.  the  rectangle 
DF,  FH  is  double  of  the  rectangle  DH^  HFy  i.  e.  it  is 
double  of  the  rectangle  AH,  HB,  contained  by  the  seg- 
ments of  the  base,  made  by  DF  which  bisects  the  angle 
AFB.     And  AB  was  made  equal  to  the  given  base. 
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(20.)  In  a  right-angled  triangle^  having  given  the 
sum  of  the  base  and  hypothenuse,  and  the  sum  of  the 
base  and  perpendicular ;  to  construct  the  triangle. 

Let  BD  be  taken  equal  to  the 
sum  of  the  base  and  hypothenuse, 
and  BG  equal  to  the  sum  of  the  base 
and  perpendicular.  At  the  point  G 
in  the  straight  line  GB^  make  the 
angle  fiGCequal  to  half  a  right  angle ;  and  let  CG  be  pro- 
duced to  meet  a  perpendicular  to  BD  drawn  through  /), 
in  F.  Join  BF;  and  from  G  to  BF  draw  GH^  GD. 
From  B  draw  BC  parallel  to  G/T,  meeting  GC  in  C; 
and  let  fall  the  perpendicular  CA;  ACB  is  the  triangle 
required. 

Draw  CE  parallel  to  AD.  Because  GH  is  equal  to 
GD,  BC  is  equal  to  CE,  i.  e.  to  AD ;  and  /.  BC  and 
BA  together  are  equal  to  BD,  the  given  sum  of  the  hy- 
pothenuse  and  base.  And  since  AGC  is  half  a  right 
angle^  and  the  angles  at  A  right  angles,  AG  is  equal  to 
AC,  .'.  BA  and '^C  together  are  equal  to  BG^  the  given 
sum  of  the  base  and  perpendicular. 


(21.)  Given  the  perimeter  of  a  right-angled  trU 
angle  whose  sides  are  in  geometrical  progression ;  to  con^ 
struct  the  triangle. 

Let  AB  be  equal  to  the  given  peri- 
meter; and  on  it  describe  a  semicircle 
ACB.  Divide  AB\n  extreme  and  mean 
ratio  in  Z);  and  from  D  draw  DC  at 
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right  angles  to  AB.  Join  AC^  CB.  Bisect  the  angles 
CABj  CBA  by  the  lines  AE^  BE,  meeting  in  E ;  and 
draw  EF,  EG  respectively  parallel  to  AC,  CB ;  FEG  is 
the  triangle  required. 

Since  FE  is  parallel  to  AC,  the  angle  FEA^EAC^ 
EAF,  and  .\  AF=:FE.  And  in  the  same  manner  it 
maybe  shewn  that  EG^GB.  Hence  GF,  FE,  EG 
are  together  equal  to  AB  the  given  perimeter.  And  the 
angles  at  Fand  G  being  equal  to  the  angles  BAC,  BCA^ 
the  angle  FEG  is  equal  to  ACB^  and  is  .'.  a  right  angle. 

Also  since  AB  :  AD  ::  AD  :  DB 
and  (Eucl.  vi.  8.  Cor.)  AB  :  BC  ::  BC  :  DB, 

.•.JD  =  BCi 
whence  also  JB  :  AC  ::  AC  :  {AD  =  )  BC; 
and  since  the  triangles  ABC,  FGE  are  equiangular, 

FG  :  FE  ::  FE  :  EG, 
i.  e.  the  sides  are  in  geometrical  progression. 


^^^'^^^^•^■^^^^^■^^^'^•^^•^^^■^■^^^ 


(22.)  Given  the  difference  of  the  angles  at  the  hose, 
the  ratio  of  the  segments  of  the  base  made  hy  the  per^ 
pendicular,  and  the  sum  of  the  sides ;  to  construct  the 
triangle. 

Take  any  line  AB,  and  divide  it  in  C, 
in  the  given  ratio  of  the  segments.  On  AB 
describe  a  segment  of  a  circle  containing  an 
angle  equal  to  the  given  difference.  From 
C  draw  the  perpendicular  CD.  Join  AD,  DB;  and 
take  DE  :  DA  in  the  ratio  of  the  given  sum,  tQ  the 
sum  of  ADy  DB ;  and  through  E  draw  EF  parallel  to 
AB;  and  make  the  angle  Gi)i/ equal  to  GDF^  and 
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.-.  D/T  equal  to  DF,  and  GH  equal  to  6F;  DEHxs 
the  triangle  required. 

For  DE  :  DA  ::  DF  :  DB  ::  DE+DH  :  DA 

[  +  jDB, 
/.  DE+  DH  is  equal  to  the  given  sum.  Also  the  angle 
EHD  is  equal  to  the  two  HDF,  DFH,  i.  e.  to  HDF, 
DHFj  and  DEH  is  equal  to  the  difference  between 
DHF  and  EDH\  .\  the  difference  between  EHD  Viud 
DEH  is  equal  to  the  sum  of  HDF  and  EDH,  I  e.  to 
EDFf  or  the  given  difference. 

Also  EQ  :  GH  ::  EG  :  GF  ::  AC  :  CB, 
t.  e.  in  the  given  ratio. 


(23.)  Given  the  difference  of  the  angles  at  the  hase^ 
the  ratio  of  the  sides^  and  the  length  of  a  third  propor^ 
tional  to  the  difference  of  the  segments  of  the  base  made 
by  a  perpendicular  Jrom  the  vertex  and  the  shorter  side ; 
to  construct  the  triangle. 

Let  ABC  be  equal  to  the  given  differ- 
ence of  the  angles  at  the  base ;  and  take 
AB  :  BC  in  the  given  ratio  of  the  sides. 
Join  AC;  and  produce  BC  to  D^  bo  that  ^  ^ 
BD  may  be  to  the  given  third  proportional  in  the  ratio 
CA  :  CB.  Through  D  draw  EDF  parallel  to  ACy 
and  from  B  draw  BG  perpendicular  to  it;  make  GF ss 
GD\  join  BF\  EBF\%  the  triangle  required. 

Since  DG  ss  GF,  and  the  angles  at  G  are  right 
angles ;  .*.  BF  ^  BD,  and  the  angle  BFD  =  BDF. 
Hence  the  difference  between  BFE  and  BEF  is  equal  to 
the  difference  between  BDF  and  BEF,  t.  e.  to  EBD  or 
the  given  difference. 
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Also  EB  :  BF  ::  EB  :  BD  ::  AB  :  BC, 

t.  e.  in  the  given  ratio.     And 

DE  :  BF  ::  DE  :  BD  ::  CA  I  CB  ::  (BD=)  BF  t 
the  given  thii-d  proportional,  whence  DE  is  equal  to  the 
given  difference  of  the  segments  of  the  base. 


^^^i^'^^-^^^^^^^rfir^^y^^i^^^^^i^ 


(24.)  (riven  the  base  of  a  right-angled  triangle ;  to 
construct  it,  when  parts,  equal  to  given  lines^  being  cut 
off  from  the  hypothenuse  and  perpendicular,  the  re- 
mainders  luwe  a  given  ratio. 

Let  AB  be  equal  to  the  given  base. 
From  B  draw  BC  at  right  angles  to  it,  and 
equal  to  the  part  to  be  cut  off  from  the 
perpendicular.  Take  CD  to  the  given  part 
to  be  cut  off  from  the  hyppthenuse,  in  the 
given  ratio  of  the  remainders  ;  and  from  C  to  DA,  draw 
CE  equal  to  that  given  part,  and  produce  it.  From  A 
draw  4F  perpendicular  to  AB,  meeting  CE  produced  in 
F.  Draw  FG  parallel  to  AB,  CFG  is  the  triangle 
required. 

Since  AF  is  parallel  to  CD,  the  angles  AFE,  ECD 
are  equal,  and  the  angles  at  E  are  equal,  .*•  the  triangles 
AEF,  CED  are  equiangular, 

and  . .  FE  :  AF  ::  CE  :  CD. 

And  since  AG  is  a  parallelogram,  AF^^BG, 
.\  FE  :  BG  ::  CE  :  CD, 
i.  e.  in  the  given  ratio  of  the  remainders ;  and  FG  is  equal 
to  the  given  base ;  and  CB,  CE  are  equal  to  the  given 
parts  to  be  cut  off. 


♦^*^>#>^^^^  *^*  #•/■•*' *^^#<*^  *^  r*'^^^ 
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(35.)  Oiven  one  angle  of  a  tfiangle^  and  the  sums  of 
each  of  the  sidles  containing  it  and  the  third  side ;  to  con- 
struct the  triangle. 

Let  BAC  be  equal  to  the  given  an- 
gle ;  and  j4B,  AC  equal  to  the  given 
flums.  Join  EC;  and  draw  any  line 
DE  parallel  to  it.  Make  CF,  FG,  each 
equal  to  BD ;  join  CG^  and  produce  it 
to  H;  and  draw  HI  parallel  to  OF.  AHI  is  the  tri- 
angle required. 

Since  DG  is  parallel  to  BC,  and  GF  to  Hh 
BD  :  BH  (::  CG  :  CH)  ::  GF  :  HI  ::  CF  :  C/, 
and  since  BD,  GF  and  FC  are  equal,  B^H,  H/^and  IC 
are  also  equal ;  whence  AH  and  HI  together  are  equal 
to  AB;  and  A  I,  /^T  are  together  equal  to  AC;  and 
HAI  is  equal  to  the  given  angle. 


#'»'*»^»^^>»<'^>^< 


(26.)  Given  the  vertical  angle,  and  the  ratio  of  the 
sides  containing  it,  as  also  the  diameter  of  the  circum" 
scribing  circle ;  to  construct  the  triangle. 

On  the  given  diameter  describe  a  circle ; 
and  from  it  cut  off  a  segment  ACB  con- 
taining an  angle  equal  to  the  given  vertical 
angle.  Divide  the  base  AB  in  D,  in  the 
given  ratio  of  the  sides ;  and  draw  the  dia- 
meter EF  at  right  angles  to  AB.  Join  ED,  and  let  it 
meet  the  circumference  in  C;  join  AC,  CB;  ACB  is 
the  triangle  required. 

Since  AE^EB,  the  angle  ACB  is  bisected  by  CE, 
/.  AC  :  CB  ::  AD  :  DB,  i.  e.  in  the  given  ratio. 
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(27.)  Oiven  the  vertical  angle^  and  the  radii  of  the 
inscribed  and  circumscribing  circles ;  to  construct  the 
triangle. 

With  the  given  radius  describe  the 
circumscribing  circle ;  and  from  any  point 
A  in  it  take  AB,  AC  each  equal  to  the 
arc  subtending  at  the  centre  an  angle  equal 
to  the  given  angle.  Join  J3C;  and  pa- 
rallel to  itj  at  a  distance  equal  to  the  radius  of  the  in- 
scribed circle  draw  EF.  Join  AB ;  and  from  A  to  EF 
draw  AO^ABy  and  produce  AO  to  G,  Join  CG^  BG ; 
GCB  is  the  triangle  required. 

For  the  angle  CGB  (Eucl.  lii.  20.)  is  equal  to  the 
angle  at  the  centre^  which  stands  on  AC^  and  /.  is  equal 
to  the  given  angle.  Also  the  angle  CGA=AGB.  Join 
BO;  and  since  AB=zAO,  the  angle  AOB  =  ABO;  hut 
AOB  is  equal  to  the  two  OBG,  OGB;  and  ^G5  = 
ABCy  .'.  CBO=  DBG,  and  BO  bisects  the  angle  CBG ; 
whence  O,  the  point  of  intersection  of  the  bisecting  lines 
GA  and  BO,  is  the  centre  of  the  inscribed  circle ;  and 
its  distance  from  BC  was  made  equal  the  given  radius. 


(28.)  Criven  the  vertical  angle,  the  radius  of  the 
inscribed  circle,  and  the  rectangle  contained  by  the 
straight  lines  drawn  from  the  centre  of  that  circle  to  the 
angles  at  the  base  ;  to  construct  the  triangle. 

Let  the  angle  ABC  be  equal  to  the  vertical  angle, 
which  bisect  by  the  straight  line  BD.  Let  2)  (ii.  14.) 
be  the  centre  of  a  circle  which  would  touch  BA  and  BC; 
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and  let  E  and  F  be  the  points  of  con- 
tact ;  join  DEf  DFy  and  produce  BD 
to  Oy  so  that  the  rectangle  DE^  DO 
may  be  equal  to  the  given  rectangle. 
On  DO  describe  a  circle  cutting  BA^ 
BC  in  A  and  C;  and  in  H  and  /• 
Join  AC  (or  HI).  ABC  or  AHI  is 
the  triangle  required. 

Join  AD,  DC ;  and  draw  DK  per- 
pendicular to  AC.  Then  since  BA  and 
BC  make  equal  angles  with  BO  which  passes  through 
the  centre,  the  arcs  ADy  DI,  which  they  cut  off,  are 
equal ;  /•  the  angle  ACD  is  equal  to  DCI,  i.  e.  ACB  is 
bisected  by  CD,  or  D  is  the  centre  of  the  circle  inscribed 
in  the  triangle  ABC;  •*.  K  is  the  point  of  contact^  and 
DK^DE.  But  (Eucl.  vi.  C.)  the  rectangle  ^Z>,  DC 
is  equal  to  the  rectangle  DK,  DG,  u  e.  to  the  rectangle 
DE,  DO,  which  is  equal  to  the  given  rectangle. 


^^■^^^^  ^#i»»rf^  ^^^^^^ 


(29.)  Given  the  hose,  one  of  the  angles  at  the  hose, 
and  the  point,  in  which  the  diameter  of  the  circumscribing 
circle  drawn  from  the  vertex  meets  the  base;  to  con- 
strtict  the  triangle. 

Let  AB  be  equal  to  the  given  base, 
and  C  the  given  point.  Bisect  AB  in  D, 
and  draw  DE  at  right  angles  to  AB. 
Upon  AC  describe  a  segment  of  a  circle 
containing  an  angle  equal  to  twice  the 
difference  between  the  given  angle  and  a  right  angle; 
and  let  it  meet  DE  in  O.     Join  AO,  OC',  and  produce 


r 
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CO  to  F,  making  OJP=  OA ;  join  ^i^,  FB ;  AFB  is  the 
triangle  required. 

Join  OB.  Because  AD=:^DB,  and  DO  is  common, 
and  the  angles  at  D  right  angles^  .*•  OB  =  OA  =  OF; 
and  a  circle  described  from  O  as  a  centre^  and  radius  OA, 
will  pass  through  J^and  B,  and  circumscribe  the  triangle 
ABF.  And  FOC  produced  is  a  diameter.  Also  the 
angles  -^OC,  A  OF  are  equal  to  two  right  angles,  t.  e.  to 
AOC  and  twice  the  given  angle;  .*.  AOF  is  equal  to 
twice  the  given  angle ;  and  since  it  is  double  of  ABF, 
ABF  will  be  equal  to  the  given  angle. 


(30.)  Given  the  vertical  angle,  the  base,  and  the 
difference  between  two  lines  drawn  Jrom  the  centre  of 
the  inscribed  circle  to  the  angles  at  the  base  ;  to  construct 
the  triangle. 

Take  any  line  AB^  unlimited 
towards  B,  and  cut  off -^C  equal  to  the 
given  difference ;  and  at  the  point  C 
make  the  angle  BCD  such  that  its 
quadruple  together  with  the  given 
angle  at  the  vertex  may  be  equal  to  two  right  angles. 
From  A  to  CD,  draw  AD  equal  to  the  given  base.  At 
the  point  A  make  the  angle  BAEszBAD,  and  at  the 
point  D  make  the  angle  CDB  :=  DCB,  and  BDE^ 
BDA ;  EDA  is  the  triangle  required. 

For  the  angles  EAD,  EDA  being  bisected  by  AB, 
BD,  B  is  the  centre  of  the  inscribed  circle.  And  the 
angle  BCD  being  equal  BDC^  BC  is  equal  to  BD,  and 
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.'•  the  difierenoe  between  BA  and  BD  is  equal  to  AC, 
i.  e.  to  the  given  difference.  Also  the  angles  JEAD, 
EDA  are  together  double  of  the  angles  BAD,  BDA^ 
i.e.  of  BCD  and  BCD,  and  .•.  are  equal  to  4 BCD; 
whence  the  angle  AED  together  with  4  BCD  will  be 
equal  to  two  right  angles ;  and  •*.  the  angle  AED  is  equal 
to  the  given  vertical  angle.  Also  AD  is  equal  to  the 
given  base. 


(31.)  Criven  that  segment  of  the  line  Insecting  the 
vertical  angle  which  is  intercepted  hy  perpendiculars  let 
fall  upon  it  from  the  angles  at  the  base ;  the  ratio  of  the 
sides ;  and  the  ratio  of  the  radius  of  the  inscribed  circle 
to  the  segment  of  the  base  which  is  intercepted  between 
the  line  bisecting  the  vertical  angle  and  the  point  of  con^ 
tact  of  the  inscribed  circle  ;  to  construct  the  triangle. 

Let  AB  be  equal  to  the  given  seg- 
ment of  the  bisecting  line ;  from  A  and 
B,  on  opposite  sides^  draw  AC,  BD  at 
right  angles  to  it.  '  On  AB,  as  hypo- 
then  use,  describe  a  right-angled  triangle 
AEBy  whose  sides  are  in  the  given  ratio  of  the  radius  of 
the  inscribed  circle  to  the  segment  of  the  base  inter- 
cepted between  the  bisecting  line  and  the  point  of  contact 
of  the  inscribed  circle.  Divide  AB  in  F  in  the  ratio  of 
the  sides ;  and  through  F,  draw  CFD  parallel  to  AE, 
and  meeting  the  perpendiculars  in  C  and  D.  Make 
BG  =  BD.  Join  CG,  and  produce  it  to  meet  AB  pro» 
duced  in  H;  join  HD;  HCD  is  the  triangle  required. 

Draw  CO  bisecting  the  angle  HCD.     Since  BG=i 
BD,   and  BH  is  perpendicular  to  GD,  it  bisects  the 
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angle  GHD ;  whence  O  is  the  centre  of  the  inscribed 
circle.  From  O  draw  OI  perpendicular  to  CD,  and  /• 
parallel  to  BE ;  whence 

01  :  IF  ::  BE  :  EJ, 
i.  e.  in  the  given  ratio  of  the  radius  of  the  inscribed  circle 
to  the  segment  of  the  base  intercepted  between  the  bi- 
secting line  and  the  point  of  contact  of  the  inscribed 
circle.     Also  from  the  similar  triangles  AFC,  BFD, 
AF  :  FB  ::  CF  :  FD  ::  CH  :  i/D, 
.*.  CH  :  HD  in  the  given  ratio  of  the  sides. 


^^^^^^^»»<»  »>*^»».^«»>»i»»»^^i*^^  i^^ 


(32.)  Given  ihe  line  bisecting  the  vertical  angle, 
and  the  differences  between  each  side  and  the  adjacent 
segment  cf  the  base  made  by  the  bisecting  line ;  to  con^ 
struts  the  triangle. 

Let  AB  be  equal  to  the  given  bisect- 
ing line.  Produce  it  to  C,  so  that  BC 
may  be  a  fourth  proportional  to  AB  and 
the  given  difierenoes.  On  ACy  as  a  dia- 
meter, describe  a  circle  ADE\  in  which 
place  a  line  DBE,  passing  through  B,  equal  to  the  sum 
of  the  given  differences ;  and  from  A  draw  AF,  AG  to 
the  circumference,  each  equal  to  DE\  and  produce  them 
to  meet  DE  produced  in  JET  and  /;  A  HI  is  the  triangle 
required. 

Since  DE  is  equal  to  the  sum  of  the  given  difier- 
enoes, and  the  rectangle  DB^  BE,  is  equal  to  the  rect- 
angle AB,  BC,  i.  e.  to  the  rectangle  contained  by  the 
given  differences,  DB  and  BE  will  be  the  given 
diflerences. '  And  since  AF^AQ,  the  arcs  AF,  AG  are 
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eqpal  and  AC  being  a  diameter,  FC  and  CG  will  ako  be 
equal,  /.  the  angles  FAC,  CAO  are  equal,  or  HA  I  is 
bisected  by  AC.  Also  since  FA^DE,  AH  and  HE 
will  be  equal ;  .*.  the  difference  between  AH  and  HB  is 
equal  to  BE  one  of  the  given  diflferenoes*  In  the  same 
manner  AI^  ID ;  and  /.  the  di£&rence  between  AI  and 
IB  is  equal  to  fiD,  the  other  giv^n  difference. 


(33.)  CHven  one  of  the  angles  at  the  hase^  the  side 
opposite  to  it,  and  the  rectangle  contained  by  the  base 
and  that  segment  of  it  made  by  the  perpendicular  which 
is  adjacent  to  the  given  angle ;  to  construct  the  triangle. 

Let  AB  be  equal  to  the  given  side. 
Upon  it  describe  a  segment  of  a  circle  con- 
taining an  angle  equal  to  the  given  angle. 
Bisect  AB  in  C;  and  from  C  draw  to  the 
circumference,  a  line  CD  such  that  the 
difierence  between  the  squares  of  CD  and 
CB  may  be  equal  to  the  given  rectangle.  Join  AD, 
DB  i  ADB  is  the  triangle  required. 

On  AB  describe  a  circle  ABE.  Join  BE.  Then 
the  rectangle  AD,  DE  is  equal  to  the  rectangle  G/>, 
DF,  i.  e.  to  the  difference  of  the  squares  of  CD  and  CG 
or  to  the  given  rectangle.  And  BE  is  perpendicular  to 
AD ;  AB  is  equal  to  the  given  side,  and  ADB  to  the 
given  angle. 


(34.)  Given  the  vertical  angle,  and  the  lengths  of 
two  lines  drawn  from  the  ^reniities  of  the  base  to  the 
points  of  bisection  of  the  sides ;  to  construct  the  triangle. 

KR 
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Let  AB  be  equal  to  one  of  the 
giren  lines ;  bisect  it  in  C;  and  on  AC 
describe  a  s^ment  of  a  circle  containing 
an  angle  eqoal  to  the  giren  angle. 
From  BA  cut  off  BD  equal  to  one 
third  of  BA ;  and  from  D  to  the  circle,  draw  DE  equal 
to  one  third  of  the  other  given  line.  Produce  ED,  and 
make  DF  equal  to  twice  DE.  Join  AE,  FB ;  and 
produce  them  to  meet  in  O.  Join  AF;  AFG  is  the 
triangle  required. 

Join  CE.  Since  BD  is  double  of  DC,  and  DF 
double  of  DE ;  EC  is  parallel  to  FG ;  and  .*.  the  ai^le 
AGF  is  lequal  to  AEC,  i.  e.  to  the  given  angle.  Hence 
also  AE  is  equal  to  EG ;  and  BF  being  double  of  EC, 
is  equal  to  BG ;  .*.  AB  and  FE,  equal  to  the  given 

1^  are  drawn  to  the  points  of  bisection  of  the  sides. 


^i^^»^^#>*>»^^^i^^>^^*^^*^»r^^^* 


(35.)  Given  the  lengths  of  three  Unes  draumjrom 
the  angles  to  the  points  of  bisection  of  the  opposite  sides ; 
to  construct  the  triangle. 

Describe  a  triangle  ^^BC  whose  sides 
are  respectively  equal  to  two  thirds  of 
the  given  lines ;  and  complete  the  paral- 
lelogram ABDC.  Join  AD;  and  pro* 
duce  CB  to  E,  making  BE^BC.  Join 
AE,  ED ;  AED  is  the  triangle  required. 

Produce  AB,  DB  to  F  and  G.  Since  the  diagonals 
of  parallelogram^  bisect  each  other,  AH  is  equal  to  HD, 
and  BH  to  HC;  /.  EH  is  equal  to  EB  and  BH  toge- 
ther,  t.  e.  to  BC  and  BH  or  to  ^BC  and  .*.  is  equal  to 
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.one  of  the  given  lines.  Again^sinoe  6B  is  parallel  to  AC, 
(EucL  vi.  2.)  it  bisects  AE,  and  BO^^AC\  but  DB^ 
AC,  .'.  DOss^AC,  and  /.  is  equal  to  another  of  the 
given  bisecting  lines.  In  the  same  manner^  AF  may  be 
shewn  to  be  equal  to  the  other  given  line,  and  to  bisect 
DE  in  JP- 


(36.)  '  Owen  the  segments  of  the  base  made  hf  the 
perpendicular,  and  one  of  the  angles  at  the  base  triple 
the  other ;  to  construct  the  triangle. 

Let  AB,  BC  equal  to  the  given       ^ — >fi--^ 
s^ments^  be  placed  in  the  same  straight     C.^'^^f^^^^^/  \ 


line.  Make  BD^BCi  bisect  AD  in  ^ 
E,  and  BE  in  F.  On  AD  describe  a  semicircle ;  and 
firom  Fdraw  FG  at  right  angles  to  AD.  Join  AQ,  OD; 
and  .  let  AG  meet  the  perpendicular  BH  in  H.  Join 
HC;  AHC  is  the  triangle  required. 

Draw  EI  perpendicular  to  AD\  join  D/»  DH. 
Then  AE  being  equal  to  ED  and  the  angles  at  E  right 
angles,  AI^  IDj  and  the  angle  IAD  =  IDA ;  whence 
the  angle  DIH  is  double  of  DAH.  But  since  EF  is 
equal  to  FB^  and  GF  parallel  to  IE  and  BH,  .\  IG= 
GH;  and  the  angles  DGI^  DGH  being  right  angles, 
DI  is  equal  to  DH,  and  the  angle  DHI  equal  to  DIH, 
and  .*.  double  of  DAH.  Also  since  DBszBC,  and  the 
angles  at  B  are  right  angles,  .\  the  angle  HCB  is  equal 
to  jHDfi,  i.e.  to  DJBM,  JD^H  together,  or  to  three 
times  the  angle  DAH.  Also  AB,  BC,  by  construction^ 
are  equal  to  the  given  segments  made  by  the  perpendi- 
cular. 


>^»»*^»^s»»^^^»^^#>»w 


316  GBMfxrnucAL  problems.  l^Sect.g^ 

(87.)  The  area  and  k^pothenuse  of  a  right-angled 
triangle  being  given ;  tQ  construct  tke  triangk. 

Let  ^B  he  equal  to  the  given  hy- 
pothenuse.  Bisect  it  in  C,  and  on  CB 
describe  a  rectangular  parallelograoi  CD 
equal  to  the  given  area.  On  AB  de- 
scribe a  semicircle  AEB,  cutting  the  side  parallel  ioAB^ 
in  E.    Join  AE,  EB;  AEB  is  the  triangle  required. 

Join  CE.  Since  AC^CB,  the  triangle  AEB  is 
double  of  CEB  (Buck  i.  3».)«  ^^  •'•  ^qval  to  the  rect- 
angle CD,  t.  e.  to  the  given  area. 


(38.)  Given  one  angle^  and  a  line  drawn  from  one 
of  the  others  bisecting  the  side  opposite  to  it ;  to  con- 
struct the  triangle,  when  the  area  is  also  given. 

Let  AB  be  the  given  bisecting 
line ;  and  upon  it  describe  a  seg- 
ment of  a  circle  containing  an 
angle  equal  la  the  given  angle. 

Upon  AB  also  describe  a  rectangular  parallelograoi 
ABGD  equal  to  the  given  area ;  and  let  DC  naeet  the 
cirete  in  E ;  join  EA,  and  produce  it^  making  AF^AE; 
join  FB,  BE ;  FEB  is  the  triangle  required. 

For  BA  bisects  the  side  EF ;  the  angle  BEF  is  equal 
to  the  given  angle ;  and  the  triangle  BEF  is  double  of 
BAE  (Eucl  f.  ^S.)  and  .*.  equal  to  ABCD,  i.  e.  to  the 
given  area. 


■»■»■*■'  ■^•*^*w*"^-»^^r^-»'-^'»'»'»^-^*^'0-*-^ 


(39.)    In   two   similar  right-angled  triangles,  the 
sum  of  the  base  of  the  one  and  perpendicular  of  tke  other 


Sect.  9.] 


GBOMBmiCAL  PROBLEMS. 


317 


w  given  ;  to  determine  the  triangles  gueh  that  their  hy^ 
potkenus0a  may  amtain  the  right  angle  of  another  tri- 
mngle  similar  to  them,  ami  the  sum  of  the  three  areas 
may  he  equal  to  a  given  area. 

Let  AB  be  equal  to  the  given  sum  ; 
and  upon  it  describe  a  rectangular  paral- 
lelogram equal  to  the  given  area.    On 
kT)  ^A^  also  describe  a  semicircle^  cutting 

CD  in  JS;;  join  AEy  EB;  the  triangles  AED,  BEC, 
AEB  are  the  triangles  required ;  as  is  evident  from  the 
construction. 


(40.)  Given  the  vertical  angle,  the  area,  and  the 
dKstcmce  between  the  centres  of  the  inscribed  circle  and 
the  circle  which  touches  the  base,  and  the  two  sides  pro-, 
duced ;  to  construct  the  triangle. 

Let  AB  be  equal  to  the  given  distance  between  the 
centres;  and  make  the  angle  BAC  equal  to  half  the 
given  angle  at  the  vertex.    On  AC  let  fait  the  perpen- 


dicular BC;  and  produce  CA,  till  the  rectangle  AD, 
DC  is  to  the  given  area,  in  the  ratio  of  AC  :  CB. 
Complete  the  parallelogram  DEFC ;  and  from  the  cen- 
tres A  and  B,  describe  two  circles  touching  EFm  G  and 
F.  Draw  HI,  IE  touching  the  two  circles  ;  HIE'is  the 
triangle  required. 
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For  AB  18  equal  to  the  given  distance  between  the 
centres.  The  angle  lEF  is  double  of  jiEF^  i.  e.  of 
BACj  and  .'.is  equal  to  the  given  angle.  And  from  the 
similar  triangles.  ^£C,  AED, 

AC :  CB  ::  AD  :  {DE  =)  AG  ::  AD  x  DC  :  AG 

[xEF. 
But  since  EF  is  equal  to  half  the  perimeter  of  the  tri- 
angle EHI,  the  rectangle  AG,  EF  is  equal  to  the  tri- 
angle EHIi  whence  EHI  is  equal  to  the  given  area. 


A, 

-^^^ 

» 

/ 

\ 

6 

\ 

y 

r 

^ 

•^ 

F, 

/ 

n 

'^^ 

1 

f 

.c 

(41 .)  Given  the  area^  the  line  from  ^  the  vertex 
dividing  the. base  into  segments  which  have  a  given  ratio, 
and  either  of  the  angles  at  the  base ;  to  construct  the 
triangle. 

On  AB  the  given  line,  describe 
a  segment  of  a  circle  containing  an 
angle  equial  to  the  given  angle. 
Describe  a  rectangular  parallelogram 
ABCD  equal  to  twice  the  given 
area ;  and  divide  BC  in  the  given  ratio  at  F.  Through 
F  draw  GH  parallel  to  AB.  Join  BH,  HA ;  and  pro* 
duce  HB  so  that  IB  may  be  to  BH  in  the  given  ratio. 
Join  I  A ;  lAH  will  be  the  triangle  required. 

Draw  IK  perpendicular  to  AB.  The  triangles  1KB, 
BFH  are  similar^ 

.-.  IK  :  BF  ::  IB  :  BH  ::  FC  :  FB, 

/.  IK=rFC;  and  the  triangle  lAB  is  equal  to  half  of  the 
parallelogram  GC ;  and  the  triangle  ABH  is  equal  to 
half  of  BG ;  .'.  I  AH  is  equal  to  half  the  parallelogram 
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AC,  and  .*.  equal  to  the  given  area.     And  AB  is  equal 
to  the  given  divi(|ing  line,  and  IB  :  BH  in  the  given  ratio. 


*«i»i*^^»^^i»i*»#'#*#>^»».i  »>.»»*» 


(42.)  Oiven  the  difference  between  the  segments  of 
the  base  made  by  the  perpendicular,  the  sum  of  the 
squares  of  the  sides,  and  the  area ;  to  construct  the  tri- 
angle. 

Take  a  line  JiB  such  that  its  square 
may  be  equal  to  the  difference  between 
half  the. given  sum  of  the  squares,  and  the 
square  of  half  the  given  difference  of  the 
segnients  of  the  base.  Upon  AB  describe 
a  rectangular  parallelogram  ABCD  equal 
to  the  given  area ;.  and  also  on  AB  describe  a  semicircle 
cutting  CD  in  E.  Join  AE,  and  produce  it  both  ways ; 
and  make  AF,  AG,  each  equal  to  half  the  given  differ- 
ence of  the  segments,  and  make  EH=:EG.  Join  BF, 
BH ;  BFH  is  the  triangle  required. 

Join  BG,  BE.  Since  GE—EH  and  the  adgles  at 
E  are*  right  angles,  .*.  GB=BHi  and  the  sum  of  the 
squares  of  FB^  BH  is  equal  to  the  sum  of  the  squares  of 
FB,  BG,  i.  e.  (iv.  30.)  is  equal  to  twice  the  sum  of  the 
squares  of  FA.  and  AB,  i.  e.  by  construction,  is  equal  to 
the  given  sum.  Also  the  difierence  between  FE  and 
EH  is  equal  to  the  difference  between  FE  and  EG, 
i.  e.  to  FG,  which  is  equal  to  the  given  difference.  And 
the  area  of  the  triangle  FBH  is  double  of  the  area  of  the 
triangle  ABE,  and  .*.  (Eucl.  i.  41.)  equal  to  ABCD,  or 
the  given  area. 


>  *  ^>#i^>»  ^»  *»^  ^^^10'^^^'^  ^ 
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(43.)  Gwen  the  base,  one  of  the  angles  at  the  base, 
and  the  difference  between  the  side  opposite  to  it  and  the 
perpendicular ;  to  construct  the  triangle. 

Take  an  indefinite  line  AB\ 
and  from  any  point  C  in  it  draw 
'CD  perpendicular  to  it,  and  equal 
to  the  gima  difigrence.  From  D 
draw  DA  making  the  angle  DAC 
equal  to  the  given  angle.  Draw  DE  parallel  to  AB^  and 
equal  to  the  given  base.  Join  AE ;  to  which  from  D 
draw  DF:=z  DC.  Draw  EG  parallel  to  FD,  and  meeting 
AD  produced  ;  EDG  will  be  the  triangle  required. 

From  G  draw  GB  perpendicular  to  AB.  Since  DF 
is  parallel  to  GB,  and  DC  to  GB, 

DC  :  GB  ::  AD  :  AG  ::  DF  :  GE. 

But  DC  being  equal  to  DF,  GB  is  equal  to  GE ; 
whence  the  difierence  between  GE  and  GH  is  equal  to 
HB,  or  DC,  i.  c.  to  the  given  difference.  And  the  angle 
GDE  is  equal  to  DAC,  i.  e.  to  the  given  angle ;  and 
DE  is  equal  to  the  given  base. 


(44.)  Criven  the  vertical  angle,  the  difference  of^ie, 
base  and  one  side,  and  the  sum  of  the  perpendicular  drawn 
from  the  angle  at  the  base  contiguous  to  that  side  upon  the 
opposite  side  and  the  segment  cut  off  by  it  from  that 
opposite  side  contiguous  to  the  other  angle  at  the  base ; 
to  isonstruct  the  Iriangk. 

Let  AB  be  equal  to  the  given  sum,  and  BC  to  the 
given  difference ;  and  let  them  be  placed  so  as  to  contain 
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an  angle  ABC,    which    with   the 

given  vertical  angle  will  be  equal  to 

two  right  angles.    Through  C  draw 

DCE  parallel  to  AB,  and  through 

B  draw  DBF  making  half  a  right 

angle  with  it.    Join  AD;  and  to 

it  from  B  draw  BG  equal  to  BC; 

and  parallel  to  these  respectively  draw  AF,  FH ;  AFH 

will,  be  the  triangle  required* 

Produce  FH  to  /;  and  let  &11  the  perpendicular  FK. 
Since  BC  is  parallel  to  FI,  and  BQ  to  AF^ 

BC  :  FI ::  BD  :  FD  ::  BO  :  AF, 
but  BC=:BG,  .-.  Fl^AF;  and  HI^BC  will  be  the 
difference  between  the  base  AF  and  the  side  FH.  Also 
since  the  angle  BFK  is  half  a  right  angle,  FK^KB; 
and  AB  is  the  sum  of  the  perpendicular  FK  and  the 
segment  KA.  Also  BCIH  being  a  parallelogram,  the 
angle  AHF,  or  its  vertically  opposite  IHB,  together  with 
ABC  will  be  equal  to  two  right  angles ;  and  /.  AHF\% 
equal  to  the  given  vertical  angle. 


^«»>»^^^^^»»^>#i»»^i»#«»»^>»»j  ^ 


(45.)  Olven  the  hase^  the  difference  of  the  sides,  and 
the  segment  intercepted  between  the  vertex  and  aper^ 
pendicular  from  one  of  the  angles  at  the  base  upon  the 
opposite  side ;  to  construct  the  triangk. 

Let  AB  be  equal  to  the  given  9^* 
meht  intercepted  between  the  perpen- 
dicular and  the  vertical  angle;  BC 
equal  to  the  given  difference  of  the 
sides;  draw  BD  perpendicular  to  AB, 
and  make  BE  =  BA ;  join  AE,  and 

ss 
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produce  it  f  and  from  C  t0  AE  draW  CF  such  that  its 
square  may  be  equal  to  the  give6  Squares  of  the  base  and 
segment  AB ;  draw  FG  perpetfdicular  to, AB;  and  make 
GH^rzBC.  From  H  to  BD,  draw  HD  e^ual  to  the 
given  base ;  join  AD;  AHD  is  the  triangle  M]uired« 
^  For  AB  is  made  equd  to  the  given  tegnlent^  and  HD 
to  the  given  base.  Ah^  since  ABs=BE,  AO=^  GF,  and 
HBszGC;  whence  the  sqnares  of  GA  and  HB  ^t^ 
equal  to  the  squares  of  GA  arid  GC,  i.  e.  to  the  square  of 
CF^  or  the  squares  of  HD  and  AB,  by  construction. 
But  (iv.  39.)  the  squares,  of  AD  and  HB  are  equal  tor 
the  squared  of  HD  and  AB ;  .;.  the  squares  6f  6r^  and 
HB  are  equal  to  the  squares  of  AD  and  HB ;  whence' 
GA^  AD ;  and  .*.  the  difierence  between  AH  and  AD 
is  equal  to  jF/G,  L  e.  to  JiC^  ot^  the  given  differience. 


(46.)  Given  the  vertical  angle,  the  side  o/"  the  in^ 
scribed  square,  and  the  rectangle  contained ^  hy  one  sidef 
and  its  segment  adjacent  to  the  base  made  by  the  angular 
point  of  the  inscribed  square.     To  construct  the  triangle. 

Let  AB  be  equal  to  a  side 
of  the  inscribed  square;  and 
upon  it  describe  a  segment  of 
a  circle  containing  an  angle 
equal  to  the  given  angle.  From 
A  draw  AC  perpendicular  and 
equal  to  AB\  and  through  C 
draw    DCE   parallel    to  AB. 

Find  O  the  centre  of  the .  circle ;   and  from  it  to  DE,- 
draw  OD  such  that  the  difference  of  the  squares  of  OD 
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and  the  radius  of  the  circle  may  be  equal  to  the  giveiji 
rectangle.  Join  DjI,  and  produce  it  to  F.  Join  FB, 
^nd  produce  it  to  £ ;  DFE  is  the  triangle  required. 

From  D  draw  the  tangent  DG,  Join  GO.  Then 
the  squares  of  DG,  GO  are  together  equal  to  the  square 
of  DO^  i.  e.  to  the  square  of  GO  and  the  given  rectangle  ; 
and  /.  the  square  of  DG^  i.  e.  the  rectangle  AD^  DF  is 
jequal  to  the  given  rectangle ;  •*.  DF  is  a  side  of  the  tri- 
angle, in  which  AB  is  the  side  of  an  inscribed  square. 
And  DFE  is  equal  to  the  given  ve.rtical  angle. 


APPENDIX. 


PLANE  TRIGONOMETRY. 

(L)  Def.  1.  Plane  Trigonometty  \$  that  branch 
of  Mathematical  science  which  treats  of  the  measures 
pf  angles  and  the  relation  between  the  respective  sides  and 
angles  of  plane  triangles. 

Lemma  I. 

(^)  ^y^^^wn  the  centre  of  a  circle  two  straight  lines 
be  drawn  to  its  circumferencey  the  included  angle  mil  be 
to  four  right  angles,  as  the  intercepted  arc  is  to  the 
whole  circumference. 

Let  Bj^,  BC  be  two  straight  lines 
drawn  from  the  centre  B  of  the  circle  ADE, 
meeting  the  .circumference  in  A  and  C;  the 
angle  ABC  will  be  to  four  right  angles  as 
the  arc  AC  is  to  the  whole  circumference. 

Produce  AB  till  it  meets  the  circumference  again  in 
F;  and  through  B  draw  DE  perpendicular  to  AB, 
meeting  the  circle  in  D  and  E.  Then  (Eucl.  vi.  33.) 
the  angle  ABC  :  the  right  ^ng\e  ABD  ::  the  arc  AC  : 
AD ;  and  quadrupling  the  consequents^  the  angle  ABC  : 
four  right  angles  ::  the  arc  AC  :  4  AD,  or  the  whole 
circumference. 
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Lemma  II. 

(3.)    If  from  the  common  centre  pf  two  circles  two 

straight  Unes  he  drawn  intersecting  the  circumfisrences  ; 

the  intercepted  arc  of  either  circle  will  be  to  the  inter^ 

cepted  arc  of  the  other  circle^  as  the  circumference  of  the 

first  circle  to  the  circumference  of  the  second. 

From  B  the  common  centre  of  two 
circles  are  drawn  the  lines  BA,  BC,  inter- 
secting the  circumferences  in  A,  C,  Oj  c; 
the  arc  AC  :  ac  ::  the  whole  circumfe- 
rence of  the  first  circle  :  the  whole  circumfensnce  of  the 
second. 

Fbr  (3)  the  arc  AC  r  the  whole  circumference  (C) 
of  which  it  is  an  arc  ::  the  angle  ^£C  :  four  righ( 
angles ;  which  is  the  same  ratip  with  that  of  ac  :  ttie 
whole  circumference  (C)  of  which  it  is  an  arc, 
/.  (Eucl.  V.  16.)  AC  :    C  :i  ae  :  C, 
and  alt.  AC  i  ac  ::    C  :  C\ 

(4.)  Cor.  I.  (fthe  circumferences  of  any  two  cir* 
cles  be  severally  divided  into  the  same  numbor  of  equal 
parts,  whatever  number  of  such  parts  is  contained  in  any 
arc  (AC)  of  one  circle,  the  same  number  will  be  contained 
in  that  arc  (ac)  of  the  other  circle  which  subtends  the 
same  angle. 

(5.)  CoR.  2.  Any  arc  of  a  circle  is  the  measure  of 
the  angle  which  it  subtends  at  the  centre. 

For  (See  Fig.  1 .)  draw  any  straight  line  Bx  to  the  cir- 
cumference; then  fEucL  vi.  33.)  the  arc  AC  :  the  arc 
Ax  ::  the  angle  ABC  :  the  angle  ABx,  i.  e.  in  v^atever 
proportion  the  angle  at  the  centre  is  increased,  the  sub- 
tending arc  is  increased  in  the  same  proportion*. 

*  If  the  angle  be  not  at  the  centre,  but  between  it  and  the  circum- 
ference ; 
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(6«)  Ahgles  at  the  centres  of  difierent  circles  vary  as 
the  arcs  wliicb  sUfatend  them,  directly^  arid  the  radii  of 
the  circles  inversely. 

Fpr  (?)  the  arc  AC  t  the  circumfetence  ADEA  *.: 
the  angl^  >^J3C  :  four  right  angles^    Hence  the  angle 

A  Ac  =  — AnwJ  ^  ^^^^  n^t  angles ;  and  since  the 
circumference  ADMAocABi  and  four  sright  angles  is  an 
invariable  quantity,  the  angle  ABC  oc  —-^  -. 

(7.)  Till  lately.  Geometers  almost  unanimously 
agreed  to  divide  the  circumference  of  the  circle  into  36o 
equal  parts  called  Degrees ;  each  degree  into  6o  equal 
parts  called  Minutes;  and  each  minute  into  6o  equal 
parts  called  Seconds,  &c.  This  method  appeared  to  the 
Greek  Geometers  to  afford  some  facilities  for  calculations^ 
fn  consequence  of  the  great  number  of  divisors  of  d6o 
and  60 ;  But  it  is  in  reality  subject  to  inconvenience  from 
Complicated  numbers,  and  tediousness  in  operations. 
Upon  the  introduction  therefore  of  a  new  system  of 
weights  and  measures  intd  France^  in  which  they  were 
decimally  divided  and  subdivided^  it  was  thought  proper 
to  make  a  similar  division^  of  the  quadrant  The  quad- 
rant is  accordingly  divided  into  100  minutes,  each  minute 
into  100  seconds^  &c.  One  great  advantage  of  which 
method  is  its  identity  with  the  common  decimal  scale  of 

I  m  >      !■ ^    I  III  III  I  II    I     I    1  iHl  •  I       ■       fc— I^M^  I  ■!,  ,1     ■■      I     ■      —'l 

ference;  it  will  be  measured  by  half  the  sum  of  the  arcs  intercepted 
between  the  sides^  and  the  sides  produced.  If  it  be  without  the  circle^ 
it  will  be  measured  by  half  their  difference  (ii.  24.). 

If  the  angle  be  formed  by  a  tangent  and  chord,  it  will  be  measured 
by  half  the  arc  subtended  by  the  chord.  If  by  a  line  cutting  the  circle 
and  a  tangent^  or  by  two  tangents,  it  will  be  measured  by  half  the  differ* 
ence  between  the  convex  and  concave  arcs  intercepted  between  the 
lines.  1 
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notation ;  thus  6  d^.  1 5  mta.  53  sec.  would  be  repre- 
sented by  6.1553  deg.  and  34  deg.  5  min.  9  sec.  by 
34.0509. 

The  length  of  a  degree  then  on  that  scale  wJU  be*  less 
than  one  on  the  common  scale  in  the  proportion  of  90  * 
100,  or  9  :  10 ;  a  minute  in  the  proportion  of  90  x  60  : 
iOOX  100,  or  37  •  ^0,  and  a  second  in  the  proportion  of 
90x60x60  :   lOOx  lOQx  100,  or  81   :  250. 

If  then  n = the  number  of  degrees  on  the  new  scale^ 
the  corresponding  number  on  the  former  scale  will  be  = 

nX9      ft.(lO-l)  n       jy  ^u     rii     • 

— — -  =        ,^     ■  =  n—  TT .    Hence  «••  the  following 
10  10  10  ^ 

rale,  for  reducing  the  new  to  the  old  graduation. 

Express  the  measure  in  decimals,  and  from  it  sub- 
tract iV^h  ^f  ^^^^  number;  mark  off  the  decimals  in  the 
remainder,  which  multiply  by  60,  and  mark  off  the 
decimals  again ;  these  again  multiply  by  60  and  mark  off 
as  before,  and  so  on;  the  whole  numbers  so  obtained  will 
be  the  degrees,  minutes,  seconds,  &c.  on  the  common 
scale. 

Thus  to  determine  how  many  degrees,  minutes,  &c. 
in  the  old  graduation,  correspond  to  46  deg.  43  min, 
15  sec.  in  the  new. 

Prom  46.4315 
Subtract  4.64315 


41.78835 
60 

47.30100 
60 


1 8 . 06000 
or  41  deg.  47  min.  I8.06  sec. 
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(8.)  Degrees^  Minutes^  Seconds  &c.  are  expressed 
by  ^  ',  ";  thus  10^  15'.  4&".  represent  an  arc  of  ten 
degrees,  fifteen  minutes  and  forty  five  seconds. 

(9.)  Arcs  and  angles  are  expressed  without  distinction 
in  trigonometrical  calculations  by  degrees,  minutes,  and 
seconds. 

(10.)  A  right  angle  is  measured  by  an  arc  of  90^ ;  two 
right  angles  by  180^;  half  a  right  angle  by  45^;  and 
each  angle  of  an  equilateral  triangle  by  66^. 

(11.)  Def.  t2.  With  the  centre  O  and 
radius  OA  describe  a  circle,  and  draw  the 
diameters  j40Cj  BOD  at  right  angles  to 
«ach  other.  These  will  divide  the  circum- 
ference into  four  equal  parts  called  Quadrants. 

(12.)  Def.  3.  The  Complement  of  any  arc  or  angle 
is  the  difierence  between  that  arc  or  angle  and  a  quadrant 
or  90^.  Thus  taking  any  point  jP  in  the  quadrant  AB ; 
the  complement  of  the  arc  AP  is  the  arcBP;  and  the 
complement  of  the  angle  AOP  is  the  angle  BOP.  If 
JP=::62\  l6\  BP  its  complement  =  27^  44'.  Also  the 
complement  of  35^  15'.  45"  is. an  arc  of  54®.  44'.  15". 
And  in  general  A  being  any  arc  whatever,  its  comple- 
ment is  QOP^A;  or  ^—90®,  if  ^  be  greater  than  90®. 

The  two  acute  angles  of  a  right-«angled  triangle^  being 
together  equal  to  a  right  angle,  are  complements  to  each 
other. 

(13.)  Def.  4.  The  Supplement  of  any  arc  or  angle 
is  its  defect  from  a  semicircle  or  180®.  Thus,  taking  any 
point  P^  the  supplement  of  the  arc  AP  is  PBG,  and  of 
the  angle  AOP  is  the  angle  POC;  the  supplement  of 
A  BR  is  CP",  and  of  the  angle  AOR  is  the  angle  COP". 
The  supplement  o( 32^.42'.  18"isanarcof  147^  if.  43". 

TT 
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if  ^  be  any  arc,  its  supplement  is  (186  —  A).     Also 
the  supplement  of  (90  -  A)  is  (90  +  A). 

In  every  triangle,  the  sum  of  the  three  angles  being 
equal  to  two  right  angles,  each  angle  is  the  supplement 
to  the  sum  of  the  other  two. 

(14.)  Def.  5.  The  Chord  of  an  arc  is  a' straight  line 
joining  the  extremities  of  the  arc.  Thus  AP  is  the 
chord  of  the  arc  A  P.  AB  is  the  chord  of  the  quadrant 
AB.  The  diameter  is  the  chord  of  a  semicircle ;  and 
the  chord  of  the  whole  circumference  is  =  0. 

(15.)  If  the  chord  does  not  pass  through  the  centre, 
as  AP,  it  is  the  chord  of  two  unequal  arcs,  AP  and  the 
remaining  part  of  the  circumference  ADCBP.  In  speak- 
ing however  of  the  chord  of  an  arc  of  a  circle^  the  less  arc 
is  generally  meant. 

(16.)'  Cor.  The  chord  of  60® = radius  of  the  circle. 
For  the  triangle  AOP  is  equiangular  and  .*.  equilateral. 

The  chord  of  a  quadrant  =  R  ,^2, 

(17.)  Def.  6.  The  Sine  or  Right  Sine  of  an  arc  is 
a  straight  line  drawn  from  one  end  of  the  arc  perpendi- 
cular to  the  diameter  passing  through  the  other  end  of  the 
arc. 

Thus,  if  from  P,  PE  be  drawn  per- 
pendicular to  ACy  it  will  be  the  sine  of  the 
arc  AP  less  than  a  quadrant.  If  PQ  be 
perpendicular  to  BO,  it  will  be  the  sine 
of  the  arc  BP.  Also  PB,  P'E\  P'  E" 
are  the  sines  of  arcs  AP,  AP\  AP"  measured  from  A 
and  terminating  in  the  second,  third  and  fourth  quadrants 
respectively. 

If  from  A,  Ax  be  drawn  perpendicular  to  OP,  it 
will  be  the  sine  of  AP,  and  be  equal  to  PE. 
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(18.)  To  trace  the  changes  in  magnitude  of  the 
Right  Sine. 

The  sine  begins  with  the  arc;  when  the  arc  is 
Clothing,  P  coinciding  with  ^^  S  also  coincides  with  it. 
But  as  P  moves  from  A  towards  B,  PE  continually  in^ 
creases,  i.  e.  as  the  arc  increases^  the  sine  increases ;  and 
when  P  coincides  with  B,  E  coincides  with  O,  and  the 
sine  of  90^  becomes  radius.  When  the  arc  is  greater 
than  90®,  and  terminates  in  the  second  quadrant,  as  the 
arc  increases,  the  sine  decreases,  till  it  becomes = o,  at  the 
end  of  the  second  quadrant,  P  and  K  both  coinciding 
with  C»  If  the  arc  terminates  in  the  third  quadrant,  the 
sine  continually  increases,  till  at  the  end  of  it,  it  becomes 
radius;  and  if  in  the  fourth  quadrant,  it  continually  de* 
creases  again  till  it  becomes  =0. 

Hence  it  appears  that  the  sine  never  exceeds  radius. 

(19.)  To  trace  the  changes  in  the  Algebraic  Sign  of 
the  right  sine* 

If  the  right  sines  of  arcs  in  the  first  quadrant  be 
reckoned  positive,  they  will  be  positive  or  negative  for 
arcs  which  terminate  in  the  other  quadrants,  according  as 
they  are  drawn  in  the  same  or  contrary  directions  with  the 
former,  t.  e.  according  as  they  fall  on  the  same  or  con- 
trary sides  of  the  diameter  AC.  Hence  during  the  two 
first  quadrants  the  algebraic  sign  is  positive,  and  for  arcs 
which  terminate  in  the  two  next  it  is  negative. 

(20.)  Cor.  The  sine  of  an  arc  is  equal  to  the  sine  of 
its  supplement. 

For  PE  is  equal  to  the  sine  of  CBP  which  is  the 
supplement  of  AP.  Thus  48^.  15'  being  the  supplement 
of  1310.  46',  the  sine  of  131^  45'=  the  sine  of  41^  15. 
Also  sin.  (180-  ^)  =  sin.  Ay  and  sin.  (90  +  ^)  =  sin. 
(90  -  A). 
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The  exterior  angle  of  a  triangle  being  the  supplement 
of  its  interior  adjacent  angle^  their  sines  are  equal. 

(21.)  Def.  7.  The  Versed  Sine  is  that  part  of  the 
diameter  passing  through  the  beginning  of  the  arc^  which 
is  intercepted  between  the  beginning  of  the  arc  and  the 
right  sine. 

Thus  AE  is  the  versed  sine  of  the  arc  AP.  AE^ 
AE\  AE"  are  the  versed  sines  of  the  arcs  AP^^  AP\ 
AP"  respectively. 

(23.)  To  trace  the  changes  in  magnitude  of  the 
versed  sine. 

The  versed  sine  begins  with  the  arc,  and  when  the 
arc  is  nothing,  the  versed  sine=0,  E  coinciding  with  A. 
It  increases  with  the  arc,  till  the  arc  becoming  a  semi- 
circle, the  versed  sine  becomes  the  diameter ;  after  which 
it  again  decreases,  whilst  the  arcs  terminate  in  the  third 
and  fourth  quadrants,  till  at  the  end  of  the  fouith 
quadrant  it  becomes  sO.  But  as  it  is  always  measured 
in  the  same  direction  from  A^  it  is  positive  through  all 
the  four  quadrants. 

(23.)  Cor.  Hence  (Eucl.  vi.  8.)  the  chord  of  an  arc 
is  a  mean  proportional  between  the  diameter  and  the 
versed  sine  of  that  arc. 

(24.)  Def.  8.  The  Tangent  of  an  arc  is  a  straight 
line  which  touches  the  circle  at  one  end  of  the  arc,  and 
is  terminated  by  the  radius  produced  through  the  other 
end  of  the  arc. 

Thus,  if  the  line  TAT  touch  the 
circle  in  A,  and  AP  be  an  arc  less  than 
a  quadrant,  and  OP  joined  ;  since  TAO, 
A  OP  arc  less  than  two  right  angles,  OP 
and  AT  will  meet  above  AG ;  and  AT 
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will  be  the  tangent  of  AP.  But  if  ^P  be  taken  an  arc 
greater  than  a  quadrant,  and  less  than  a  semicircle,  TAOy 
AOV  are  greater  than  two  right  angles,  and  /.  TA  and 
P'O  will  meet  on  Ahe  contrary  side  of  AO,  or  AT*  will 
be  the  tangent  of  ABP'.  In  the  same  manner  it  may 
be  shewn  that  AT  is  the  tangent  of  an  arc  ABCP"  ter- 
minating in  the  third  quadrant ;  and  AT  of  one  termi- 
nating in  the  fourth. 

(25.)  To  trace  the  changes  in  magnitude  of  the  tan- 
gent. 

The  tangent  begins  with  the  arc ;  when  the  arc  is 
nothing,  P  coinciding  with  A,  T  coincides  with  it  also. 
Whilst  the  arc  is  less  than  a  quadrant,  as  AP  increases, 
the  angle  AOT,  and  .*•  AT  increases,  or  the  tangent  in- 
creases ;  and  as  the  arc  approximates  to  a  quadrant,  OP 
approximates  to  the  direction  OB  which  is  parallel  to 
AT,  and  /.  the  tangent  approximates  to  a  line  greater 
than  any  that  can  be  assigned.  But  if  the  arc  be  greater 
than  a  quadrant,  and  less  than  a  semicircle,  as  the  arc  in* 
creases^  BP'  increases,  .•.  the  angle  BOP'  or  DOT'  in- 
creases, and  AOT'  decreases,  .•.  PT  intersects  AT  in 
points  continually  nearer  and  nearer  to  A^  or  the  tangent 
decreases,  and  at  the  end  of  the  second  quadrant,  the 
tangent  =  o.  In  the  same  manner  it  may  be  shewn  that 
the  tangent  of  an  arc  terminating  in  the  third  quadrant 
continually  increases  till  it  approximates  to  a  line  greater 
than  any  that  can  be  assigned ;  and  for  arcs  terminating 
in  the  fourth  quadrant,  it  decreases  till  it  becomes =0. 

(26.)   To  trace  the  changes  in  the  algebraic  sign  of 
the  tangent. 

If  the  tangent  of  an  arc  in  the  first  quadrant  be 
reckoned  positive,  it  will  be  positive  or  negative  for  arcs 
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terminating  in  the  other  qnadrantSy  according  as  it  is 
drawn  in  the  same  or  contrary  directions  with  the  tan* 
gents  of  arcs  ending  in  the  first  quadrant,  t.  e.  according 
as  it  falls  on  the  same  or  opposite  sides  of  the  diameter 
AC.  Hence  the  tangents  dT  arcs  ending  in  the  first  and 
third  quadrants  have  a  positive  sign,  and  those  of  arcs 
ending  in  the  second  and  fourth,  a  n^ative  one. . 

(37.)  Cor.  l.  The  tangent  of  an  arc  is  equal  to  the 
tangent  of  its  supplement ; 

For  the  angle  POC  is  equal  to  the  vertically  oppo- 
site angle  AOP" ;  and  (24)  AT  is  the  tangent  of  ADF' 
which  measures  AOP".  As  one  of  the  arcs  is  less,  and 
the  other  greater  than  a  quadrant,  they  will  be  aflfected 
with  contrary  signs. 

Hence  if  ^  be  any  angle,  tang.  (180  -  ^  s=  —  tang.  A 
and  tang-  (90 + ^)  =  -  tang.  (90  —  A). 

(28.)  Cor.  2.  Tang.  45^=radius.  For  in  the  tri- 
angle OAT,  the  angle  0^7  is  a  right  angle,  and  AOT^ 
45^  .-.  ATO=4b'^—AOT  and  AT=AO. 

(39.)  Def.  9.  The  Secant  of  an  arc  is  the  line  drawn 
from  the  centre  through  the  end  of  the  arc,  and  produced 
till  it  meets  the  tangent ; 

Thus,  the  construction  remaining  as 
in  Art.  24.  OT  is  the  secant  of  the  arc 
AP;  and  the  secant  of  the  arc  AP' 
terminating  in  the  second  quadrant  is 
OT\  The  secants  also  of  arcs  AP",  AP'" 
terminating  in  the  third  and  fourth  quad- 
rants will  be  OTy  OT'  respectively. 

(30.)  To  trace  the  changes  in  magnitude  of  the 
secant. 

When  P  coincides  with  A,  the  secant  coincides  with 
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the  radios  OA^  i.  e.  in  the  beginning  of  the  circle  the 
secant  =  radius.  In  the  first  quadrant  as  AP  increases, 
AT  increases  (25.)  .*.  07^  increases  (Eucl.  i.  47.)  i*e.  as 
the  arc  increases,  the  secant  increases ;  and  when  the  arc 
approximates  to  a  quadrant,  the  secant  approximates  to  a 
line  greater  than  any  that  can  be  assigned.  But  if  the 
arc  be  greater  than  a  quadrant  and  less  than  a  semicircle, 
as  the  arc  increases,  T'  approaches  nearer  to  A,  and  the 
secant  decreases,  till  at  the  end  of  the  second  quadrant,  it 
becomes  equal  to  radius.  In  the  same  manner,  the  se- 
cant of  an  arc  ending  in  the  third  quadrant  increases 
from  radius  till  it  approximates '  to  a  line  greater  than  any 
that  can  be  assigned ;  and  for  arcs  terminating  in  the 
fourth  quadrant,  decreases  again  till  it  becomes  =3  radius. 

Hence  the  secant  is  never  less  than  the  radius. 

(31.)  To  trace  the  changes  in  the  algebraic  sign  of 
the  secant. 

If  the  secants  of  arcs  in  the  first  quadrant  are  reckoned 
positive,  those  of  arcs  ending  in  the  other  quadrants  will 
be  positive  or  negative  according  as  they  are  drawn  from 
the  centre  through  the  end  of  the  arc,  or  irom  the  end  of 
the  arc  through  the  centre.  Hence  the  secants  of  arcs 
ending  in  the  first  and  fourth  quadrants  have  a  positive 
sign ;  and  of  those  ending  in  the  second  and  third,  a 
negative  sign. 

(32.)  Cor.  1.  The  secant  of  an  arc  is  equal  to  the 
secant  of  its  supplement. 

For  OT  is  the  secant  of  ADP^'  which  is  the  supple- 
ment of  AP.  As  one  of  the  arcs  is  greater  and  the  other 
less  than  a  quadrant,  the  secants  wilt  have  contrary  signs. 
If  ^  be  any  angle,  sec.  (180  —  ^)  s=  —  sec.  A^  and 
sec.  (90  -f  -^)  =  —  sec.  (90—-^). 

(33.)    Cor.  2.    Sec.  450=:«AyT. 
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(34.)  Def.  10.  The  Cosine  of  an  arc  is  that  part  of 
the  diameter  passing  through  the  beginning  of  the  arc^ 
which  is  intercepted  between  the  centre  and  the  right 
sine. 

Thus  OE  is  the  cosine  of  the  arc 
AP  in  the  first  quadrant ;  OQ  the  co* 
sine  of  the  arc  BP.  Also  OK,  0E\ 
OE"  are  the  cosines  of  arcs  AF,  AP'\ 
AP^'  respectively  terminating  in  the 
second,  third  and  fourth  quadrants. 

(35.)  To  trace  the  changes  in  magnitude  of  the 
cosine. 

When  P  coincides  with  A,  E  also  coincides  with  it, 
and  in  the  beginning  of  the  arc,  cosines  radius.  In  the 
first  quadrant^  as  AP  increases^  EO  decreases,  i.  e.  as  the 
arc  increases,  the  cosine  decreases ;  till  at  the  end  of  the 
first  quadrant,  the  cosine  =:  O.  But  if  the  arc  be  greater 
than  a  quadrant,  and  less  than  a  semicircle,  as  AF  in- 
creases, OE'  increases,  and  .*.  as  the  arc  increases  the 
cosine  increases,  till  at  the  end  of  the  second  quadrant  it 
=  radius.  In  the  same  manner  the  cosines  of  arcs  ter- 
minating in  the  third  quadrant  decrease  from  radius,  till 
at  the  end  of  the  third  quadrant  the  cosine  =  O,  and  in 
the  fourth  quadrant  increase  till  at  the  end  of  it,  cosine 
=  radius. 

Hence  the  cosine  is  never  greater  than  radius. 

(36.)  To  trace  the  changes  in  the  algebraic  sign  of 
the  cosine. 

If  the  cosines  of  arcs  ending  in  the  first  quadrant  be 
reckoned  positive,  those  of  arcs  terminating  in  the  other 
quadrants  will  be  positive  or  negative  according  as  they 
are  drawn  in  the  same  or  opposite  directions  with  those 
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of  arc8  ending  in  the  first  quadrant,  t.  e.  according  as 
they  are  measured  on  the  same  or  opposite  sides  of  the 
centre  with  the  cosines  of  arcs  in  the  first  quadrant. 
Hence  the  cosine  has  a  positive  sign  in  the  first  and 
fourth  quadrants^  and  a  negative  one  in  the  second  and 
third. 

(37.)  CoR.  1.  The  cosine  of  an  arc  is  equal  to  the 
cosine  of  its  supplement. 

For  OE  is  the  cosine  of  the  arc  CBP  which  is  the 
supplement  of  AP.  But  as  one  of  the  arcs  is  less  and 
the  other  greater  than  a  quadrant,  they  will  be  affected 
with  contrary  signs.  Hence  if  A  be  any  arc,  cos.  (180—^) 
=  -  cos.  A  'y  and  cos.  (90  -f  ^)  =s  -  cos.  (90  —  A). 

(38.)  CoR.  2.  The  cosine  of  an  arc  is  equal  to  the 
sine  of  its  complement. 

For  OE  the  cosine  of  AP  is  equal  to  PQ  the  sine 
of  JBP.  Hence  cos.  ^^sin.  (QO—A)  and  cos.  (90— -4) 
sssin  A.  If  A^3o^,  cos,  30®=^  sin.  60^,  and  cos,  SifisM 
sin.  30^. 

(39.)CoR.3.  Co8.45<>=«sio.45<>  =  -^.  (Eucl.i.47.) 

(40.)  CoR.  4.  The  versed  sine  of  an  arc  less  than  a 
quadrant  is  equal  to  the  difiference  of  the  radius  and 
cosine ;  and  of  an  arc  greater  than  a  quadrant  is  equal  to 
their  sum* 

(41.)  Def.  11.  The  Cotangent  of  an  arc  is  a  line 
touching  the  circle  at  the  end  of  the  first  quadrant  and 
meeting  the  radius  produced  through  the  end  of  the  arc. 

Thus,  if  IBF  be  drawn  touching  the  circle  in  JB  the 
end  of  the  quadrant  AB,  BI  will  be  the  cotangent  of  the 
arc  AP  which  is  less  than  a  quadrant     But  if  the  arc 
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arc  ABR  be  greater  than  a  quadrant  and 
less  than  a  semicircle,  BT  is  its  cotan- 
gent. Also  the  cotangents  of  the  arcs 
AP",  AP"'  ending  in  the  third  and 
fourth  quadrants  are  respectively  BI  and 

Br. 

(43.)  To  trace  the  changes  in  magnitude  of  the  co- 
tangent. 

-When  P  coincides  with  A^  OPl  falls  in  the  direction 
OAf  and  being  parallel  to  fi/,  the  cotangent  is  greater 
than  any  assignable  line.  In  the  first  quadrant^  as  the 
arc  AP  increases^  0/ intersects  the  line  K/^  in  points  con- 
tinually nearer  to  B.  Hence  in  arcs  less  than  a  quadrant, 
as  the  arc  increases,  the  cotangent  decreases,  till  at  the 
end  of  the  first  quadrant  it  =  0.  In  arcs  greater  than  a 
quadrant  and  less  than  a  semicircle^  as  the  arc  ABP'  in* 
creases,  BT  the  cotangent  increases ;  till  as  the  arc  ap- 
proximates to  a  semicircle,  the  cotangent  approximates 
to  a  line  greater  than  any  that  can  be  assigned.  In  the 
same  manner  the  cotangents  of  arcs  ending  in  the  third 
quadrant  continually  decrease,  till  at  the  end  of  it,  the 
cotangent  =  0;  and  if  the  arcs  terminate  in  the  fourth 
quadrant,  the  cotangent  increases  again,  till  it  approx- 
imates to  a  line  greater  than  any  that  can  be  assigned. 

(43.)  To  trace  the  changes  of  the  cotangent  in 
the  Algebraic  Sign. 

If  the  cotangents  of  arcs  ending  in  the  first  quadrant 
be  reckoned  positive,  those  of  arcs  ending  in  the  other 
quadrants  will  be  positive  or  negative  according  as  they 
are  drawn  in  the  same  or  contrary . directions  with  those 
of  arcs  ending  in  the  first  quadrant,  t.  e.  according  as  they 
fall  on  the  same  side  of  the  diameter  BD  with  the  cotan* 
gents  of  arcs  ending  in  the  first  quadrant  or  the  eontraty . 
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Hence  the  cotangents  of  arcs  ending  in  the  first  and  third 
quadrants  have  a  positive,  those  of  arcs  ending  in  the 
second  and  fourth,  a  negative  sign. 

(44.)  Cor.  1.  The  cotangent  of  an  arc  is  equal  to 
the  cotangent  of  its  supplement. 

For  BI  is  the  cotangent  of  CBP  which  is  the  supple- 
ment of  AP.  But  these  cotangents  have  contrary  signs. 
If  .-.  A  be  any  arc,  cot.  (180  -  ^)  =  —  cot,  A^  and  cot. 
(30+^)  =  -  cot.  (90  -^). 

(45.)  CoR.  2.  The  cotangent  of  an  arc  is  equal  to 
the  tangent  of  its  complement. 

For  BI  the  cotangent  of  AP  is  the  tangent  of  BP 
which  is  the  complement  of  AP.  If  .*.  A  be  any  arc, 
cot.  ^sstang.  (90--^)  and  cot.  (90  — -4)  =  tang.  A. 

(46.)    Cor.  3.    Cot.  45=  radius. 

(47.)  D£F.  12.  The  Cosecant  of  an  arc  is  a  straight 
line  drawn  from  the  centre  through  the  end  of  th6  arc 
and  produced  till  it  meets  the  cotangent. 

Thus  the  are  AP  being  less  than  a  quadrant,  OI  is 
its  cosecant.  Also  OP  is  the  cosecant  of  the  arc  ABP 
greater  than  a  quadrant  and  less  than  a  semicircle.  And 
O/,  or  are  the  cosecants  respectively  of  the  arcs  AP'y 
AP"  terminating  in  the  third  and  fourth  quadrants. 

(48.)  To  trace  the  changes  in  magnitude  of  the 
cosecant. 

When  P  coincides  with  Ay  OP  I  falls  in  the  direction 
of  OA  which  is  parallel  to  B/,  and  therefore  at  the 
beginning  of  the  arc  the  cosecant  is  greater  than  any 
assignable  line.  In  the  first  quadrant,  as  the  arc  AP  in- 
creases, the  line  01  cuts  BI  in  points  continually  nearer 
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to  Bf  i.  €.  as  the  arc  increases,  the  cosecant  decreases,  till 
at  the  end  of  the  first  quadrant  it  becomes  equal  to  radius. 
As  the  arc  increases  from  a  quadrant  to  a  semicircle,  I'B 
increases  (42)  and  the  cosecant  increases,  till  as  the  arc 
approximates  to  a  semicircle,  the  cosecant  approximates 
to  a  line  greater  than  any  that  can  (^  assigned.  If  the 
arc  terminates  in  the  third  quadrant,  as  the  arc  increases, 
the  cosecant  decreases,  till  it  becomes  equal  to  radius ; 
and  during  the  fourth  quadrant  it  increases  again,  till  it 
approximates  to  a  line  greater  than  any  that  can  be 
assigned. 

Hence  the  cosecant  is  never  less  than  radius. 

(49.)    To  trace  the  changes  in  the  algebraic  sign  of 
the  cosecant. 

The  cosecants  of  arcs  terminating  in  the  first  quadrant 
being  reckoned  positive,  and  drawn  from  the  centre 
through  the  ends  of  the  arcs ;  the  cosecants  of  arcs  end^ 
ing  in  the  other  quadrants  will  be  positive  or  negative 
according  as  they  are  drawn  from  the  centre  through  the 
ends  of  the  arcs,  or  from  the  ends  of  the  arcs  through 
the  centre.  And  hence  the  cosecants  of  arcs  ending  in 
the  two  first  quadrants  have  a  positive  sign,  and  those  of 
arcs  ending  in  the  two  last  a  negative  sign. 

(50.)  Cor.  l.  The  cosecant  of  an  arc  is  equal  to  the 
cosecant  of  its  supplement,  and  they  have  the  same  sign. 
If  /.  Jl  be  any  arc,  cosec.  {180  —  A)  =  cosec.  ji,  and 
cosec.  (90  +  ^) = cosec.  (90  —  ^). 

(51.)  Cor.  3.  The  cosecant  of  an  arc  is  equal  to  the 
secant  of  its  complement ;  for  01  the  cosecant  of  the  arc 
AP  is  the  secant  of  KPthe  complement  of  AP.  Hence 
cosec.  As: sec.  (90  —  -^)  and  cosec.  (90  -  -^)  =  8ec.  A. 

(52.)    Cosec.  45^=:/?  V2I  (33.) 
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(53.)  In  trigonometrical  calculations^  when  the  quan- 
tity required  is  deduced  in  terms  of  the  sine^  the  case  is 
ambiguous^  since  the  sine  of  any  arc  and  its  supplement 
(19)  have  the  same  algebraic  sign.  The  ambiguity  may 
however  be  removed  by  some  other  consideration.  But  if  n 
an  expression  be  deduced  in  terms  of  a  cosine  or  a  tan- 
gent, there  will  be  no  ambiguity,  since  a  positive  cosine 
(36)  or  tangent  (26)  denotes  an  arc  less  than  90^,  and 
a  negative  cosine  or  tangent  indicates  an  arc  greater  than 
Q(fi  and  less  than  180^  In  calculations  arcs  and  angles 
are  generally  less  than  1 80^. 

Prop.  L 

(54.)  The  sines,  cosines^  tangents^  Sgc.  of  the  same 
angles  at  the  centres  of  different  circles  are  proportional 
to  the  radii  qf  those  circles. 

Let  AB^  ah  he  two  arcs  described  with  ^*-^"' 

the  centre  C  and  radii  CA^  Ca,  subtending 
the  same  angle  at  C.    Draw  BS  the  sine 
and  AT  the  tangent  of  AB ;  bs  the  sine 
and  at  the  tangent  of  ab.     Then  the  triangles  CBS, 
Chs  being  similar^ 

BS  :  bs  ::  CB  :  C6, 
f .  e.  the  sines  are  proportional  to  the  radii. 

Also  CS  :  Cs  ::  CB  :  Cb, 
or  the  cosines  are  proportional  to  the  radii. 

And  since  CS  :  Cs  ::  CB  :  Cb  ::  CA  :  Ca\ 
:.  (Eucl.  V.  19.)  AS  :  as  ::  CA  :  Ca, 
or  the  versed  sines  are  proportional  to  the  radii. 
Again  from  the  similar  triangles  ATC,  alC, 

AT  :  at  ::  AC  :  aC 
or  the  tangents  are  proportional  to  the  radii. 


J  «      8  ▲ 


Stt 


SLBMSKn  or 


and  CT  :  Ct  :.  AC  :  aC^ 
or  the  secants  are  proportional  to  the  radii. 


(55«)   Cor.  l.   Hence 


BS 


=  T-  and  /•  if  S  and  # 


represent  the  sines  of  the  same  angle  to  radii  R  and  r, 
-o  =  -*  ^<1  S  s:  -^  X  8.     If  r  =  1,  5  =  Rtf,  and  ^i  =  '• 

And  the  same  is  troe  of  any  other  corresponding  lines. 
Hence  if  any  expressions  be  calculated  for  rad.  b=  1  ; 
the  corresponding  depressions  in  a  circle  whose  radius  is 
R  will  be  determined  by  taking  each  line  an  Rf^  part  of 
the  former. 

(56.)  CoR.  2.  If  a  given  radius  be  divided  into  any 
number  of  equal  parts,  and  the  sines  &c.  of  every  angle 
be  given  in  such  parts,  the  sines  &c.  of  any  given  angle 
may  be  found,  corresponding  to  another  given  radius. 


Prop.  II. 

(57.)  Tojind  the  relation  between  the  sines, 
tangents  Sgc.  of  the  same  angle. 

Let  ^P  be  any  arc,  PE  and  OE  its 

sine  and  cosine^  draw  the  tangent  ^7, 

secant  OT  and   ootangent  BL     Then 

PE  being  parallel  to  AT,  the  triangles 

OPEy  OAT  are  equiangular; 

.-.  OE  :  EP  ::  OA  :  AT, 

or  cos.  :  sine  ::  rad.  :  tang. 

.  J        sine      sine* 

.\  tang,  ss rad.  x 


if  fi=^l. 


cos. 


cos. 


*  In  the  second  quadrant  the  sine  is  positive  and  the  cosine  negative. 

B«nce 
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Also  from  th«  same  triangles,  OE  :  OP  ::  OA  \  OT, 

B?       I* 

or  cos  \  R  :\  R  '.  sec.  /.  sec,  = = if /l=l. 

COS.         COS. 

Also  from  the  similar  triangles  OPE,  BOl, 

PE  :  PO  ::  OB  :  OI,  or  sin-  :  R  ::  R  :  cosec.; 

R»        1+ 
.".  cosec.  :=-: —  8B5~-  (if  Ass  1). 

sin'e      sme  ^  ^ 

And  from  the  same  triangles,  PE  :  EO  ::  BO  :  BI, 

or  sin.  :  cos.  ::  R  :  cotang.; 

w%         COS-         COS.t      '^  n 

.\  cotang.s ic  X  -: —  =  -^-*,  li  Rtb  l. 
^  sme       sme 

Alsolrom  the  similar  triangles  0A7\  OBI, 

TA  :  AO  ::  OB  :  BI,  or  tang,  :  R::  R\  cotang.; 

i?  1 

.•.  cotang.  = =3 .  if  /2  —  1, 

tang.      tang. 

(58.)    CoA.  1.    If  either  the  sine  or  cosine  of  an  arc 
A  be  known,  all  the  rest  may  be  foand. 


■ 

f 


HeDce  taog.  (180  —  ^  = • — 3  »  —  — ^  =  —  tang.  A^  which 

""  COS.  jA  cos*  jA 

confirms  what  was  shewn  in  Art.  26. 

When  the  sine  and  cosine  have  the  same  algebraic  sign,  the  tangent 

will  have  a  positive  sign^   and  when  different^  a  negative  one.    Also 

since  cos.  90*= 0  and  sin.  00*ssi2,  tang.  90*  :x  -  b  «o  ^  which  con- 
firms what  was  shewn  in  Art.  25. 

*  Hence  the  secant  will  have  the  same  algebraic  sign  as  the  cosine 

t  Hence  the  cosecant  wiH  have  the  same  algebraic  tign  as  tka 
right  sine. 

t  Hence  the  cotangent  wiU  hava  a  positive  sign,  when  the  cosina 
and  sine  have  the  same  algebraic  signs,  and  a  negative  aae,  when 
diiierent ;  or  as  also  appears  from  the  next  equation,  it  will  have  the 
same  sign  as  the  tangent. 
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For  (End.  i.  47.)  PO*  =  PE*  +  ^0»,  i.e.  B^  = 

sin*,  A  +co«*.  -^,  /.  8tn.  A^mJ{B?  -  cos*.  ^,  and  cos.  A 

=:  x/(^— 9>n^  A\  wbidi  values  may  be  substituted  in 
tbe  preceding  expressions. 

(59.)    Cor.  3.   Since  Or*  =  OA'+AT^,  sec'.  ^  = 
.R*+tang'.  A,  and  /.sec.  ^=^(/l*  +  tang*.  A),  wbence 
J    R* -  .     J        R  X  tang.  A 

(60.)    Cor.  3.  Also  tang.  ^  =  ^(secV  A -IP),  and 
cosec*.  ylasil*+cotang*.  A. 

(61.)  CoR.  4.  If  the  radius  be  represented  by  unity, 
the    expressions    become,    sin.  -^  =  ^(1  —  cos*.  A), 

cos.  A  =  ^(1  -  sin*.  A),  sec.  A  =  ^(l  +  tang».  A), 
UDg.  ^  =  V(»ec».^-  1).  COS.  ^  = -^^^-pi— ;-j^ 

and  sin.  A  =     ..,  .  f' — r— tt ,  tang.  A x  cotang.  -4=  1. 

^(1+tang*.^)'       ^  ^ 


Prop.  III. 

(63.)    2'Ae  «nc  0/'  any  arc  is  equal  to  half  the  chord 
of  double  the  arc. 

Let  the  arc  PB  be  double  of  PA, 
Join  OA,  PB  intersecting  each  other  in 
E.  Since  PB  is  double  of  PA,  PA^ 
AB,  and  .-.  the  angles  POE,  BOE  are 
equal,  but  OPE  is  equal  to  OBE^  and 
OE  is  common  to  the  triangles  OPEy  OBE,  .\  (Eucl.  i. 
36.)  PE  is  equal  to  EB,  and  .-.  is  half  of  PB;  and  the 
angles  OJSP,  OEB  are  equal,  t.  e.  each  is  a  right  angle ; 
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hence  PE  is  the  sine  of  the  arc  JF,  and  is  half  the  chord 
of  double  the  arc. 

(63.)    Cor.  l.    Hence  the  sin.  30® = -i- radius.     For 
(16)  the  chord  of  60®  =s  radius. 

Alsoco8.30®  =  x/(^ -  ^i"'-  ^^)  =  \/(/P  -  7-)  ^B^ ; 

tang.  SCfi  =  — ;=r ,  and  sec.  30^  =  —j=  . 

x/3  ^3 

Hence  sec.  30^  is  double  the  tang.  30^. 

(64.)  CoR.  2.  Sin.6oo=^^^^(38),andcos.6o®=— . 

U  

V^ersed    sine    60*^  =   — ,    tang.    60^   =   R  ^3,     and 

sec.  6qP=z  2R. 


Prop.  IV. 

(65.)  The  diameter  is  to  the  versed  sine  of  any  arc 
as  the  square  of  radius  is  to  the  square  of  the  sine  of  half 
that  arc. 

Let  /4BD  be  a  semicircle,  AD  its  dia- 
meter,  ^Cfi  any  arc,  whosechord  is^fi  and 
versed  sine  AE.  Join  DB,  and  from  the 
centre  O  draw  OFC  peq)endicular  to  the  chord  AB,  and 
meeting  the  circumference  in  C;  then  AB  is  bisected 
in  F,  and  the  arc  AB  in  C;  and  AFh  the  sine  of -^AB. 
Also  the  triangles  DABy  OAF^ve  similar, 

whence  DA  :  AB  i:  OA  :  AF. 

But  (Eucl.  vi.  8.  and  v.  Def.  lo.) 

DA  :  AE  ::  DA"  :  AB\ 

. .  DA  :  AE  ::  OA"   :  AF". 

XX 
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(66.)  Cor,  I.  Hence  the  rectangle  contained  by  ttver 
radius  and  the  versed  sine  of  any  arc  is  equal  to  twice 
the  square  of  the  sine  of  hdf  that  arc. 

(67.)  Cor.  2.  And  the  square  of  the  sine  of  any 
ai*c  varies  as  the  vefied  sine  of  double  that  are. 


Prop.  V. 

(68.)  Radius  is  to  the  cosine  of  any  arc  as  ttvice 
the  sine  of  that  arc  is  to  the  sine  of  double  that  arc. 

The  same  construction  remaining,  OP 
is  the  cosine  of  AC;  and  the  triangles 
OAF,  SAE^  having  the  angle  at  A  com- 
mon,  and  right  angles  at  Fand  E,  are  equiangular; 
whence  OA  :  OF::  {BA=)2AF:  BEf. 

(69.)  CoR.  1.  Hence  tlie  rectangle  contained  by  the 
sine  and  cosine  of  any  arc  oc  the  sine  of  double  that  arc ; 
for  SEocHAFx  OFocAFx  OF,  i.e.  sin.  2^  oe 
sin.  A  X  cos.  A. 

Also  Ax  sin.  A=  2  sin.  {^xcos.  -^A. 

(70i)  Cor.  1.  If  from  O,  OG  be  drawn  perpendi- 
cular to  DB,  it  bisects  it,  .\  DB^  2  £G  =  3 OF»:  2 cos. 
i  AB  ;  or  the  ehord  of  an  arc  it  equal  to  tw^ice  .the  co- 
sine of  half  the  supphemental  arc. 

Prop.  VI. 

(71.)  In  any  right-angled  tnangle,  radius  is  to  the 
sine  of  either  of  the  acute  anglesy  as  the  hypothenuse  is  to 
the  side  opposite  to  that  angle. 

Let /^BC  be  a  right-angled  triangle,  having  the  angle  at 
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A  a  right  angle.     Willi  the  centre  C,  and 

radius  CD  ss  the  tabular  radius^  describe 

an  arc  DE,  meeting  CB  prodiJK^ed  in  E ;     ^ — Jr^ifi 

it  will  be  a   measure  of  the  angle    C 

Let  fall  the  perpendicular  EF^  which   will  be  equal  to 

the '  tabular  sine  of  the  angle  C     The  triangles  CEF, 

CBA  being  similar, 

CE  :  EF  ::  CB  :  BA^ 
or  rad.  :  sin.  C  ::  CB  :  BA. 
In  the  same  manner^  if  BA  be  produced  till  it  be  equal  to 
the  tabular  radius,  and  a  circular  arc  be  described  with 
JB  as  a  centre,  it  may  be  shewn  that  rad.  :  sin.  B  ::  BC : 
CA. 

(73.)    Cor.  l.  Rad.  :  cos.  C  ::  CB  :  CA; 

and  rad.  :  cos.  B  ::  CB  :  BA. 
(73.)    Cor.  3.   If  rad-  =  l,  J?^  =  C5  x  sin.  C,  of 
CB  X  cos.  B, 

and  CA  =c  BC  )c  3in.  B,  QV  BC  x  cos.  C 

Prof.  VI  L 

(74.)  In  any  right-angled  triangle,  radius  is  to  the 
tangent  of  either  of  the  acute  angles  as  the  sidjp  adjacent 
to  that  angle  is  to  the  opposite  side. 

Let  C4B  be  a  right-angled  triangle^ 
having  the  angle  at  ^  a  right  angle.  With 
the  centre  C,  and  radius  CD  s  the 
tabular  radius,  describe  a  circular  arc  DE 
meeting  CB  produced  m  E  i  then  DE  is  the  measure 
of  the  angle  C;  and  drawing  DG  perpendicular  to  DC 
meeting  ^E  in  G,  Z>|jf  will  be  the  tangent  of  DE  or 
of  the  angle  ACB.  Now  the  triangles  DGC  ABC 
being  similar, 
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DC  :   DG  ::  AC  :  AB, 

or  rad.  :  tang.  C  ::  AC  :  AB, 

In  the  same  manner  it  may  bfe  shewn  that  rad.  :  tang.  B 
::  AB  :  AC. 

(75)    Cor.  Rad,  :  sec.  C  ::  AC  :  BC, 
and  rad.  :  sec.  B  ::  AB  ;  BC, 


Prof.  VIII. 

(76.)    Having  given  two  parts  of  a  right-angled 
triangle ;  to  find  the  other  parts. 

This  resolves  itself  into  four  cases. 

1.    Having  given  the  hypothenuse  CB, 
and  the  angle  C;  to  find  the  rest. 

Since    (71)    tabular    radius  :  sin.  C  :: 

BC  :  BA,  and  the  angle  C  being  given,  its  sine  may 

be  found  from  the  tables,  the  three  first  terms  in  the 

«         .                                 .                   x»  ^      BC  X  sin.  C 
foregoing  proportion  are  known,  .*.  BA  =  \^^ 

may  be  determined. 

A\so^C=^^{BC*-'  BA')^^{{BC^^BA).{BC^BA)] 
may  be  computed,  or  three  terms  in  the  proportion  (72) 

rad.  :  cos.  C::  BC i  C-4  being  l^nown,  Ci^  = ^ — '—r 

may  be  also  determined. 

And  the  angle  jB  ==  90^—  C. 

Ex.    Suppose  the  angle  (7^30^  and  £C=1.0  chaiM^ 

Then   sin.  30°  =  iiJ,  and  cos.  30^=  ^^  jR,  .-.  BA  = 
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15^«  =  6,  and  CA  =  y^(i5  X  6)  =  5^,  or  CA  = 

By  the  same  method  the  triangle  may  be  solved^  if 
the  hypothenuse  BC  and  the  angle  B  be  given  ;  the 
point  B  being  now  considered  as  the  centre. 

2.  Having  given  one  side  AC  and  the  angle  C;  to 
find  the  rest. 

Since  (74)  tabular  radius  :  tang.  C  ::  AC  :  AB, 

and  the  angle  C  being  given,  its  tangent  may  be  found 

from  the  tables ;  the  three  first  terms  in  the  preceding 

.            1                 J       » ^      ACx  tang.  C 
proportion  are  known,  and  /.  BA  = ^-^ —  may 

be  determined. 

Also  (75)  tabular  radius  :  sec.  C  ::'  AC  :  CB,  in 
which  proportion  three  terms  being  known,  the  fourth^ 

CB  ss TT— ^ —  may  be  determined. 

^  •  - 

Or  if  in  the  tables  the  secants  are  not  computed, 

tab.  COS.  C  :  R  ::  AC  :  CB, .-.  CB  =  ^^^^,  which 

COS.  C  ' 

may  be  determined. 

Also  the  angle  JB  =  9(y>-  C. 

£x.    If  ACsiS  chains,  and  the  angle  C  =  6o^ ; 
tang.  60^  =  VF.ii,  .-.  AB  =  ^^^^'^  =  6^/3: 

Also  sec.  60®  =  3  /?,  .-.  CB  =  — ^ —  =12, 

or  cos.  60^  =  +/1,  .•-  CB  =       ^    =  12 ; 
and  the  angle  J8  =  90^-  60^  =  30**. 
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In  the  same  manner  the  triangle  might  be  solwd,  if 
AB  and  the  angle  B  were  given. 

If  AC  and  the  angle  B  were  given ;  since  the  angle 
Ca=9^°— B,  Cis  also  known,  and  /.  this  is  reducible  to 
the  second  case* 

3.  Having  given  the  hypothenuse  BC,  and  one  side 
AC;  to  find  the  rest. 

Here  (72)  BC  :  CA  ::  rad.  :  cos.  C,  in  which  pro- 
portion the  three  first  terms  being  known,  cos..C« 

Rx  CA 

■  w^*  '  may  be  computed,  and  /.  the  angle  C  determined 

from  the  tables. 

Also  the  angle  B^goP—C  and  is  /.  known. 
And  AB^^{BC^'-CA')  =  ^{(BC+CA).(BC''CA)} 
which  may  be  found ; 

Or    since    rad.  :  sin,  C  ::  BC  :   BA,    /.  BA  — 

BC  X  sin.  C  ,  ,1 
^ may  be  computed. 

In  the  same  manner  the  triangle  may  be  solved,  if 
BC  and  AB  be  given. 

4.  Having  given  the  two  sides  BA  and  ^C  containing 
the  right  angle ;  to  find  the  rest. 

Here  (74)  -^C  :  AB  ::  rad.  :  tang.  C,  in  which 
proportion  the  three  first  terms  being  known, the  tang.  Css 

ABx  R 

— -j^ —  may  be  computed,  and  the  angle  C  determined 

from  the  tables. 

Also  the  angle  fi^go^  — C. 

And   tabular  radius  :  sec.  C  ::  AC  :  CB,  whence 

CB  = g — - —  may  be  determined ; 
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or  CB  = jr  niay  be  computed. 


COS. 


(77.)  By  Case  2.  the  height  ot*.  any  object  may  be 
determined,  the  base  of  Mrhich  is  accessible.  Frooi  the 
base  A,  measure  along  the  horiaontal  plane  any  length 
AC.     At  C  let  the  angle  be  observed  which  the  object 

„  -      AC  X  tang.  C 

BA  :s       >      *^   P . 


subtends.    Then  its  height 


Prop.  IX. 

(78.)  The  sides  of  any  triangle  are  to  one  another  as 
the  sines  ^  the  angles  opposite  to  them. 

Let  ABC  be  any  triangle,  BD  m  perpendicular  let 
fell  c^vi  ACy  aoNt 

1.  Let  it  fill  vfithin  the  triangle,  the» 
(71)  AB  :  BD  ::  rad.  ;  sin.  A, 

and  BD  :  BC  ::  sin.  C  :  rad. 
.'.  ex  a^quo  per.  AB  :  BC ::  sin.  C:  sin,  A 

* 

2.  But  if  BD  falls  without  the  triangle, 

AB  :  BD  ::  rad.  :  sin.  A 
and  BD  :  BC  ::  sin.  BCD  :  md. 
.-.  AB  :  BC  ::  sin.  BCD  :  siiu  A 
::  sin.  BCAl  :  sin.  A^  since  the 
angle  BOA  ia  the  supptement  of  BCD  (20). 


Prop.  X. 

(79.)  Hwivg  given,  in  any  triangle,  a  side  and  an 
angle  opposite  to  it,  and  also  one  otkef  angle  or  one 
other  side,  the  remaining  sides  and  angles  may  he  found. 
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I.  Having  given  the  angles  at  A 
and  C,  lind  the  side  BC;  to  find  the 
rest. 

Since  the  angles  at  A  and   C  are     ^  ^ 

given,  their  sines  may  be  found  from  the  tables,  and  (78) 
%m.  A  :  sini  C  ::  BC  :  BAy  in  which   proportion  the 

three  first  terms  being  known,  BA  i= : — j —  may 

be  determine^. 

Also  the  angle  B  =s  IQ€P  —  (A'^C)  and  may  .•.  be 
found. 

Whence  also  sin.  A  :  sin.  B  ::  BC  :  CA, 

.       ^j      BC  X  sin.  B  ,  ^' 

and  .'..  CA  = : — ^ —  may  be  computed. 

sm.  A 

tn  the  same  manner,  if  the  angles  A  and  B  and  the 
side  BC;  or  the  angles  B  and  C  and  the  side  ACi  or 
the  angles  A  and  C  and  the  side  AC  were  given ;  the 
other  sides  and  angles  might  be  foutid.  . 

Ex.  1.  Hence  maybe  determined  tfa^  height  of  an 
object,  the  base  of  which  is  inaccessible. 

Let  AB  be  the  height;  along  the 
horizontal  base  measure  any  distance  CD, 
and  at  C  let  the  angle  BCD  be  observed, 
and  at  D  the  angles  BDC,  BDA;  then 
in  the  triangle  BDC,  the  angle  CBD  = 
1 800^  (BCD  4- BDC)  and  .-.  is  known; 

and  sin.  CBD  :  sin.  BCD  ::  CD  :  DB, 

.-.  DBszCD  X    •  '  ^nMx3  which  inay  /.  be  computed. 

sm.  CBD  ^  -^ 

Hence   in    the  right  angled  triangle  BAD,  rad.  :  sin. 

nrk^  on        o^         j  »  ^         ^^   ^    Sin.  BDA 

BDA  ::  BD  :  BA,  and   .*.   BA  = 1 

rad. 

which  may  .*.  be  determined. 
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Ex.  2.  To  determine  the  height  of  a 
cloud  A  or  any  object  in  the  air ;  let  two 
observers  C  and  D  in  the  same  vertical 
plane  take  the  angles  of  elevation  ACB, 
ADB  {^af^  and  Ifi)  and  measure  CD  (=  ^^  »  a 
c  yards)  the  distance  between  them ;  the  height  and  the 
distances  from  them  may  be  found  ;  for  the  angle  ADB 
being  =  6^  ACB^a^,  ADC—  180^-6,  and  CAD  = 

Hence  in  the  triangle  CAD,  sin.  CAD  :  sin.  C  :: 
CD  :  DA, 

or  sin.  d :  sin.  a  ::  c  z  DA  =  —. — V^  which  is  /.  known. 

stu.  a 

And  sin.  CAD  :  sin.  CDA  ::  CD  :  CA, 

i.e.  sin.  d  :  sin.  (180  — i)  ::  c  :  CA  =  -^, — V-f  which 

*^  ^  sm.  a 

is  also  known.     Hence  in  the  right-angled  triangle  ADB, 

rad.  :  sin.  ADB  ::  AD  :  AB, 

jn  _  -^^  ^  ^itt-  ADB c.sin.  a  x  sin.  6 

M^hich  may  be  determined* 

Ex.  3.  To  determine  the  breadth  of 
a  river  and  the  distance  of  an  object  B  by 
its  side  from  another  object  A  on  the 
opposite  bank,  let  a  line  BC  be  mea- 
sured {:=za  yards)  along  its  bank^  and  by  means  of  a 
Theodolite  let  the  angles  CBA,  BCA  be  measured  (=6® 
and  c9);  then  the  angle  B^C=180*- (B+C)  =  rf®. 

And  sin.  BAC  :  sin.  C  ::  BC  :  AB, 

m 

(I  sm.  c 
or  sin.  d  :  sin.  c  ::  a  :  ABr=:  — : — ^,  which  may  be 

sin.  d     .  ^ 

determined.     Whence  in  tlie  right^angled^riangle  ADB, 
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.\AD  = 


rad.  :  sin.  B  ::  AB  :  ADy 

^A.sin.  jB      a. sin.  c  x  sin.  h 

B — =~ 


""        A.sin.  d       * 
which  may  be  computed. 

Ex.  4.  From  jB  the  top  of  a  tower,  the  angle  of 
depression  of  a  vessel  at  anchor  {HBSz=a^)  was  observed, 
and  at  C  the  bottom  of  the  tower,  the  angle  of  depression 
(ECS  =  ifi)  was  again  observed.  The  height  of  the 
tower  (BC=rc)  being  known;  to  determine  the  hori- 
zontal distance  AS,  and  the  height  CA  of  the  bottom  of 
the  tower  above  the  level  of  the  sea. 

The  angle  BSC  =  BSA  -  CSA 
=  HBS  -  ECS  =  a  -  6  =  d  and 

SiBC=r9O-H5i'=90-«, 
/,  in  the  triangle  SBCy 

sin.  BSC  :  sin.  SBC  ::  BC  :  CS 

or  sin.  d  :  cos.  a  ::  c  : 

.*.  CS  =  —. — -r.  which  may  be  found, 
sin.  a  ^ 

And  in  the  triangle  CSA^  rad.  :  sin.  CSA  ::  CS 

C5.sin.  CSA      c.cos.  a  x  sin.  h 


CA, 


m     • 


CA  = 


R 


and  rad.  :  cos.  CSA  ::  CS 

^  .      CS  X  cos.  a9^ 

.•.  SA  = 


/?  X  sin.  d     ' 
c.cos.  a  X  COS.  A 


/i  R  X  sin.  if 

3.  Having  given  the  angle  at  A  and 
the  sides   AC,  CB;    to   find  the  rest. 

The  angle  at  A  being  given,  its  sine 
may  he  found  from  the  tables ;  and  (78) 
CB  :  CA  ::  sin.  A  :  sin.  B ; 

CA 

hence  sin.  B  =  jtjs  x  sin.  A,  and  may  .-.  be  determined. 
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But  as  the  sine  of  an  angle  is  equal  to  the  sine  of  its 
supplement,  the  angle  B  may  be  greater  or  less  than  a 
right  angle,  unless  BC  be  greater  than  j4C  and  conse- 
quently the  angle  A  greater  than  the  angle  jB*. 

The  angle  B  being  founds  the  angle  C=s  180— (-^  +  -B), 
and  may  •*.  be  determined. 

Also  sin,  j1  :  sin.  C  ::  CB  :  BA, 

whence  BA  =  CB  x    .  '    .  may  be  computed. 

sm.  -A 

In  the  same  manner  may  be  solved  any  case^  wherein 
are  given  two  sides  and  an  angle  opposite  to  one  of  them. 

(80.)  If  all  the  angles  of  any  triangle  be  given,  the 
ratio  of  the  sides  to  each  other  may  he  found. 

For  the  angles  A^  B  and  C  being  given,  their  sines 
may  be  found  from  the  tables, 

and  (78)  sin.  C  :  sin. -4  ::  AB  :  BC, 
sin.  B  :  sin.  C  ::  AC  :  AB 
sin.  A  :  sin.  B  ::  BC  :  AC, 
in  which  proportions  the  two  first  terms  being  given,  the 
ratio  of  the  third  to  the  fourth  in  each  is  given. 

(81.)  In  any  rectilineal  triangle,  it  is  sufficient  if 
three  out  of  the  six  parts  which  belong  to  it  are  known, 
provided  that  one  of  these'  parts  be  a  side ;  for  if  only 


*  This,  ambiguity  occars  in  oblique-angled  triangles  whenever  the 
side  opposite  to  the  given  angle  is  Jess  than  the  side  adjacent  to  it. 

For  if  CB  be  less  than  AC,  from  C  draw  CD 
perpendicular  to  AB,  produced  if  necessary. 
Make  DB^DB,  and  join  CB.  (Eucl.  i.  4.) 
CB'=CB  and  the  angle  CB'D  is  equal  to  CBD, 
which  is  the  supplement  of  ABC.  Hence  there 
are  two  triangles  CBA,  CB'A,  which  have  one 
angte  and  the  two  sides  answering  the  conditions. 
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three  angles  be  given,  any  triangle  equiangular  to  the 
given  one  will  satisfy  the  conditions. 

Lemma  III. 

(82.)  If  the  semi-sum  of  ttco  quantities  he  added  to 
their  ^semi-difference^  the  aggregate  will  be  the  greater 
of  tlte  two  ;  if  the  semi-difference  he  subtracted  from  the 
semi-sum,  the  remainder*  will  be  the  less  of  the  two. 


Let  AB  and  BC  representing  the     r .    ^    . — ^ 

two  quantities  be  placed  in  the  same 
straight  line,  which  bisect  in  2>,  and  cut  offAEzizBC 
and  .-.  DE  =  DB.    Then  AB -^  BC  ^  AB --  AB^ 
2DB,  whence  DB ssthe  semi-difierence  of  the  lines; 
and  since  AD  =  the  semi-^suniy  AD  4-  DB  =  AB  the 
greater,  and  AD-  DB=^  DC-- DB=zBC  the  less. 

(83.)  Cor.  If  the  semi-sum,  be  subtracted  from  the 
greater  quantity,  the  remainder  will  be  the  semi-differ- 
ence. 

For  AB—AD  =  DBy  the  semi-difierence. 


Prop.  XI. 

(84.)  In  any  triangle,  if  a  perpendicular  Jrom  the 
vertex  be  drawn  upon  the  base ;  the  hose  will  be  to  the 
sum  of  the  sides  as  the  difference  of  the  sides  to  the 
difference  or  sum  of  the  segments  of  the  base  made  by  the 
perpendicular,  according  as  the  perpendicular  falls 
within  or  without  the  triangle. 

heCABC  be  the  proposed  triangle,  C  the  vertex, 
and  AB  the  base ;  draw  the  perpendicular  CD  cutting 
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the  base  or  base  produced   in   D. 

With  the  centre  C,  and  radius  CB 

the  less  of  the  two  sides,  describe  a 

circle  cutting  the  side  j4C  in  F,  and 

the  base  or  base  produced  in  6 ; 

produce  AC  to  H.    Then  jiH  is 

equal  to  the  sum  of  the  sides  AC, 

CB ;   and  AF  to  their  difference. 

And    because    BD  =  jDG,   (EucI. 

III.  3.)  AG  is  the  difference  of  the  segments  ADy  DB 

in  one  case,  and  their  sum  in  the  other.     And  (Eucl. 

iii.  36.)  the  rectangle  AB,  AG  is  equal  to  the  rectangle 

AH,  AF, 

.-.  AB  :  AH  :;  AF  :  AG. 

(65.)  Cor.  Hence  if  the  three  sides  of  any  triangle 
are  given,  the  three  angles  may  be  found.  For  the 
three  sides  being  given,  the  three  B^t  terms  in  the  pre* 
ceding  proportion  are  given^  and  consequently  the  fourth, 
i.  e.  the  difference  of  the  segments  of  the  base  made  by 
the  perpendicular  when  it  falls  within  the  triangle,  may 
be  found ;  and  the  base  or  sum  of  the  segments  is  also 
given^  .*.  the  segments  themselves  AD,  DB  may  be 
found  (82).  Hence  in  each  of  the  right-angled  triangles 
ACDj  BCD,  the  two  sides  being  known,  the  angles  at 
A  and  B  may  be  determined  (76),  and  .\  the  remaining 
angle  at  C  (13). 

But  if  the  perpendicular  fall  without  the  triangle,  the 
fourth  term  in  the  proportion  or  sum  of  the  segments, 
will  be  found ;  and  the  base  AB,  which  is  their  differ- 
ence^ is  given,  •'.  the  segments  may  be  determined^  and 
the  angles  as  before. 
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Prop.  XII. 

(86.)  In  any  plane  triangle,  the  cosine  of  an  angle 
is  to  radius  as  the  difference  between  the  sum  of  the 
squares  of  the  sides  which  contain  that  angle  and  the 
square  of  the  third  side,  is  to  twice  the  rectangle  con^ 
tained  by  the  two  first  sides^ 

Let  jIBC  be  any  triaogle ;  from  B 

let  fall  the  perpendicular  BD  on  ^C; 

then  (Eucl.  ii.  13.) 

BC^^AB'+j4C*^2ACx  ad, 

or  2ACx  ADDAS' +  AC' ^BC\ 

Now  COS.  A  :  rad,  ::  DA :  AB  ::  2AC  x  AD  :  2AC  x  AB 

y.AB'  +  AC^^BC'  :  2ACxAB. 

Nearly  in  the  same  Qianner  it  may  be  shewn,  if  the 

*  perpendicular  falls  without  the  triangle. 

(87.)    Cor,  i .  •  Let  a,  6,  c  be  the  three  sides  oppo- 

J*  +  c*  —  fl* 
site  to  the  angles  A,  By  C;  then  cos.  A  = ^^j^ — , 


cos  B  = r ,  and  cos.  C  = 


ac 


2bc 
2ab 


Hence  the  sides  of  a  triangle  being  given^  the  angles  may 
be  found*. 


*  The  preceding  expressions  not  being  e^sy  for  calculation,  values 
may  be  deduced  for  the  8ines>  sin*,  -^nl  — cos*.  A=  l  —  (  "" — y 

^  A^b^c^ 

and  .-.sin.  A  =  — -  ^  s/  \  («+6+c).(a  +  6-c).(a+c-6).(6+c— a)  } 
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(88.)  In  any  triangle,  the  sum  of  any  ttvo  sicks  is 
to  their  difference  as  the  tangent  of  the  semi-sum  of  the 
angles  at  the  base  is  to  the  tangent  of  their  semi-difference. 

Let  ABC  be  any  triangle, 
whose  base  is  AC.  With  the  cen- 
tre B,  and  radius  BC  the  less  of  the 
two  sides,  describe  a  <;ircle  meeting 
the  side  AB  in  F  and  AB  produced  in  E  and  AC  in  i>. 
Join  jBD,  CE,  CF;  and  draw  FG  parallel  to  AC. 

Then  since  CBE^  CFE  are  on  the  same  base.  C£, 
(Eucl.  ill.  20.)  CFE  =  iCBE=:^{CAB  +  BCA);  and 
since  BD^BCy  the  angle  BCD^BDC,  and  ..DBA 
IS  equal  to  the  difference  of  the  angles  BCA,  BAC. 
Hence  (Eucl.  iii.  20.)  FCD  and  .\  its  equal  CFG  = 
\  (BCA--  BAC),  If  now  with  the  centre  F,  and  radius 
FC,  a  circle  be  described, 

CE  :  CG  ::  tang.  CFE  :  tang,  CFG. 
But  FG  being  parallel  to  AC  one  of  the  sides  of  the  trt* 
angle  A  EC,  (Eucl.  vi.  2.) 

CE  :  CG  ::  AE  :  AF  ::  AB  +  BC  :  AB^-BC, 

.\AB+BC  :  AB'-BC  ::  tang.  CFE  :  tang.  CFG 

::  tBug.i{BCA+BAC)  :  iang.  i{BCA-' BAC). 

(89.)  CoR.  1 .  Hence  if  the  sides  AB,  BC  of  any 
triangle,  and  the  angle  ABC  included  between  those 
sideS)  be  given,  the  other  sides  and  angles  may  be  found. 

For,  from  the  included  angle  ABC,  its  supplement 
EBC  may  be  determined ;  half  of  which  is  the  semi -sum 
of  the  angles  at  the  base  ;  and  their  semi -difference  may 
be  found  by  the  Proposition.  Having /.  the  semi-sum 
and  semi-diflerence  of  the  angles  at  the  base,  the  angles 
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themselves  BAQ  BCA  may  be  found  (83).  The  three 
angles  and  two  sides,  .-.  being  obtained,  the  third  side 
may  be  found,  (78). 

Or  the  side  may  be  calculated  by  means  of  a  subsi- 
diary angle,  thus 

(87),  **  =  a*  +  c*- 2ac.cos.fi 

=  (a— c)*+2ac.  (1— cos.  JB) 
=  (a-c)'+4ac.sin\ijB(70) 
.         .,     {        4 a c .  sin*.  I  jB) 

Now  since  tangents  admit  of  every  degree  of  magnitude, 

find  an  angle  x  whose  tangent  is     ^^^'""'  T — ,  and 

a  — c 

.•.  6a=  (fl-  c)  .  ^(1  +  tang*,  x)  =  (a -  c)  .  sec.  x  = , 

or  to   radius  JR  =  ^ -^ —   which   (since  x  is  known 

cos.  X  V 

from  the   equation  tang,  x  =  ^  yg^-  s^"-  i^\  ^    ynay 

a— c  -^ 

easily  be  computed. 

Ex.    To  determine  the  distance  between  two  visible 
inaccessible  objects. 

Let  A  and  B  be  the  two  objects. 
Measure  a  given  line  CD  (=:a)  along 
a  horizontal  base^  from  the  extremities 
of  which  A  and  B  are  visible.  At  C 
observe  the  angles  ACB,  BCD,  and 
at  D  the  angles  ADC,  ADB.  Then 
in  the  triangle  ACD,  the  angle  C^/>  =  1800— (^CD  + 
ADC)  =  6, 

and  sin.  DAC  :  sm.  ADC  ::  CD  :  CA 
or  sin.  b  :  sin.  c  ::  a  :  CA, 
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..,  CA  s      ■     :    ,  which  may  be  computed, 
sm.  0 

And  in  the  triangle  BCD,  the  angle  CBD==  180<>-(CZ)B 

■+BCD)=d,  whence 

sin.  CBD  :  sin.  CDB  ::  CD:  CB, 

or  sin.  d  :       sin.  e       ::     a     :  CB^ 

...  CB  =  "  \"°'/ ,  which  may  be  computed, 
sm.  a 

And  in  the  triangle  ACB,  AC+  CB  :  AC^  CB 
::  tang.  i(B.4C+^BC)  :  tang,  i  (B.^C-. /<BC) 
::  tang.  i^(180  -  ACB)    :  tang.  ^{BAC^ABC), 

AC*       CR 
/.  tang,  i  (BAC  ^  ABC)  =  ^^      ^^  x  cot.  f  ^C5, 

which  may  be  calculated.  Hence  from  the  tables  the 
difierence  of  the  angles  may  be  found,  and  the  sum 
being  known,  the  angles  themselves  may  be  determined 

(82).      And   sin.  ABC    :    sin.  ACB    ::    AC    :    AB, 

/.  AD  =  ".  '   ^pvt  X  AC  may  be  calculated, 
sm.  ABC  ^ 

Or  AB  may  be  ascertained  as  before  by  means  of  the 
subsidiary  angle  x ;  and  from  the  three  sides  being  known 
the  two  remaining  angles  may  be  determined. 

(90).  Cor.  2.  Hence  also  the  sum  of  the  sines  of 
two  angles  is  to  the  difference  of  the  sines,  as  the  tangent 
of  half  the  sum  of  those  angles  is  to  the  tangent  of  half 
their  diflference.  . 

For  AC  :  BC  ::  sin.  B  :  sin.  A, 

.\  AC+BC:  AC^BC  ::  sin.  B  +sin.  A  :  sin.  B^sin.  A 

and  .••  sin.  J-i-sin.  B  :  sin.  -^-wsin.  B  ::  tang.  i(A-\-B) 

[:  tang.  i{A^  B), 
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Prop.  XIV. 

(91.)  The  mm  of  the  tangents  of  any  two  gngks  is 
to  tlieir  difference  as  the  sine  of  their  sum  is  to  the  sine 
of  their  difference. 

Let  DABy  BAC  be  the  angles, 
and  through  any  point  B  in  AB^  draw 
DC  perpendicular  to  AB.  Make  the 
angle  BAc^BAC;  then  will  Ac  ^ 
AC.  From  C  and  c  draw  CE,  cF 
perpendicular  to  AD. 

Then  CE  :  cF  ::  sin.  CAD  :  sin.  cAD 
::  sin.  (CAB+BAD)  :  sin.  (BAD  ^  BAC). 
And  BD  :  BC  ::  tang.  BAD  :  tang.  BAC, 
.-.  CD  :  cD  ::  tang.  JB-^D+tang.  BAC  : 

[tang.  BAD  ^  tang.  BAC. 
And  cF,  CE  being  perpendicular  to  AD,  are  parallel, 

whence  CE  :  cF  ::  CD  :  cD 

or  sin.  {DAB  +  BAC)  :  sin.  {DAB  ^  BAC)  :: 

tang.  DAB^tdtig.  BAC  :  tang.  jD^B-^tang.  BAC. 


Prop,  XV. 

(92.)  In  any  plane  triangle^  the  rectangle  contained 
by  any  two  sides  is  to  the  rectangle  contained  by  the 
excesses  of  half  the  perimeter  above  each  of  them  respec- 
tively  as  the  square  of  radius  is  to  the  square  of  the 
sine  of  half  the  angle  contained  by  those  sides. 

Let  ABC  he  any  triangle,  BC  its  base,  AB  the 
greater  of  the  sides  and  AC  the  less ;  P=|  the  perimeter 
of  the  triangle,  then  ABxAC:  (P-AB) .  (P-^AC)  :: 
R'  :  sin*.  iA. 
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In  AB  take  AD  ^  AC^  join 
DC\  and  draw  AE  perpendicular 
to  DCy  and  EG  parallel  to  BC, 
cutting  AB  in  O.  With  the  cen* 
tre  Gy  and  radius  GEy  describe  a 
circle  cutting  AB  in  L,  and  AB 
and  EO  produced  in  K  and  H.  Join  HB ;  and  pro* 
duce  AEy  HB  till  they  meet  in  M. 

Since  AD  =  ^C»  tnd  the  angles  at  E  are  right  angles, 
the  squares  of  AEy  ED  are  equal  to  the  squares  of  AE^ 
EC;  and  .\  ED  =  £C,  or  DC  =  2DE.  Hence  by 
similar  triangles  DGE,  DBCy  BC=2GE  :=^EHy 
and  jBC  is  also  parallel  to  EH,  /.  HBM  is  parallel  to 
CED,  and  (Eucl.  i.  29.)  the  angle  BME  —  DEA^  or  it 
is  a  right  angle ;  and  HE  being  a  diameter,  il/  is  a  point 
in  the  circle. 

Now  (71)  AB  :  BM :.  rad.  :  (sin.  D^E  =  )  sin-i  BACy 

and  AD  :  DE  ::  rad.  :  sin.  \  BACy 
••.  comp.  ABxAD    :   jBM  x  D^  ::  J?*  :  sin',  i  BAG. 

But  from  the  similar  triangles  DGE,  DBCy  DB=:^DGy 
to  each  of  these  equals  AD  +  AC  =  2  ^Z>, 

and  BA  +  AC=2AGy 

to  each  of  which  equals  add  BC  =  2  G£  =  2  G/C^ 

.-.  AB  +  AC+^C=.2AKy  .-.  ^/r=P, 

and  BK^AR'-AB:=.P^ABy 
and  BL^DK^AK^AD^P^AC. 

And  the  rectangle  BAf  x  /)£  =  B3f  x  EC  =  BMx  flif 

=  (Eucl.  iii.  35.)  BKy.BL={P—  AB) .  [P  -  AC), 

hence  ABxAC:  (P-^AB) .  (P— ^C) ::  /P :  sin\  f  B^C 

(93.)  Cor.  l.  Hence  if  the  three  sides  of  any  triangle 
be  given,  the  angles  may  be  found.  For  if  the  sides 
opposite  to  the  angles  A,  B,  Che  a,  by  c,  respectively, 
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then  sin*,  i-4  =  r»  x  iLH^h^^lIl  ^  may   be  deter- 

mined^  or  the  sine  of  half  the  vertical  angle,  and  conse- 
quently the  vertical  angle  itself  may  be  found.  Hence 
the  other  angle  (78). 

Ex.  Three  points  A,  R,  C 
being  given  in  a  plane,  to  determine 
the  position  of  a  fourth  D,  where 
the  angles  ADB^  ADC,  subtended 
by  A  and  5,  A  and  C  are  a®  and  Ifi 
respectively. 

On  AB  describe  a  segment  of  a  circle  containing  an 
angle  (fi^  and  on  AC  a  segment  containing  an  angle  IP ; 
the  point  of  intersection  D  is  the  point  required.     Let 

^5=c,  AC^d,  BC=e,  sm.^BAC^  JJ3^ "  ^^ » 

which  may  be  computed^  j?  being  =  j.(c  +  £?+^)*  Draw  the 
diameter  AF,  and  join  FB.     In  the  triangle  BAF,  AF=z 

BAxR       cxR  u   r      J 

-: — nrr2  =  --■ may  be  found. 

sm.  BFA      sm.  a       -^ 

Draw  the  diameter  AE,  and  join  CE.     In  the  triangle 

ACE, 

the  angle  CAE  =  ADC--'  ADE  =  i  — 90^  =  ^, 

A   ^w?       RxAC  -     R.AC 

and  A£i  =: ^  ^r*  = . 

cos.  CAE       COS.  g 

Join  DEf  DF,  they  are  in  the  same  straight  line  (ii.  5.) 

Hence  in  the  triangle  FAEy  AE  and  AF  having  been 

computed,  and  the  angle  FAE  =  BAC  +  CAE  ^  FAB 

AE  '^  AF 
=  A,  and  tang.  |  {EFA  '^  AEF)  =    .^       .^,  x  cotang. 

§  FAE ;    whence  the  angle  AFE  may  be  determined. 
And    in    the     right-angled     triangle    DAF^    AD  = 
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-r may  be  found ;  which  line  and  the  angle 

BAD  determine  the  position  of  D. 

(94.)  Cor.  2.  Also  AB  :  AM  ::  rad. :  cos.  \BAC. 

and  AD  :  AE  ::  rad.  :  cos.  \BAC, 
.'.  ABxAD  :  AMx  AE  ::  R"  :  co8».  +  BAC. 
and  since  AD=AC,  and  AMx  AE=AK  y  AL=iPx 

[(P  -  BC) 
ABxAC  :  P.{P-  BC)  ::  ii»  :  cos».  +  BAC, 

...cos.^^  =  r.x/{2ii^^II^}. 

(95.)  CoR.  3.  AIso^£  :  ED  ::  R  :  tang.  ^  BAC, 

and  AM:  MB  ::  R  :  tang.  -^BAC, 

.'.  AE  X  AM :  EDx  MB  ::  R  :  tang*.  +  BAC, 

orP.(P-  BC)  :  (P—AB).(P—AC)  ;:  R  :  tang*. 

l^BAC, 

Prop.  XVI. 

(96.)  Having  given  the  sines  and  cosines  of  two 
arcs ;  to  find  the  sine  of  an  arc  which  is  equal  to  their 
sunt. 

Let  AB,  AC  be  the  two  arcs;    take 
AD,  AE  their  doubles ;  draw  the  diameter 
AF.    Join  AD,  DF,  AE,  EF,  ED. 
Then  the  chord  ^Z>=:2  .sin.  AB  (63) 

^£=3.sin.  ^C, 
i>£=3.sin.  BC, 
and  i>F:=:3  cos.  iAD^a  cos.  AB  (70). 
£F=  3  COS.  AC. 
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Now  AFk  EDz^ADxFE+AE  x  FD  (Eucl.  vi.  D.) 
or  2  rad.  x  2  sin.  BC^2  sin.  ABx,  2  cos.  AC 
+2  sin.  ACx  2  cos.  .^B, 
.\  rad  X  sin.  jBC=  sin,  ^B  x  cos.  AC  +  sin.  ACx  cos.  /^B. 
(97.)    CoR.  I.  Ifrad.  =  i,i4jB=a,  ^C=*, 

sin.  (a  +  fr)  =  sin.  a  x  cos.  6  +  sin.  h  x  cos.  a. 
(98.)    CoR.  2.   If  a  =6,  sin.  2a=2  sin.  ax  cos.  a. 
Hence  also  sin.  3  a  :=  3  sin.  a  ^  4  sin^.  a 

sin.  4a  =  (4  sin.  a  —  8  sin^  a)  .  cos.  a 
sin.  5a  =  5  sin.  a  —  20  sin^  a+ 16  sin^  a. 


CB 


Prop.  XVII. 

(99.)    GUven  the  sines  and  cosines  of  two  arcs  ;  to 
find  the  sine  of  an  arc  which  is  equal  to  their  difference. 

Let  AB^  AC  he  the  two  arcs;  take 
ADy  AE  the  doubles  of  them  ;  draw  the 
diameter  ^F; 

join  AE,  AD,  FE,  FD,  DE 
Then  the  chord  AD  =  2 .  sin.  AB  (62) 

AEzn^.^m.  AC 

DE=2.s\n.BC, 

and  Fi>=  2. cos  AB  (70) 

BF=2.cos.  AC; 

and  AFxED^ADx  EF-^AEx  FD  (Eucl.  vi.  D.) 

or  2  rad.  X  2  sin.  BC  =  2  sin.  AB  x  ^  cos.  AC  — 

[2  sin.  ACx  2  cos.  AB, 

/.  rad.  X  sin.  BC  =  sin.  AB  x  cos.  ^C— sin.  AC  x  cos.  -/#jB, 

(100.)  Cor.    If  rad.  =  1,  and  ^5  =  a,  ^C=  ft, 

sin.  (o— 6)  =  sin,  a  X  cos.  i  — sin.  h  x  cos.  a. 


1 
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•pROP.    XVIII. 

(101.)    Grtven  the  sines  and  cosines  of  two  arcs ;  to 
Jind  the  cosine  of  an  arc  which  is  equal  to  their  sum. 

Let  AB,  AC  be  the  two  arcs.    iTake 
AD,  AE  the  doubles   of  them.     Draw     z/ 
the  diameter  AF,  and  make  FG  =  AE.     cl 
Join  FG,  GD,  DA,  AG,   FD.     Then 
GD  is  the  supplement  of  DE,  and  .'.  its 
chord  DG=z2  cos.  iDE^2  cos.  BC  (70). 
J9F=  2  cos.  AB. 
and  AG  =  2  cos.  ^FG-2  cos.  \AE=^2  cos.  AC. 

ADsz2  sin.  AB, 
and  FG=2  sin.  iFG::^2  sin.  i4C. 
And  AFxDG^FDxAG-ADx  FG  (Eucl.  vi.  D.) 
or  2  rad.  x  2  cos.  jBC  s=  2  cos.  ^JBx  2  cos.  AC^  2  sin. 

[-4iBx2  sin.  AC. 
.'.  rad.  X  cos.  -BC=  cos.  AB  x  cos.  -4C— sin.  AB  x  sm.  AC- 
(102.)    CoR.  1.    Ifrad.=  l,  AB=:a,  AC=b, 

COS.  (a+b) :=cos.  a  x  cos.  6—  sin. ax  sin.  5. 
(103.)    CoR.  2.    If  a  =s  6,  COS.  2  a  =  cos*  a  —  sin*,  a 

=  2  cos',  a—  1, 
or  COS.  2a=l  — 2  sin*,  a 
Also  COS.  3  a  =  4  cos^.  a  —  3  cos.  a 

COS.  4a  =  8  cos^.  a— 8  cos*.  a+  1. 

COS.  &a  =  16  cos^.  a  -  20  cos^.  a  +  5  cos.  a 

COS.  6a  =  32  cos^  a-  48  cos*,  a+18  cos*,  a-  1. 

Prop.  XIX. 

(104.)    Given  the  sines  and  cosines  of  two  arcs;  to 
Jind  the  cosine  of  an  arc  which  is  equal  to  their  differ- 
efice. 
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Let  AB,  AC  be  the  two  arc^,  take 
ADj  AE  tjie  doubles  of  them ;  draw  the 
diameter  AG,  and  make  GF  (on  the 
opposite  side)=/^£.  Join  ADy  AF,  DF, 
DG,  FG.  The  arc  DGF  is  the  supple^ 
ment  of  DE^  which  /.is  equal  to  AD^AE^^AB-^ 
2 AC  =  2BCy  and  .\  DF^  2  cos.  iDE—  2  cos.  BC. 
'  DG  =  2  cos.  AB  (70)  ^D  =  2 .  sin.  AB  (62) 

^F  =  2  cos.  AC  FG:^2.  sin.  -^C. 

Now  AG  X  DF^DG  x  AF^AD  x  GF  (Eucl.  vi.  D.) 
or  2  rad.  x  2  cos.  jBC=2  cos.  /^fi  x  2  cos.  ^C+2  sin.  ^£ 

.  [  X  2  sin.  AC. 
:.  rad.  x  cos.  BC=^  cos.  -45  x  cos.  -4C+sin.  ^Bx  sin.  ACy 
(105.)    CoR.   Ifrad.  =  1,  .^5  =  a,  ^C=:ft, 
COS.  (a—  i)=cos.  a x  cos.  ft+sin.  a x  sin.  6. 

(106.)  It  may  perhaps  be  objected  that  the  preceding 
propositions  are  proved  only  when  the  arcs  (a)  and  (6) 
or  even  (a + h)  are  less  than  quadrants.  Assuming  them 
to  be  proved  within  such  a  limit  that  {a)  does  not  exceed 
a  value  a,  and  (i)  a  value  /3,  it  may  be  proved  by  means 
of  what  has  been  shewn  before^  that  the  values  of  the  sines 
and  cosines  of  the  sums  are  equally  true^  when  (a)  does 
not  exceed  90^  +  a  and  (6)  does  not  exceed  /3. 

For  let  a=90® +  m, .-.  m=a-  90®,  which  is  less  than 
900. 

Now  sin.  (9<^+»i+*)  =  sin.  {90^— (m+6)} 
=  COS.  (m+ft) 

ss  COS.  m  X  COS.  h  -  sin.  m  x  sin.  b 
=  sin.  (90^  -  m)  X  COS.  h  ^  cos.  (90O— m)  X  sin.  h 
=  sin.  (1800-a)xcos.  6 -cos.  (l80^-o)x  sin.  b 
=  sin.  a  X  cos.  A+cos.  a  x  sin.-  b. 
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Also  COS.  (90+w  +  6)=  — COS.  {90-  {ni  +  b)\ 

=  -sin.  (m  +  ft) 

=  —  sin.  m  X  cos.  &— cos,  m  x  sin.  b 

=  —cos.  (90+m)  X  COS.  &  — sin.  (90 -  m)  x  sin.  b 

=  —COS.  (180  — a)  X  COS. &--sin.  (180— ii)  x  sin.  b 

s  COS.  a  X  COS.  b  —  sin.  a  x  sin.  &« 

.  Hence  /.  these  expressions  which  were  demonstrated 
for  (a)  less  than  a  and  (b)  less  than  /3,  are  also  true  when 
(a)  does  not  exceed  90 + a  and  {b)  does  not  exceed  /3. 
In  the  very  same  manner  from  the  preceding,  it  might  be 
proved  that  they  are  true,  when  (a)  does  not  exceed 
90+ a  and  (i)  90  + A  and  so  on,  i.e.  they  ai-e  true 
whatever  be  the  values  of  (a)  and  (6).  The  same  is 
equally  applicable  to  the  values  of  sin.  (a  —  b)  and 
cos.  (a— 6). 

(107.)  Since  sin.  (30^ + «)  =  sin.  30^  x  cos.  a  +  cos. 

([30^  X  sin.  fl, 

and  sin.  (30^  — a)  =  sin.  30^  x  cos.  a— cos.  30°  x  sin.  a, 

/.  sin.  (30°+a)  +  sin.  (30°  — a)  =2  sin.  30**  x  cos.  a 

=  COS.  a  (63). 
and  sin.  (30° -Ha)  =  cos.  a-  sin.  (30°  — a).     If/,  the  sines 
and  cosines  of  all  arcs  less  than  30°  be  known,  the  sines 
of  all  arcs  above  30°  and  less  than  6o°  might  be  found  by 
subtraction. 

(108.)  Since  sin.  (6o°+a)  =:sin.  60°  x  cos.  a  +cos.  60° 

[xsin.  a, 
and  sin.  (60°  -  a)  =  sin.  60°  x  cos.  a  —  cos.  6o°  x  sin.  a, 
.'.  sin.(6o°+a)  — sin.(6o°-a)  =  2cos.6o°  x  sin. a  =? sin.  a, 
and  sin.  (6o°  +  a)  =  sin.  a  +  sin.  (60°  -  a).     If  .•.  the 
sines  of  arcs  less  than  60°  be  known,  the  sines  of  arcs 
greater  than  60°  may  be  found,  by  addition. 

dA 
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(109.)   Leta=nAmdb=^A. 

Then  sin.  (it  +  l)./^=:8in.  nA  x  cos.  A  +  cos.  nA 

[  X  SID.  A, 

andi^in.  {n^l).Asss\n.  nA  x cob.  A-^cos.  n  A x  sin.  Ay 
.•.  ^D.  (n  +  \).A+s\n.  (n— 1).-4  =  2  sin.  nAx  cos. -rf*, 
and  sin.  {n  +  l).A=2  sin.  n^xcos.  -^— sin.  (n— l).-^. 
Also  sin.  (n  +  l)*^= sin.  (n— 1).-4  +  2  sin.  ^x  cos.  nA. 
iind  Cos.  (n  +  l)..^s=2  cos.  ii-4  x  cos.  ^— cos.  (n— 1)./# 
or  =  COS.  (n-*l) .  ^-  2  sin.  n/#  x  cos.  A. 

(110.)    If  in  the  equations  (97)  and  (lOO) 
a  +  i  =  ^and  a-ft=fi,  then  a=^(^+B)  and  ft=|(^—iB) 
and  sin.  (a+&)  =  sin.  a  x  cos.  6+ cos.  a  x  sin>  b 
sin.  (a— 6)  =  sin.  a  x  -cos.  ft -cos.  a  x  sin.  ft, 
.'.  sin.  (a+ft)4-sin.  (a  — ft)ss2  ffin.  a  x  cos.  ft 
and  sin.  (a  +  ft)— sin.  (a-  ft)«2  cos.  a  x  sin.  b, 
.•.sin.  .^+sin.  5  =  2  sin.  ^{A  +  B)  x  cos.  |-(-4- JB) 
and  sin.  -4  — sin.  jBs:2  .cos.  j(A+B)  x  sin.  ^{A-~B) 

Hence  also  sin.  -4  +  8in.B= — - — )  ^  .  rd  x  sin.  (A+B). 

cos,-^{A+B)  ^  ^' 

J    .      ^      .      ^    sin.  +  (-^  -  jB)       .     ,  .     _^^ 

and  sin.-4-sin.  :o  =  -i /  ^  .  ^{  x  sm.  {-4+5). 

sin.  -ir^A+B)  ^  ^ 

Hence  also  sin*.  ^-8in*.B=sin.  (^+B)  xsin.  {A-^  B). 


*  Hence  if  a  series  of  arcs  be  taken  in  arithmetic  progression,  radios 
is  to  twice  the  cosine  of  tfae  common  difierence  as  the  sine  of  any  one 
arc  taken  as  a  mean  is  to  the  sam^f  the  sines  of  any  two  equidistant 
extremes. 

A4so  radius  is  to  twice  the  cosine  of  the  common  difference  as  the 
cosine  of  any  one  arc  taken  as  a  mean  is  to  the  sum  of  the  cosines  of  any 
two  equidistant  extremes. 
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And  in  a  similar  manner^ 
cos',  -B— cos*.  A=:s\n.  {A  +  B)  x  sin.  (^-B), 
(111.)    To  find  the  sin.  (A+B+C). 
Sin.(^+B+C)  =  sin.(^+B)  x  cos.C+cps.  (^+B)  x 

[sin.  C 
=  8in.  A  X  COS.  B  x  cos.  C+sin.  B  x  cos.  A  x  cos.  C 
-f  sin.  C  X  COS.  A  x  cos.  jB  -sin.  A  x  sin.  B  x  sin.  C. 

Prop.  XX. 

(112.)  Having  given  the  tangents  of  two  arcs;  to 
determine  the  tangents  of  two  arcs  which  may  be  equal 
to  their  sum  and  difference. 

Let  AB,  BC  he  the  given  arcs, 
AB  being  the  greater^  then  AC  is 
the  sum  of  the  arcs  (in  Fig.  1.)  and 
their  diflference  (in  Fig.  2.) ;  AT  the 
tangent  of  their  sum  (l)  or  difference 
(2),  BP,  BO  the  tangents  of  the  —^ — ^  ^  ^^ 
respective  arcs  AB,  BC. 

Draw  OD  perpendicular  to  SA  cutting  SB  or  SB 
produced  in  Xy  .'.  the  triangle  OBx  is  similar  to  SxD 
and  .-.  to  SBP;  hence  OB  :  Bx  ::  SB  :  BP, 
/.  OB  X  BP^SB  X  Bx.  Also  by  the  similar  triangles 
TAS,  ODS, 

AT  :  OD  ::  SA  :  SD 

OD  :  OP  ::  SD  :  Sx 

by  the  sim.  triangles  SxD,  ODP, 
.-.  AT  :  OP  ::  SA  t  Sx 

::  SA  :  SB^Bx  (fig.  l.) 
::SA^:  SB'-^SBxBx 
-SA"  :  SA'-OBxBP 
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Again  (in  Fig.  3.)  AT .  OP 
SA  :  Sx 
SA  :  SB+Bx 
SA*:  SB*  +  SBxBx 
SA*  :  SA*  +  OBxBP. 

Hence  AT=  SB'  x  ^^  _  ^^^^  ^  ^p 

OB  ±  BP 

=*^^  '^  'SA'  +  OPxBP' 

(113.)    Cor.  1.     l(  nd.=  i,   AB=  a,   BC ^  b, 

,         ,  ^  tang,  a  ±  tang,  b     ^ 

tang.(a+  A)  =  j_j^,^g^^t3„g^    • 

2 .  tang,  tf 
(114.)    Cor.  3.    If  a=ft,  tang.  8a  =  ^     ^^^^^^ 

3  .  tang,  a — tang^«  a 
Tang.  3a  =       i _ 3  . tang',  a      ' 

4 .  tang.  a--4  tang*,  a 
**"S-  4a  =  i.fjtang'.a+tanr-a ' 


tang 


_  5  tang,  g-  10  tang*,  a + tang*,  a 
•  **"  ~       1  —  10  tang".  a+ 5  tang*,  a     * 


_     6  tang,  g-  30  tang^.  a+6  tang\  a       ^^ 
tang,  ba  -  j  _  15  jang*.  a+ 15  tang*,  a  -  tang*,  a  ' 

(115.)    If(in  Art.  113.)g  =  45°, 

1  +tane.  b 
tang.  (450  +  6)  =:j-^, 


*  Tang.  (<7+0;  = ,     ,  ; ; 


sin,  g  ,  gin,  b 
COS.  a      COS.  6 


1  - 


sin.  ax  sin.  6 
COS.  a  X  COS.  b 


sin,  flxcos,  64»cos.  ax  sin,  b 
COS.  fl  x  COS.  b — sin.  a  x  «i»-  ^ 

_    tang,  a  4-  tang.  6 
""  1  —  tang,  a  x  tang-  6 ' 


^ 

^ 

V 
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and  tang.  (45-6)  =  i^J^; 

.-. tang.(45»  +  ft) - tang.(450  -  ft)  =  1±^J_  5-::^^ 
^^  '  ^^  '     l-tang.6     1+ tang.  6 

=  '^r^^s^  =  '*^"e..2ft, 

and  tang.  (450  +  &)  =  tang.  (46<>- J)  +  2  tang.  26. 

If  .'.  the  tangents  of  arcs  less  than  45^  be  known, 
the  tangents  of  arcs  greater  than  45^  may  be  determined 
by  addition. 

(116.)   Tang,  a + cotang.  a  =  3  cosec.  3  a. 

^      ^  ^  sin.  a       cos.  a 

tor  tang,  a  +cotane.  a  = +  -: = 

^  ^  COS.  a       sm.  a 

sin*,  a  +  cos*,  a  2 

— : =  - — -—  s=  2  cosec.  2flf. 

sm.  ax  COS.  a       sm.  2a 

In  the  same  way  it  may  be  shewn  that 

cotang.  a  — tang,  a  =  2  cotang.  2  a. 

and  sec.  a + tang,  a  ^  tang  (45**  +  f  a) 

^,   ^ ,  sin.  2a  ^  sin.  2a 

that  tang,  a  =  — : ,  cotang.  a  = ,    . 

^  1 +COS.  2a '  ^  1  —COS.  2a 

1  —tang*,  a         ,  sec*,  a 

COS.  2a  =  ---- — SL —    and  sec.  2a  =  - — ; —  • 

1  -t-tang'.  a  I  — tang*,  a 


Prop.  XXI. 

(117.)     Tlie  base  and  altitude  of  a  triangle  being 
given ;  tojind  its  area.  ^ 

(Eucl.  I.  41.)    The   area  of  the    triangle  ABC  =» 
^ACy.  BD.     (See  next  Fig.). 

(118.)    CoR.  1.    If  azrthe  altitude  jBA  and  6=::the 
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base  AC,  the  area  5  =  —  and  a  =  -^  and  h  =  — ;  any 
two  of  the  terms  /.  being  known^  the  third  maybe  found. 

Prop.  XXIL 

(119.)  Two  sides  of  a  triangle,  and  the  included 
angle  being  given  ;  to  find  its  area. 

Let  AB,  AC^Lud  the  angle  BAC  be 

given.    Let  fall  the  perpendicular\BD^ 

AB  :  BD  ::  rad.  :  sin.  A, 

nr\      ABxsm.A        -o  ^ 

.•.  BD= n =»  ABx  sin.  ^, 

.'.  the  area  =s  ^ACx  BD^^ABxACx  sin.  A. 

(120.)  Cor.  1.  Hence  the  areas  of  triangles  which 
have  one  angle  in  each  equal^  are  as  the  products  of  the 
sides  containing  those  angles.  Which  is  also  true  of 
parallelograms. 

(121.)  Cor. 3.  AC^^j^^,  ^^'IktIIm' 

and  sin.  J  =  jSTZil! ' 

Prop.  XXIII. 

(122.)  Given  two  angles  and  aside  of  a  triangle  ; 
tojind  its  area. 

Two  angles  being  given,  the  third  is  also  known. 
Let  AC  be  the  given  side. 

Then  sin.  B  :  sin.  C  ::  AC  :  AB  = : — ^ — , 

sm.  B 
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ACx  sin.  A  X  sin.  C 


and  BD^ABxhia.  A  s 


sin.  B 

V  ^1  T  jig^9      sin.  ^xsin.  C 

whence  the  area  s=  \AC^  x  : b • 

^  sin.  B 

(193.)    Cor.    If  the  angles  ABC,  ACB  be  equal, 
the  area  will  he^^AC^  x  sin.  A.     If  the  angles  A  and 

i  81  n     j4 

Care  equal,  the  area  will  he^iAC^  x    .   '    ^ . 
^  *  sin.  /J 

But  since  the  angle  B-l8(fi^2A, 

sin.  iB=ssin.  2^=3  sin.  ^x  cos.  A, 

sin^  -rf 


whence  the  area  s=:|-^C*  x  -r 


sin;  -^  X  cos.  A 
=  :i^C*  X  ^^^  =  iAC^  X  tang.  A 

cos.  A 

Prop.  XXIV. 

(124)    Given  the  three  angles,  and  the  altitiute  of 
a  triangle  ;  tojind  its  area. 

Since  (122)  £Dxsin.  i3=:v^Cx  sin.  A  x  sin.  C,  and 
AC  =  'nfki   ••  35  X  sin.  Ax  sin.  C:=sBD^~x  sin.  -B. 


^  sin.  /^  X  sin.  C ' 

Prop.  XXV. 

(125.)  Given  the  three  sides  ^  a  triangle;  to  find 
its  area. 

The  areaof  the  triangle  ABC=i9xeaLADC+  area  BDC 
=  AEx  DE+MEx  DE,  (Bilf  being  parallel  to  DC) 
=  AMxDE. 
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But  by  similar  triangles  ADE^ 
AMB, 

AE  :  ED  ::  AM  :  MB, 
..AExAMiEDxAM.iEDxAM 
:  EDxMB, 

t.  €.  the  area  of  the  triangle  is  a  mean 
proportional  between  A  Ex  AM  and  ED  x  MB. 

Now  (92.)  EDx  MB=z{P^AB)  .(P-AC), 

mdAEx  AM^ALxAK^PxiP-^BC), 

.-.the  (area)^  =  (P-^B).(P-^C).P.(P--BC) 

or  -S  =  ^{P.{P^AB) .  {P'-AC) .  (P-BC)}. 

(126.)  lf^B=BC=^C,5=+^B^^/3,  the  area 
of  an  equilateral  triangle. 

If  BC=:  CA,S=  i^flVl  2BC+  B^).(2fiC-B^}, 
the  area  of  an  isosceles  triangle. 

(127.)    To  construct  the  trigonometrical  canon. 

It  has  been  proved  (103)  that2cos'.^=l  +cos.  2A'^ 
and  therefore  if  the  cosine  of  any  arc  be  known^  the 
cosine  of  half  that  arc  may  be  determined.  Now  the 
sine  of  30^  has  been  found  to  be=^,  (Asl),  and  the 


cosme  = 


-x/3. 


if   then    in    the   formula    cos.  A   = 


N/{i-(l+co8-  2-^}>  -^=  15^  cos.  16®  may  be  deter- 
mined. In  the  same  manner  from  cos.  15^,  the  cos.  7^ 
30'  may  be  deduced ;  and  so  on^  till  after  1 1  divisions, 
COS.  52'"  44'"  3'''  45''  is  found;  from  which  the  sine  of 
this  arc  may  be  determined.  But  from  the  nature  of  the 
circle,  when  the  arc  is  very  small,  the  ratio  of  the  arc  to 
the  sine  approaches  nearly  to  a  ratio  of  equality,  .*.  52"" 
44'"  3*"^  45^  :  l'  ::  the  sine  of  the  former  arc  :  the  sine 
of  T;  which  .*.  may  be  determined. 
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The  sine  and  cosine  of  l'  being  ascertained^  the  sines 
of  2',  3',  4',  &c.  may  be  determined  (109)  by  making 
n  =  1,  2,  3,  &c.  and  the  cosines  from  (58).  In  this 
manner  the  sines  and  cosines  of  arcs  as  far  as  30^  may  be 
computed.  When  the  arc  exceeds  30^  the  sines  may  be 
computed  by  Art.  (107),  and  the  cosines  as  before,  till  the 
arc  is  45^.  And  since  the  sine  of  an  arc  is  equal  to  the 
cosine  of  its  complement,  the  sines  and  cosines  of  arcs  as 
far  as  9^^  are  determined.  Also  since  the  sines  and  co- 
sines of  arcs  are  equal  to  the  sines  and  cosines  of  their 
supplements;  the  sines  and  cosines  of  all'arcs  up  to  180*^ 
are  known. 

Since  tang.  A  =  — ^--^,  the  tangents  of  all  arcs  may 

be  computed.  When  however  they  exceed  45°,  they  are 
more  readily  computed  from  (1 15)  by  addition.  And  the 
tangent  of  an  arc  being  equal  to  the  tangent  of  its  sup- 
plement, the  tangents  of  all  arcs  may  be  determined. 

Hence  also  the  cotangents  (45). 

Also  the  sec.  A  = 7,  and  /.  the  cosines  being 

cos.  A  ^ 

known,  the  secants  may  be  determined.  And  the  secants 
being  known,  the  cosecants  are  also  determined. 

Also  the  versed  sine  (t=l+ cosine)  may  be  deter- 
mined. 
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ADVERTISEMENT. 


The  following  pages  contain  a  collection  of  Algebraical 
Problems,  designed  solely  to  point  out  the  various 
methods  employed  by  Analysts  in  the  Solution  of  Equa- 
tions. They  are  arranged  in  the  usual  manner:  1.  Sim- 
ple Equations;  2.  Pure  Quadratics,  and  others  which 
may  be  solved  without  completing  the  square;  and  3. 
Adfected  Quadratics.  Utility  being  the  sole  object  of 
this  Publication,  wherever  a  proper  Example  occurred, 
it  has  been  taken  without  hesitation,  or  altered  to  suit 
the  purpose.  At  the  head  of  each  Section  are  given 
the  common  Rules ;  and  the  whole  concludes  with  a  Col- 
lection of  Problems  without  Solutions,  for  the  Exercise 
of  the  Learner. 

To  the  Sixth  Edition  has  been  added  an  Appendix, 
containing  a  Collection  of  Problems  in  Arithmetical, 
Geometrical,  and  Harmonical  Progressions ;  and  another 
on  the  nature  of  Equations,  and  the  solution  of  those  of 
higher  dimensions. 
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ALGEBRAICAL    PROBLEMS. 


SECTION    I 


DEFINITIONS. 


(1.)  An  Equation  is  a  proposition,  which  declares  the 
equality  of  two  quantities,  expressed  algebraioallj. 

This  is  done  by  connecting  these  quantities  by  the  sign 
(=)  ;  thus,  ^  —  4  =  6  —  a?  is  an  equation  expressing  the 
equality  of  the  quantities  ^  —  4  and  6  —  ^,  Also  ^—5  =  0 
is  an  equation  which  asserts  that  «r  —  5  is  equal  to  nothing, 
and  therefore  that  the  positive  part  of  the  expression  is  equal 
to  the  negative  part. 

(2.)  A  •  Simple  Equation  is  one  which,  when  cleared  of 
fractions  and  surds,  contains  only  the  first  power  of  the  un- 
known quantity. 

(3.)  A  Quadratic  Equation,  or  an  equation  of  two  dimen- 
sions, is  one  into  which  the  square  of  the  unknown  quantity 
enters,  with  or  without  the  simple  power. 

(4.)  A  Cubic  Equation,  or  an  equation  of  three  dimen- 
sions, is  one  into  which  the  cube  of  the  unknown  quantity 
enters,  with  or  without  the  simple  and  quadratic  powers. 

(5.)  In  general,  the  index  of  the  highest  power  of  the 
unknown  quantity  denotes  the  number  of  dimensions  of  the 
equation. 

(6.)  A  Pure  Quadratic  is  one  into  which  only  the  square 
of  the  unknown  quantity  enters. 
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(7.)  An  Adfected  Quadratic  is  one  which  involves  the 
square  of  the  unknown  quantity,  and  also  the  simple  power 
and  known  quantities. 

Thus,  ax*  +  i  =  0  is  a  pure  quadratic, 

and  or*  -f  i«r  +  c  =  o  is  an  adfected  quadratic. 

(8.)  The  Resolution  of  Equations  is  the  determining, 
from  some  quantities  given,  the  values  of  others  which  are 
unknown,  so  that  these  latter  may  answer  certain  conditions 
proposed. 

(9.)     And  these  values  are  called  Roots  of  the  Equation. 

(10.)  Known  quantities  are  usually  expressed  by  the  first 
letters  of  the  alphabet,  a,  b,  c,  &c. ;  and  unknown  quantities 
by  the  last,  v,  ^,  y,  &c.  And  this  must  be  always  understood, 
unless  the  contrary  be  expressed. 

AXIOMS. 

(11.)  If  equal  quantities  be  added  to  equal  quantities,  the 
sums  will  be  equal. 

(12.)  If  equal  quantities  be  taken  from  equal  quantities^ 
the  remainders  will  be  equal. 

(13.)  If  equal  quantities  be  multiplied  by  the  same  or 
equal  quantities,*the  products  will  be  equal. 

(14.)  If  equal  quantities  be  divided  by  the  same  or  equal 
quantities,  the  quotients  will  be  equal. 

(15.)  If  the  same  quantity  be  added  to  and  subtracted 
from  another,  the  value  of  the  latter  will  not  be  altered. 

(16.)  If  a  (Quantity  be  both  multiplied  and  divided  by 
another,  its  value  will  not  be  altered. 

(17.)  Any  quantity  may  be  transposed  from  one  side  of 
an  equation  to  the  other,  by  changing  its  sign : 

Because,  in  this  transposition,  the  same  quantity  is  merely 
subtracted  from  each  side  of  the  equation;  and  (12)  if  equals 
be  taken  from  equals,  the  remainders  are  equal. 
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Thus^  if  0?  +  9  ==  16^  and  9  be  subtracted  from  each  side^ 
a?  =  15  —  9^  or  6.  Also,  if  ^  -f  ft  =  o^  and  b  be  subtracted  from 
each  side,  x  ^=  a—  b.  And  if  ^  —  c  =  rf,  and  c  be  added  to 
each  side,  ^  =  rf  -f  <?• 

Also,  if  50?  —  7  =  20?  +  2,  and  2o?  be  taken  from  each  side, 
50?  —  20?  —  7  =  2,  or  30?  —  7  =  2 ;  and  if  —  7  be  subtracted, 
or  (which  is  the  same  thing)  if  -f  7  be  added  to  each  side, 
30?  =  2  -f  7  =  9. 

Also,  if  0?  — a-fi  =  c  — 30?,  then,  by  subtracting  — a -f  i— 30? 
from  each  side,  we  have  o?  +  3o?=a  —  i-fc. 

Cor.  1.  Hence,  if  the  signs  of  all  the  terms  on  each  side 
of  an  equation  be  changed,  the  two  sides  still  remain  equal; 
because  in  this  change  every  term  is  transposed. 

Cor.  2.  Hence,  when  the  known  and  unknown  quantities 
are  connected  in  an  equation  by  the  signs  -f  or  — ,  they  may  be 
separated  by  transposing  the  known  quantities  to  one  side,  and 
the  unknown  to  the  other. 

Cor.  3.  Hence  also,  if  any  quantity  be  found  on  both 
sides  of  an  equation,  it  may  be  taken  away  from  each ;  thus, 
if  o?-fy  =  5  +  y,  then  o?  =  5.  Ifa  —  ft=c-frf  —  ft,  then 
a=i  c  -h  d. 

(18.)  If  every  term  on  each  side  of  an  equation  be  mul- 
tiplied by  the  same  quantity,  the  results  will  be  equal : 

Because  in  multiplying  every  term  on  each  side  by  any 
quantity,  the  value  of  the  whole  side  is  multiplied  by  that 
quantity;  and  (13)  if  equals  be  multiplied  by  the  same 
quantity,  the  products  will  be  equal. 

Thus,  if  0?  =  5  +  fl,  then  60?  =  30  -f  6a,  by  multiplying 
every  term  by  6. 

Cor.  1.  Hence  an  equation,  of  which  any  part  is  frac- 
tional, may  be  reduced  to  an  equation  expressed  in  integers, 
by  multiplying  every  term  by  the  denominator  of  the  fraction. 
If  there  be  more  fractions  than  one  in  the  given  equation, 
it  may  be  so  reduced  by  multiplying  every  term  either  by  the 
product  of  the   denominators,  or  by  a  common   multiple  of 

b2 
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them ;   and  if  the  least  common  multiple  be  used^  the  equa- 
tion will  be  in  its  lowest  terms. 

fif>  fjfi  v^ 

Thus,  if  -4 h-=i3;    if  every  term    be    multiplied 

«       o       4 

by    12,    which    is    the    least    common    multiple   of    2,   3,   4; 
6a?  -h  45?  -h  3^  =  156. 

« 

Cor.  2.  Hence  also,  if  every  term  on  both  sides  have 
a  common  multiplier  or  divisor,  that  common  multiplier  or 
divisor  may  be  taken  away ; 

Thus,  if  ax^  -\-  ahx=^cdx\  each  term  being  divided  by 
the  common  multiplier  a?,  ax  •\-  ah  ^^  cd. 

,     then     also     5^  -h  a  -f  6 


Also, 

if 

SX 
4 

a-f  6 

4 

^x 

-7 

4 

= 

:  4*2? — 

7; 

Also, 

if 

ax  -f 
c 

ab 

ad 
c 

4ax 

c   ' 

X 

+  4  = 

d-\ 

'  4X. 

,    then,    multiplying   by  - , 


Also,  if  {a^  -f  x^)i  =  3a?*.  (a*  -h  a?*) I,  then  dividing  by 
(a'  -f  x')hy  a»  -f  a?'  =  3a?'. 

Cor.  3.  Also,  if  each  member  of  the  equation  have  a 
common  divisor,  the  equation  may  be  reduced  by  dividing 
both  sides  by  that  common  divisor; 

Thus,  if  ax^  —  a^x  =  abx  —  a'i,  each  side  is  divisible  by 
ax  —  a%  whence  a?  =  i. 

Cor.  4.  Hence  also  any  term  of  an  equation  may  be 
made  a  square,  by  multiplying  all  the  terms  of  the  equation 
by  the  quantities  necessary;  as,  if  ax^  -f  bcx  =  cd^y  the  first 
term  may  be  made  a  square  by  multiplying  each  term  by  a,  and 
a^x^  +  abcx  =  acrf". 

(19.)  If  each  side  of  an  equation  be  raised  to  the  same 
power,  the  results  are  equal ; 

Thus,  if  a?  =  6,  ar*  =  36 ;  if  a?  +  a  =  y  —  i,  then  a?'  +  2aa? 
+  a'=y  —  2Ay  +  *'; 


Reduction  of  Eqtiations,  6 

And  if  the  same  roots  be  extracted  on  each  side^  the  results 
are  equal : 

Thus,  if  0?'  =  49,  a?  =  7  ;  if  ^'  =  a'A%  then  ^  =  ai  ; 
if  ^*  -f  2J7  -h  1  =  y*  —  y  -h  ^,  then  a?  +  i  =  y  —  4?  and  if 
a?*  —  ^ax  -f  4a*  =  y*  -f  6Ay  +  96*,  then  a?  —  2fl  =  y  +  3i. 

For  (13  and  14)  when  equal  quantities  on  each  side  of  an 
equation  are  multiplied  or  divided  by  equal  quantities,  the 
results  will  be  equal. 

Cob.  Hence,  if  that  side  of  the  equation  which  contains 
the  unknown  quantity  be  a  perfect  square,  cube,  or  other 
power,  by  extracting  the  square  root,  cube  root,  &c.  of  both 
sides,  the  equation  will  be  reduced  to  one  of  lower  dimen- 
sions : 

Thus,  if  ^'  -f  80?  -f  16  =  36,  a?  -h  4  =  6, 

if  a?*  +  3«r*  -f  30?  -f  I  =  27,  a?  +  1  =  3, 
if  0?*  -f  20?'  +  0?*  =  lOOy  0?*  +  0?  =  10. 

(20.)  Any  equation  may  be  cleared  of  a  single  radical 
quantity  by  transposing  all  the  other  terms  to  the  contrary 
side,  and  raising  each  side  to  the  power  denominated  by  the 
surd.  If  there  are  more  than  one  surd,  the  operation  must 
be  repeated. 

Thus,  if  0?  =  \/ax  +  i%  by  squaring  each  side  a?'  =  ao?  -f  i*, 
which  is  free  from  surds. 

Also,  if  \/x^  +  7  -f  X  =  7, 
then  (17)  by  transposition,  \/a?"  -f  7  =  7  —  0?; 
and  (19)  by  squaring  each  side,  0?*  -f  7  =  49  —  140?  -h  0?*,  which 
is  free  from  surds. 

Also,  if  a?  +  K/a^x  =  i, 

then  (17)  by  transposition,  l/a^x  =  i  —  0?; 
and   (19)   by  cubing  each   side,  a^a?  =  i*  —  36*0?  +  34a?*  —  a?', 
which  is  free  from  surds. 

Also,  if  V^a?*  -f  v^a?"  +  21  —  1  =  a?, 
then  (17)  by  transposition,  v  a?*  +  \/a?*  +  21 1=  a?  -h  1, 
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and  (19)  by  squaring  each  side,  a^  -f  \/^  -|-  21  =  a?'  -f  2j?  -f  I  ; 

/.   (17.  Cor.  3.)  \/x^  -h  21  =  2a?  -f  1, 

and  (19)  by  squaring  each  side,  a?*  -f  21  =  4^*  -f  40?  +  1,  which 
is  free  from  surds. 

And,  if  Va^x  -f  \/(foi?  =  c, 

(19)  by  cubing  each  side,  €?x  -f  s/ofa^  =  c*, 

and  (17)  by  transposition,  \/aV^=  c*  —  a'a?; 

.*.  (19)  by  squaring  each  side,  a'a?' =  c*  —  2aVa?  +  0*4?*, 
which  is  free  from  surds. 

(21.)  Any  proportion  may  be  converted  into  an  equation ; 
for  the  product  of  the  extremes  is  equal  to  the  product  of  the 
means. 

d     c 
Let  a  :   i  ::  c  :   rf,  by  the   nature   of  proportion  t=;^; 

.%   (18.  Cor.  ].)  flrf=  be. 

(22.)  Examples  in  which  the  preceding  Rules  are  applied, 
in  the  Solution  of  Equations. 

1.  Given  4J?  -f  36  =  so?  -h  34,  to  find  the  value  of  a?. 

(17)     By  transposition,  36  —  34  =  5a?  —  4a?, 
and   .*•   2  =  0?. 

2.  Given  a?  —  7  =  -  -|-  -   to  find  the  value  of  x. 

5      3 

Here  15,  the  product  of  3  and  5,  being  their  least  common 
multiple,  every  term  must  be  multiplied  by  it  (is.  Cor.  1.), 
and  15a?  —  105  =  3a?  -h  5a?; 

.'.   (17)  by  transposition,  I5a?  —  sa?  —  sa?  =  105, 

or  7x  =  105  ; 

and  .*.   (18.  Cor.  2.)  a?  = =  15. 

^  ^  7 

3.  Given  3aa?  —  ^ab  =  2ax  —  6aCf  to  find  the  value  of 
a?  in  terms  of  6  and  e. 
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(18.   Cor.  2.)    dividing  every  term  by   a,   30?  —  4i  =  2^  —  6c; 

.•.    (i7)  by  transposition,  30?  —  2j?  =  4i  —  6c, 

or  0?  =  4i  —  6c. 

4.  Given  sx*  —  lar  =  so?  -f  o?*,  to  find  the  value  of  x. 

(i8.  Cor.  2.)    dividing   every   term   by  o?,    so?  —  lo  =  8  -f  o?; 

.*.  by  transposition,  3o?  —  o?  =  8  -f  lo, 

or  20?  =  18 ; 

/.   (l8.  Cor.  2.)  0?  =  —  =  9. 

2 

^vi  "9"  *3? 

5.  Given  -  -f  - =-  -|-  7,  to  find  the  value  of  o?. 

2        3        4' 

Here   12  is   the  least  common  multiple   of  2,  3,   and  4; 
(18.  Cor.  1.)  multiplying  both  sides  of  the  equation  therefore 

by  12,  60?  -f  40?  =  30?  +  84 ; 

/.   (17)  by  transposition,  60?  +  40?  —  30?  =  84, 

or  70?  =  84 ; 

.'.   (18.  Cor.  2 )  0?  =  —-  =  12. 

7 

^       /-«.  0?— 5  284^0?  /*     1    1  -I  n 

o.     Given }-  60?  = .  to  find  the  value  of  o?. 

4  5      ' 

(i8.  Cor.  1.)  multiplying  by  20,  the  least  common  multiple 
of  4  and  5, 

60?  —  25  -h  1200?  =5  1136  —  40?; 

/,   (17)  by  transposition,  50?  -h  1200?  -h  40?  =  1136  -f  25, 

or  1290?=  1161 ; 

/,    (18.  Cor.  2.)  0?  = =  9. 

^  ^  129 

7.     Given  0?  -I =  — "^ — ,  to  find  the  value  of  0?. 

3  2 

(is.  Cor.  I.)  multiplying  by  6,  the  least  common  multiple 
of  2  and  3. 


^ 
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to  -f  22  —  20?  =:  57  —  30?; 
/.   (i7)  by  transposition,  6o?  —  20?  -f  30?  =  67  —  22, 

or  70?  =  35 ; 

35 

.%   (18.  Cor.  2.)  0?  =  —  =  6. 

7 

o       i-i-  20?  -h  6  .    110?— 37     .       £    J    .V  1 

8.  Given  30?  -| =  5-1 ,  to  find  the  value 

5  2 

of  0?. 

(18.  Cor.  1.)  multiplying  by  10,  the  least  common  multiple 
of  2  and  5, 

300?  4-  40?  -f  12  =  50  4-  550?  —  185  ; 

.'.   (17)  by  transposition,  12  —  50  +  I86  =  55o?  —  300?  —  40?, 

or  147  =  210?; 

/.   (i8.  Cor.  2.) =  7  zsa^, 

^  *   21 

9.  Given 2  = 1-  0?,  to  .find  the  value 

3  3  ' 

of  0?. 

(18.  Cor,  1.)  multiplying  every  term  by  3, 

607  —  4  —  6  =  18  —  40?  -h  30? ; 

and  .*.   (17)  by  transposition,  60?  4-  4o?  —  30?  =  18  +  6-1-4, 

or  70?  =  28 ; 

28 
.•.    (i8.  Cor.  2.)  0?  =  —  =  4. 

7 

,^       n-  .    30?—  11         50?—  5    .    97—70?     .      x;    J    i.v 

10.  Given  21  H = h i  to  find   the 

16  8  2        ' 

value  of  0?. 

-  Since  16  contains  8  and  2,  a  certain  number  of  times 
exactly,  it  will  be  the  least  common  multiple  of  16,  8,  and  2; 
and  therefore  (18.  Cor.  1.)  multiplying  both  sides  of  the  equation 
by  16, 

336  -h,  30?  —  11  =  100?  —  10  -f  11^  —  560? ; 
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/.  (17)  by  trausposition^  3a?  —  \ox  -f  56^  =  11  —  10  +  776  —  336, 

or  490?  =  441; 

441 

.•.   (18.  Cor.  2.)  X  = ,  =  9. 

^  '  49 

11,  Given  x  H =  12 ,  to  find  the  value 

2  3      ' 

of  X. 

(18.  Cor.  1.)  multiplying  both  sides  of  the  equation  by  6, 
the  product  of  2  and  3, 

6^  4-  90?  —  15  =  72  —  45?  -f  8 ; 

/.   (17)  by  transposition,  6a?  -f  9a?  4-  4a?  =  72  -f  8  4-  15, 

or  19a?  =  95; 

95 
/.   (i8.  Cor.  2.)  a?  =  -^  =  5. 
^  ^  19 

12.  Given  3a? 4  = ,  to  find  the 

4  3  12  ' 

value  of  a?. 

Since  12  is  a  multiple  of  3  and  4,  it  is  the  least  common 
multiple  of  3,  4,  and  12;  therefore  (i8.  Cor.  ).)  multiplying 
both  sides  of  the  equation  by  12, 

36a?  —  3a?  -f  12  —  48  =  20a?  4-  56  —  1 ; 

.•.   (17)  by  transposition,  36a?  —  3a?  —  20a?  =  56  4-  48  —  1  —  12, 

or  13a?  =  91 ; 

.•.   (18.  Cor.  2.)  a?  =  —  =  7. 
^  '  13 

18.     Given 1 =7 *  to  find  the  value 

•    7  6  4    * 

of  a?. 

(18.  Cor.  1.)    multiplying  both  sides  of  the  equation  by 

4X5X7  =  140, 

20a?  —  20  4-  644  —  28a?  =  980  —  140  —  35a? ; 

.•.  (17)  by  trans'*,  20a7  —  28a?  4-  35a?  =  980  —  140  4-  20  —  644, 

or  27a?  =  216 ; 


i 
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/        ^  N  216 

/.   (18.  Cor.  2.)  a?  = =  8. 

^  '  27 

14.  Given  -^ ■ h  6  = ,   to   find  the 

3  6  2       ' 

value  of  d?. 

(i8.   Cor.   I.)    multiplying  both   sides  by   2  x  3  x  5  =  30, 

70a?  -f  50  —  96  —  2437  -h  180  ==  45^  -h  135 ; 

.•.  (i7)  by  transposition,  7<W?  —  24^  —  45a?  =  135  4-  96  —  so  —  180, 

or  0?  =  1. 

15.  Given  — ^^^^  = •  to  find  the  value 

5  2  4^ 

of  d?. 

(18.  Cor.  1.)  multiplying  by  20,  the  least  common  multiple 
of  2,  4,  and  5, 

12^  -h  16  —  700?  +  30  =  50?  —  80 ; 

.•.   (17)  by  transposition,  16  4-  30  -f  80  =  5a?  4-  70o?  —  120?, 

or  126  =  630?; 

f      n*         \  126 
,*.   (18.  Cor.  2.)  --—  =  2  =  0?. 
^  '    63 

Tfi        i-.-  17—30?        40? -1-2  ^       .     70?  4-  14     ,       «    J 

16.  Given ■ —  =  6  —  60?  4-  ■ — 5  to  find 

6  3  3      ^ 

the  value  of  0?. 

(18.  Cor.   1.)    multiplying  both  sides  of  the   equation  by 

3  X   5=15, 

61  —  90?  —  200?  —  10  =  75  —  900?  4-  350?  4-  70; 
/.   (17)  by  trans",  900?  —  350?  —  200?  —  90?  =  75  4-  70  4-  10  —  5i, 

or  260?  =  104 ; 

.•.   (18.  Cor.  2.)  X  =  — —  =  4. 

^  '  26 

^.  30?—  3  20  —  0?         60?—  8     .    40?—  4 

17.  Given  0? —  4-  4  =  — —  4-  — - — , 

to  find  the  value  of  0?. 
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(i8.  Cor.  1.)   multiplying  both   sides   of  the   equation  by 
2  X  6  X  7  =  70, 

700?  —  42^  +  42  -f  280  =  700  —  3547  —  600?  +  80  +  S6X  —  56  ; 

.'•   (17)  by  transposition, 

70a?  +  350?  +  6007  -r  4207  —  5607  =  700  +  80  —  56  —  280  —  42, 

or  67^  =  402 ; 

/        n  \  402        ^ 

/.    (18.  Cor,  2.)  0?  =  -T--=  6. 

to       r^-  -40?— 21     .      .67  —  30?  607  —  96 

18.  Given h  3|  H =  241 no?, 

9  4  12  ' 

to  find  the  value  of  o?. 

(is.  Cor.  I.)  multiplying  by  36,  the  least  common  multiple 
of  4,  9,  and  12, 

1607  —  84  +  135  +  513  —  270?  =  8676  —  1507  -f  288  —  39607; 

.'.   (17)  by  transposition, 

160?  +  1507  -h  3960?  —  2707  =  6676  +  288  -f  84  —  135  —  613, 

or  40007  =  8400  ; 

/        ri  \  8400 

.'.    (18.  Cor.  2.)  0?  = =  21. 

^  ^  400 

1/^        r^-  607+18  .  11  —  30?  13  —  0? 

19.  Given 44^ —  =  50?  —  48 

13  ®  36  12 

,  to  find  the  value  of  o?. 

18      ' 

(is.  Cor.  1.)    multiplying  by  36  x  13,  the  least  common 
multiple  of  the  denominators, 

2160?  +  648  —  2262  —  143  -f  390? 
=  23400?  —  22464  —  507  +  390?  —  546  -f  520? ; 

.'.  (17)  by  transposition,  648  +  22464  4-  507  +  546  —  2262  —  143 

=  23400?  -h  3907  +   520?  —  2I60?  —  390?, 

or  21760  =  21760?; 
,       ^  .   21760 

.•.  (is.  Cor.  2.)  — —  =  10  =  07. 

^        '  2176 
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20,    Given  aar aer^=z  bx  H . 

a  sa  4 

to  find  the  value  of  x. 

(i8.  Cor.  1.)  multiplying  by  4a,  the  least  common  multiple 
of  the  denominators^ 

4a'j?  —  4a'  +  \2bx  —  4a*&'  =  ^abx  +  \2bx  —  loa*  —  abx  —  4a*; 

A   (i7-  Cor.  3.)  Aa^x  —  4a* A*  =  3a* jr  —  loo*; 

by  transposition,  (4a*  —  3a&)  .  jr  =  4a*6*  —  loa*; 

(i8.  Cor.  2.)  (4a  —  3&)  .ar  =  4aA*  —  loa; 

4a6*—  loa 


•  m     X    ^^ 


4a  —  3ft 


21.  Given = ~.  to  find  the  value  of  x. 

21  4^—11      3^ 

Multiplying  both  sides  of  the  equation  by  21, 

^       .      ^        21^  +  168 

4a?  —  11  ' 

t   >.    r^  \       ^  21J?  +   168 

.•.    (17.  Cor.  3.)  16  = ; 

^  '  4a?—  11     ' 

.'.    (I8.  Cor.  1.)  64a?  —  176  =  21a?  +  168  ; 

.'.   (17)  by  transposition,  64a?  —  2ia7  =  168  +  176, 

or  43a?  =  344 ; 

.".   (18.  Cor.  2.)  a?  = =  8. 

^  *  43 

22.  Given  ^^^±i^  +  ^^=^2^tl,   to  find  the  value 

9  6a?  -f  3  3      * 

of  a?. 

Multiplying  both  sides  of  the  equation  by  9, 

21a?  —  39 

6a?  -f  7  H ; =  6a?  +  12 ; 

2a?  +  1  ' 


inoolving  one  unknown  QuarUiiy.  13 

/.  (17.  Cor,  3.)  -—-  =  5  ; 

.•.  (i8.  Cor.  1.)  2\x  —  39  =  10^  +  5  ; 

.'.  (l7)  by  transposition,  21  a?  —  loo?  =  39  +  5, 

or  J 107  =  44; 

44 

/.  (i8.  Cor.  2.)  ^  =  —  =  4. 
^  ^  11 

oo      r^'  4a?  +  3    ,7<r— 29      80?  +  19     ,       x:    j    ^u  i 

23.  Given = ,  to  find  the  value 

9  50?  —  12  18       ' 

of  07. 

Multiplying  both  sides  of  the  equation  by  18, 

^    .    12607  —  522 

807  +  6  +  =  80?  +  19 ; 

507—12  ' 

,        ^           V   12607—  522 
.•.    (17.  Cor.  3.) =  13, 

^  '      507—  12  ' 

and  (i8.  Cor.  1.)  1260?  —  622  =  65o?  —  156 ; 
(17)  by  transposition,  610?  =  366; 

/        i-i  \  366         ^ 

.".  (18.  Cor.  2.)  0?  =  —--  =  6. 
^  ^  61 

07 

24.  Given  12  —  0?  :  -  :;  4  :  1,  to  find  the  value  of  o?. 

2 

(21)    Since  the  product  of  the   extremes  is  equal  to  the 
product  of  the  means, 

07 
12  —  07=4  X  -  =  207; 

2  ' 

.'.  (17)  by  transposition,  12  =  207  +  07  =  307, 

12 

and  (18.  Cor.  2.)  —  =  4  =  07. 
^  ^  3 

507  +  4         18  "*  0? 

25.  Given  — - —  :  : :  7  :  4,  to  find  the  value  of  o?. 


\ 
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^^     ^.  a*—zbx        ,,     ,        6&a?  — 5a*     ix+4a 

20.    Given  ax ab^=^bx  -{ . 

a  2a  4 

to  find  the  value  of  x. 

(i8.  Cor.  1.)  multiplying  by  4a,  the  least  common  multiple 
of  the  denominators^ 

4a'a?  —  4a*  +  I2bx  —  4a*i*  =  Aabx  -f  \2bx  —  loa*  —  abx  —  4a*; 

.'.   (17.  Cor.  3.)  Aa^x  —  4a* i*  =  zabx  —  10a* ; 

by  transposition,  (4a*  —  3ai)  .a?  =  4a*6*  —  10a*; 

(is.  Cor.  2.)  (4a  —  3&)  .a?  =  4a A*  —  10a; 

4ai*—  10a 


•  %  X  — 


4a  —  3i 


21.  Given = -•  to  find  the  value  of  x* 

2)  4a?— 11      3 

Multiplying  both  sides  of  the  equation  by  21, 

2\x  +  168 

7^+16 =  1x\ 

4^—11 

/  w    /^  \      ^        21.2?  +  168 

.".    (17.  Cor.  3.)  16  = ; 

^  '  4^—11 

.•,    (l8.  Cor.  1.)  64^  —  176  =  210?  +  168 ; 

.".   (17)  by  transposition,  640?  —  210?  =  168  -f  176, 

or  434?  =  344 ; 

.'.    (18.  Cor.  2.)  X  = =  8. 

^  '  43 

i-.-  60?  +  7    .   70?— 13        2d?  +  4       ^      a    A    ^\.  1 

22.  Given V- — ; — = ,   to  find  the  value 

9  60?  -f  3  3 

of  X. 

Multiplying  both  sides  of  the  equation  by  9, 

210?  — 39      ^     . 

fi^  +  ^  +  -:; — r-:-  =  ^  +  12; 

20?  -f  1 
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/.  (18.  Cor.  1.)  21a?  —  39  =  10a?  +  6  ; 

.'.  (17)  by  transposition^  21a?  —  lOo?  =  39  +  6, 

or  J 10?  =  44; 

44 
.'.  (18.  Cor.  2.)  ^  =  —  =  4. 
^  ^  11 

28.    Given 1 = ,  to  find  the  value 

9  5a?  —  12  18      ' 

of  0?. 

Multiplying  both  sides  of  the  equation  by  18^ 

.    ^        126^—  522 

8a?  +  6  H =  8a?  +  19; 

5a?  —  12  ' 

,  ^    ^  V   126a?—  522 

.*.   (ir.  Cor.  3.) =  13, 

"^  '     5a?—  12  ' 

and  (l8.  Cor.  1.)  126a?  —  622  =  65a?  —  156  ; 
(17)  by  transposition,  61  a?  =  366; 

/      i-i         \  366       ^ 

.%  (l8.  Cor.  2.)  a?  =  ——  =  6. 
^  '  61 

a? 

24.  Given  12  —  a?  :  -  ::  4  ;  1,  to  find  the  value  of  a?. 

2 

(21)    Since   the  product  of  the   extremes  is  equal  to  the 
product  of  the  means, 

a? 
12  —  a?  =  4  X  -  =  2a?; 

2  ' 

.".  (17)  by  transposition,  I2  =  2a?  +  a?  =  3a?, 

12 
and  (18.  Cor.  2.)  —  =  4  =  a?. 
^  '  3 

5a?  -f-  4       18  ~~~  a? 

25.  Given  — - —  :  : :  7  :  4,  to  find  the  value  of  a?. 
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(21)  — ^—  X  4  =  —J—  X  7, 

126  —  707 

or  1007  -f  8  = ; 

4  ' 

.".  (i8.  Cor.  2.)  4007  -f  32  =  126  —  7^; 
/.  (17)  by  transposition^  4007  +  707  =  126  •—  32, 

or  470?  =  94 ; 

_  94  _ 

47 

26.  Given  y/  (407  +  16)  =  12,  to  find  the  value  of  0?. 
(19)  squaring  both  sides  of  the  equation,  407  +  16  =  144 ; 

.'.  (17)  by  transposition,  407  =  144  —  16  =  128 ; 

/        n           \             128 
.'.    (18.  Cor.  2.)  07  •= =  32. 

^  '  4 

27.  Given  ^  {2x  -f  3)  -f  4  =  7,  to  find  the  value  of  0?. 
(17)  by  transposition,  y/  (207  +  3)  =  7— 4  =  3; 

.'.  (19)  cubing  both  sides  of  the  equation,  207  4-  3  =  27; 
.'.  (17)  by  transposition,  207  =  27  —  3  =  24, 

and  (is.  Cor.  2.)  0?  =  —  =  12. 
^  '  2 

28.  Given  y/  (12  -f  07)  =  2  -f  v/  0?,  to  find  the  value  of  0?. 

(19)  squaring  both  sides  of  the  equation, 

12-f0?=:4  -f4v/o7-f07; 

.•.  (17.  Cor.  3.)  8  =  4  \/o7; 
and  (i8.  Cor.  2.)  2  =  v/  0? ; 

.',    (19)   4  =0^. 

29.  Given  y/  (07  +  40)  =  10  —  \/  0?,  to  find  the  value 
of  x. 
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(19)  squaring  both  sides  of  the  equation, 

a?  -f  40  =  100  —  20  v/a?  +  0?; 

.'.  (17.  Cor.  3.)  20  v/ a?  =  100  —  40  =  60, 

and  (19.  Cor.  2.)  \/  a?  =  3 ; 
.".  (19)  x  =  9. 

30.     Given  v/  (a?  —  16)  =  8  —  \/^j  to  find  the  value  of  x. 
(19)  squaring  both  sides  of  the  equation, 

a?  —  16  =  64  —  16  \/lc  +  a?; 

/.  (17.  Cor.  3.)  16  v/^=  64  +  16  =  80; 

.'.  (18.  Cor.  2.)  v/  ^  =  5, 
and  (19)  J?  =  25. 

81.  Given  v/  (a?  —  24)  =  \/^  —  2,  to  find  the  value  of  a?. 
(19)  squaring  both  sides  of  the  equation, 

0?  —  24  =  07  —  4  \/~x  +  4 ; 

.'.  (17.  Cor.  3.)  4  v/  07  =  24  +  4  =  28 ; 

.-.  (18.  Cor.  2.)  v/o?  =  7, 
ai:d  (19)  0?  =  49. 

82.  Given  \/  (0?  r-  o)  =  v/  0?  —  J  \/  a,  to  find  the  value 
of  0?. 

(19)  squaring  both  sides  of  the  equation, 

a?  —  o  =  a?  —  v^  ao?  +  ia; 

.-,  (17.  Cor.  3.)  \/  ao?  =  a  -f  Ja  =  — ; 

4 

(19)  ax  =  —; 

t        r<  \  25a 

.'.  (18.  Cor.  2.)  0?  =  ——. 
^  '  16 

88.     Given  \/l  x  v/  (a?  -f  2)  =  v/1^  +  2. 
(19)  squaring  both  sides  of  the  equation. 
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54?  -f  10  =  54?  -f  4  \/Tx  +  4 ; 
.\  (l7.  Cor.  3.)   10  —  4  =  6  =  4  v/  64?; 

.'.  (i8.  Cor.  2.)  -  =  -  =  \/J^3 

^  ^42 

9  *" 

and  (19)  -  =  54?; 

.•.  (18.  Cor.  2.)  —  =  4?. 

^  ^  20 

84.    Given  v/  (4a  -f  4?)  =  2  v/  (i  +  4?)  —  v/4?,  to  find  the 
value  of  4?. 

(19)  squaring  both  sides  of  the  equation, 

4a  +  a?  =  4  .  (A  +  4?)  —  4  v/  (A^  +  ^)  +  ^; 
^(17.  Cor.  3.)  4a  4-  4  v/  (*4?  +  4?*)  =  4  .  (A  +  4?) ; 

(i8.  Cor.  2.)  a  +  v/  (*4?  +  4?')  =  A  +  4?; 

(17)  by  transposition,  v/  (A4?  +  4?')  =  i  —  a  +  4? ; 

(19)  A4?  +  4?"  =  (A  —  o)'  +  2  .  (A  —  a)  .  4?  +  4?*; 

(17.  Cor.  3.)   (2  a  —  A)  .  4?  =  (A  —  ay ; 

.-.  (is.  Cor.  2.)  4?  =  -^ z-  • 

^  '  2a  —  A 

35.  Given  4?  +  a  4-  v/  (2a4?  +  4?*)  =  A,  to  find  the  value  of  x. 

(17)  by  transposition,  \/  (204?  +  4?')  =  A  —  a  —  4?; 
and  (19)  squaring  both  sides, 

2a4?  +  4?*  =  (A  —  a)"  —  2  .  (A  —  a)  .  4?  +  4?»; 
/.  (17.  Cor.  3.)  2a4?  +  2  .  (A  —  a)  .  4?  =  (A  —  a)*, 

or  2A4?  =  (A  — a)*; 

/.  (is.  Cor.  2.)  4?  =        ,      . 


1 
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86.  Given  -  . = to  find  the  value  of  x. 

\/  X  X 

Multiplying  both  sides  of  the  equation  by  v^^ 

X 

a?  —  ao?  =  -  =  1, 

X 

(i  —  a)  .  a?  =  1, 
and  (i8.  Cor.  2.)  x  = . 

Ky    X  ^  28         K^  X  -4-  38 

87.  Given  ^ . =  ^-7=. ^  to  find  the  value  of  a?. 

(18.  Cor.  1.)    multiplying  both   sides  of  the   equation  by 
(\/T+  4)  X  (v/"^+  6), 

X  +  34V^^+  168  =  0?  -f  42V^+  152; 

.•.   (17.  Cor.  3.)  taking  {x  4-  34V^^-f  152)  from  each  side  of 
the  equation, 

16  =  %s/^\ 
.\   (i8.  Cor.  2.)  2  =  \/1p; 

.'.    (19)  4=X.    , 
KY    X  "^   2fl  K/    X  ^r  Act 

88.  Given  -^^7= =  ^^7^== ^>  to  find  the  value  of  x. 

s/  X  •\-  b        v^+3J 

(i8.  Cor.   1.)    multiplying  both   sides  of  the  equation  by 
(v^+ A).(v^+  34), 

X  +  (2a  +  3i)  .  \/^+  6oi  =  a?  -f  (40  +  i).  V^+  4ai; 
.'.   (17.  Cor.  3.)  (20  —  2i)  .  \/^=  2ai, 

or  (i8.  Cor.  2.)  s/lc  — r ; 


•••   ('9)  ^  =  (s?!-*)'- 
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39.  Given  V^Zl*  =  3vA«^-2&    ^  ^^^  .^.^  ^31^, 

of  0?. 

(18.  Cor.  1.)    multiplying  both   sides  of  the  equation  by 
{>/~ax  +  h)  .  {^s/  aoG  +  5  J), 

3aa?  +  <ih\/  ax  —  6^  =  3aa?  +  bs/  ax  —  2A*; 
/.   (17.  Cor.  3.)  i\/"a^=3y5 
(i8.  Cor.  2.)  \/  o^  =  3 J; 
(19)  squaring  both  sides^  a.r  =  9  A', 

and  (18.  Cor.  2.)  x  =  -— . 

40.  Given    '  ^  '    =  1  4-  v^^Hi,  to  fipd  the  value 

v/3a?  +1  2 

of  57. 

Since  3^  —  1  =  {s/^i  +  1)  x  (\/3a7  —  1) ; 


3a?  —  I 


=  s/^  —  1; 

zx  +  1 

\/2X  —  1 


.'.  y/^x  —  1  =  1  H- 


2         ' 


and  (17.  Cor.  3.)  taking  ^ from  each  side, 

s/'^x  —  1 

^ =  l; 

2 

.-.   (18.  Cor.  1.)  y/^x  —  1  =  2; 

.•.   (»7)  by  transposition,  s/Tx  =  2  +  1  =  3; 

.-.   (19)  squaring  both  sides,  3a?  =  9, 

9 
(18.  Cor.  2.)  a?  =  -  =  3. 

^  '  3 

41.     Given  ^^^IZ  ^'    =  c  +  s/^^-^^  to  find  the  value 

s/  ax  ■\'  h  c 

of  X,  m 
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Since  ax  —  V  z=.  (v/^  +  b)  .  {y/^  —  b) ; 

ax  —  b^    __      

•*•  ~y —  .    ,  —  \/ax  —  b ; 
\/  ax  •\-  b  ' 

/ r  ,    \/  ax  —  b 

c  ' 

and  taking "^^  from  each  side, 


.  (v/  007  —  i)  =  c, 


and  (i8.  Cor.  i.)  ^  ax  —  b  =?  — — ; 


by  transposition,  y/  ax  =  J  -f     ^ 


c-i' 


(19)  squaring  both  sides,  ax^lb  H — — - )  • 

•'.   (is.  Cor.  2.)  0?  =  -  .  ( A  H — —S  . 

a     \        c^xj 

42.     Given  x  ^  ^  {a"  ^  x  y/  {V  •{•  x")}  -  a,  to  find  the 
value  of  X. 

(17)  by  transposition,  a?  +  c  =  y/  Jo*  +  a?  y^  (A«  +  a?*)} 

.".  (19)  squaring  both  sides,  ^'  +  2aa?  +  a'  =  a"  +  a?  y/  (A*  +  ^') ; 

(17.  Cor.  3.)  x^  4-  ^ax  =  a?y/  (i'  -f  a?*) ; 

(18.  Cor.  2.)  0?  +  2a  =  y/  (A'  4-  ^') ; 

and  (19)  squaring  both  sides,  a;^  -f  4   a^  +  4a*  =  i'  +  a?* 

.'.   (17.  Cor.  3.)  4aa?  +  4  a*  =  i' ; 

(17)  by  transposition,  4  a  a?  =  A*  —  4  a" ; 

/      /-I         X  A*  —  4a' 

.".  (is.  Cor.  2.)  X  = . 

^  '  4a 

c  2 
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43.  Given  y/  (2  +  ^)  +  \/"^=  ^  (^^^  ^)    ^  ^^^  ^^^ 

value  of  X. 

(18.  Cor.  1.)  2  +  ^  +  v/  (2a?  +  a?')  =  4 ; 

.-.  (17)  by  transposition,  y/  (2.r  +  a?')  =  4  — .  2  —  ^  =  2  —  a?, 

and  (19)  squaring  both  sides,  24?  +  ^*  =  4  —  4a?  H-  a?' ; 

/.   (17.  Cor.  3.)  6a?  =  4  ; 

.-.   (18.  Cor.  2.)  a?  =  -  =  -. 

44.  Given  y^  (^  +  a?)  +  \/T=     y  /^  ^  ^x5  to  find  the 

value  of  a?. 

(18.  Cor.  I.)  6  +  0?  +  v/  (5^  +  ^')  =  15 ; 
.'•  (17)  by  transposition,  y/  (5a?  +  a?')  =  15  —  5  —  a?  =  10  —  ar, 
and  (19)  squaring  both  sides,  5a?  +  a?*  =  100  —  20a?  +  a?*; 

.'.    (17.  Cor.  3.)  25a7=:ioo; 

/      /^         N  100 

/.   (18.  Cor.  2.)  a?  = =  4. 

^  ^  25 

45.  Given^(a?  +  v/i)  -  v/ (^  -  v/^)  =  ^v/'v^-f^). 
to  find  the  value  of  a?. 

(18.  Cor.  1.)  a?  +  v/T—  v/  (^'  —  ^)  =  — ^ — ; 

\x  a? 
/.  by  transposition,  a? —  =  y/  (^  —  a?), 

and  (i8.  Cor.  2.)  v/i  ^  i  =  v/  (•»?  —  1) ; 
(19)  squaring  both  sides,  a?  —  \/a?  +  i  =  a?  —  1 ; 

.-,    (19.  Cor.  3.)  \/a?  =  -; 

25 


and  (19)  squaring  both  sides,  a?  = 


16 
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^.     Giveni  +  i  =  V^±.  +  ^^  +  ^,tofindthe 
value  of  X. 

(19)  squaring  both  sides, 

ai"^  ax^  a'"^  a'^  \/     V?P  "^  W  * 

•••("•C-3.)^  +  i=^(^  +  |.> 

.'.    (19.)  squaring  both  sides  i-  +  i-  +  -i-  =  A-  +  — ' 

x^       ax      o"       a^       a^^ 

-(17.  Cor. '3.)  —  =  -?r: 

(l8.  Cor.  2.)  -  =  -; 
*  a      x^ 

.%   (18.  Cor.  J.)  ^  =  2a. 


SECTION  II. 


On  the  Solution  of  Simple  Equations  which  involve  more  than 

one  unknown  Quantity, 

(23.)  If  the  equation  involve  several  unknown  quantities^ 
and  definite  values  of  these  are  required,  there  must  neces- 
sarily be  as  many  independent  equations  as  there  are  unknown 
quantities.  In  which  case,  the  values  will  be  found  by  exter- 
minating all  the  unknown  quantities  except  one;  and  this 
may  be  done  by  either  of  the  three  following  methods : 

1,  By  equalizing  the  coefBcients  of  the  same  unknown 

quantity  in  the  several  equations. 

2.  By  substitution. 

•     3.     By  equating  different  values  of  the  same  unknown 
quantity. 

1.  Of  exterminating  an  unknown  quantity  by  the  first  method 
in  equations  where  two  unknown  quantities  are  con- 
cerned. 

If  the  coefficient'  of  either  unknown  quantity  in  one 
equation  be  contained  a  certain  number  of  times  exactly  in 
the  coefficient  of  the  same  unknown  quantity  in  the  other, 
multiply  the  former  equation  by  that  number,  then  add  it 
to,  or  subtract  it  from,  the  other  equation,  according  as  the 
signs  are  different  or  the  same,  and  an  equation  arises,  in 
which  only  one  unknown  quantity  is  found. 
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*    _  \      Here  the  coefficient  of  x  in  the 

and  4y  +  <r  =  16J 

second  equation  is  contained  4  times  exactly  in  the  first ; 
multiplying  therefore  the  second  equation  by  ^,  and  sub- 
tracting the  first  from  it, 

AX  4-  i6y  =  64, 
and  40?  +  y      =  34; 

/.   I5y       =  30,  and  y  =  2. 

Having  thus  obtained  a  value  of  one  of  the  unknown  quan- 
tities, the  other  may  be  determined  by  substituting  in  either 
equation  the  value  of  the  quantity  found,  and  thus  reducing 
the  equation  to  one  which  contains  only  the  other  unknown 
quantity.  Thus,  from  the  second  of  the  preceding  equations, 
^  =  16  —  4y  =  16  —  8  =  8. 

The  values  of  x  and  y  might  be  found  in  a  similar  manner, 
by  multiplying  the  first  equation  by  4,  and  subtracting  the 
second  from  it. 

But  if  neither  of  the  coefficients  be  a  measure  of  the 
coefficient  of  the  same  unknown  quantity  in  the  other  equa- 
tion, multiply  the  first  equation  by  the  coefficient  of  one  of 
the  unknown  quantities  in  the  second  equation,  and  the 
second  equation  by  the  coefficient  of  the  same  unknown  quan- 
tity in  the  first.  If  the  signs  of  the  unknown  quantity  be 
alike  in  both,  subtract  one  equation  from  the  other ;  if  unlike, 
add  them  together,  and  an  equation  arises  in  which  only  one 
unknown  quantity  is  found. 

Thus,  if  2a?  +  3y  =  231     ,      ,  .  .  ,         .    ,  ^ 

-  !>     In  this  case  neither  of  the  coem- 

and  5a?  —  2y  =  loj 

cients  is  a  measure  of  the  coefficient  of  the  same  unknown 

quantity  in  the  other  equation ;  and  therefore,  multiplying  the 

first  equation  by  2,  and  the  second  by  3, 

4ir  +  6y  =  46, 
and  \sx  —  6y  =  30; 

.'.  by  addition,  iga?  =  76,  and  ^r  =  4; 
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whence,  as  before,  3y  =  23  —  2ar  =  23  —  8  =  15, 

and  y  =  5. 

The  values  of  x  and  y  might  also  be  obtained,  by  multiplying 
the  first  equation  by  6,  and  the  second  by  2,  and  then  sub- 
tracting the  second  from  the  first, 

2.    By  substitution. 

Find  the  value  of  one  of  the  unknown  quantities,  in  terms 
of  the  other  and  known  quantities,  in  the  more  simple  of  the 
two  equations ;  and  substitute  this  value  instead  of  the  quan- 
tity itself  in  the  other  equation ;  thus  an  equation  is  obtained 
in  which  there  is  only  one  unknown  quantity. 

Thus  in  the  first  of  the  preceding  examples  ;  from  the 
second  equation,  a?=i6  —  4y;  substituting  therefore  this  value 
of  X  in  the  first  equation, 

4  .  (16  —  4y)  +  y  =  34, 
•     or  64  —  I6y  +  y  =  34 ; 

.*.   by  transposition,  (64  —  34  =  )  30  =  I5y, 
and  therefore  2  =  y ; 
whence,  as  before,  ^  =  a. 

Here  a  value  of  x  might  have  been  obtained  from  the  second 
equation,  and  substituted  for  it  in  the  first;  whence  an  equa- 
tion would  have  arisen,  involving  only  y ;  the  value  of  which 
being  found,  that  of  x  also  might  be  determined,  as  before,  by 
substitution. 

Or  a  value  of  y  might  be  determined  from  either  equa- 
tion, and  substituted  in  the  other;  from  which  would  arise 
an  equation  involving  only  x^  the  value  of  which  might  be 
found;  and  therefore  the  value  of  y  also  might  be  obtained 
by  substitution. 

Again,  in  the  second  example;  from  the  first  equation  is 
obtained 

2^  =  23  —  3y ;  and  therefore  x  = ; 
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substituting  therefore  this  value  in  the  second  equation^ 

23—  sy 

5  . —  2y  =  10, 

2  ^         ' 

or  116  —  I5y  —  4y  =  20 ; 
.*.  by  transposition,  116—  20  =  ]5y  +  4y, 

or  95  =  I9y; 
/.  6  =  y, 

J  23  —3y        23  —  15         8 

and  X  = = =  -  =  4. 

2  2  2 

Here  also  a  value  of  x  might  be  obtained  from  the  second 
equation,  and  substituted  in  the  first,  which  would  give  an 
equation  involving  only  y;  or  sl  value  of  y  might  be  obtained 
from  either  equation,  which  substituted  in  the  other  would 
give  an  equation  involving  only  3P ;  the  value  of  which  might 
therefore  be  found,  and  consequently  that  of  y  might  also  be 
determined. 

3.     By  equating   difierent  values   of  the   same  unknown 
quantity. 

From  each  equation  find  the  value  of  the  same  unknown 
quantity  in  terms  of  the  other  and  known  quantities;  then, 
by  equating  the  values  so  found,  an  equation  arises  containing 
only  one  unknown  quantity. 

Thus  in  the  first  of  the  preceding  examples ;  from  the  first 
equation,  y  =  34  —  4  a?, 

and  from  the  second  equation,- 

4y  =  16  —  a? ;  and  therefore  y  = ; 

4 

16  —  a? 

.•.  =  34  —  4a? ; 

4  ' 

consequently,  16  —  ^  =  136  —  \6x; 
.'.  by  transposition,  i6a?  —  a?  =  136  —  16, 

or  15a?  =  120; 

»  »   fXf   —  o, 

and  y  =  34  —  4a?  =  34  —  32  =  2,  as  before. 
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In  this  case  also,  two  values  of  x  are  deducible  from  the  two 
equations,  which  would  give  an  equation  involving  y  only; 
and  the  value  of  y  being  determined,  that  of  x  might  also  be 
found. 

Again,  in  the  second  of  the  preceding  examples ; 

23  ■—  3  2/ 

from  the  first  equation,  x  = ^, 

and  from  the  second,  x  = -i 

io  +  2y_23  — 3y 

6  2         ' 

and  20  +  4y  =  115  —  I6y; 

by  transposition,  4y  +  i5y=ii5  —  20, 

or  igy  =  96 ; 

.-.  y  =  5,  and  ^  =  4,  as  before. 

Here  again  two  values  of  y  might  have  been  found,  which 
would  have  given  an  equation  involving  only  x\  and  from 
the  solution  of  this  new  equation,  a  value  of  a?,  and  therefore 
of  y,  might  be  found. 

Examples. 

1.     Given  5^  +  4y  =  58")        «    ,   , 

J         .  >  to  find  the  values  of  x  and  y. 

and  3<r  +  7y  =  67j 

Multiplying  the  second  equation  by  6,  and  the  first  by  3, 

nx  +  35y  =  335, 

and  \bx  -h  I2y  =  174; 


/.  by  subtraction,       23 y  =  I6l, 

and        y^7i 
whence,  5^  =  5S  —  4y  =  68  —  28  =  30, 
and  therefore  ^  =?  6. 
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If  the  second  equation  had  been  multiplied  by  4,  and  sub- 
tracted from  the  first  when  multiplied  by  7,  an  equation 
would  have  arisen,  involving  only  Xy  the  value  of  which  might 
be  determined,  and  thence,  by  substitution,  the  value  of  y. 

Second  Method, 
From  the  second  equation,  30?  =  67  —  7y; 

3 

Substituting  this  value  of  x  in  the  first  equation, 

67  — 7y 
6  .  — ^  +  4y  =  58, 

and  335  —  35y  +  I2y  =  174 ; 
.*.  by  transposition,  335  —  174  =  35y  —  I2y, 

or  161  =  23y; 

.-.  7  =  y; 

whence,  as  before,  the  value  of  ^  may  be  found.  In  the 
same  manner,  a  value  of  <r  might  be  found  from  the  first 
equation,  which  substituted  in  the  second,  would  give  an 
equation  involving  only  y.  Or  a  value  of  y  might  be  obtained 
from  either  equation,  and  substituted  for  it  in  the  other; 
whence  an  equation  would  arise  involving  only  57,  the  value 
of  which  might  be  found,  and  therefore  that  of  y  also  deter- 
mined. 

T7iird  Method, 
From  the  first  equation,  5j?  =  58  —  4y; 

58  — 4y 
5 

From  the  second,  x  = . 

^  3 

58  — 4y  _67'-7y 

5  3 

and  174  —  I2y  =  335  —  35y; 
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by  transposition^  zsy  —  i2y  =  335  —  174, 

or  23y  =  161; 

/.  y  =  7; 
whence,  as  before,  x  ^=^6. 

In  this  case,  two  values  of  y  might  be  deduced  from  the 
two  equations;  and  from  equating  these,  there  would  arise 
an  equation  invohdng  x  only ;  whose  value  being  found,  that 
of  y  also  might  be  determined  by  substitution. 

2.     Given  aa?  +  *y  =  ml 

,  ^  to  nnd  the  values  of  x  and  t/. 

ex  -\-  ay  ^=  n  }  ^ 

Multiplying  the  first  equation  by  c,  and  the  second  by  a, 

acx  +  bey  =  mc, 
acj?  +  ady  =  na ; 

/.  by  subtraction,  {ad  —  be) .  y  =  na  —  mCy 

na  —  me 


and  y  = 


ad  --  be  ^ 


V  m       by      m       nab  —  wAc 

whence  ^= ^  = r-5 ; — 9 

a        a        a         ard  —  abe 

^mad—mbc      nab  ^  mbc 
~    d'd  —  aAc        a*rf  —  abc' 

^  mad  —  na  J  _  wrf  —  nft 
^    a^d  —  a6c  "^  ad  —  be' 

Or  the  value  of  ^  might  be  determined  from  the  second 

..               n      dy 
equation,  x  = -. 

If  the  first  equation  had  been  multiplied  by  rf,  and  sub- 
tracted from  the  second  multiplied  by  A,  an  equation  would 
have  arisen  involving  only  x^  the  value  of  which  might  be 
determined ;  and  this  being  substituted  in  either  of  the  equa- 
tions, the  value  of  y  might  also  be  found. 
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Second  Method, 
From  the  first  equation^  ax  =  m  —  by ; 

and  /.  X  = 


a  ! 


I 


Substituting  this  value  of  x  in  the  second  equation^ 

m  —  by        , 

.•.  mc  —  bey  -f  ady  =  «», 

and  {ad  —  be)  .y  ==  an  —  mc ; 

an  —  mc 

•'•  ^  "Vd^^Tbi' 

whence,  the  value  of  x  may  be  determined,  as  before. 

In  the  same  manner,  a  value  of  x  might  be  found  from  the 
second  equation,  which  substituted  in  the  first  would  give 
an  equation  involving  only  y,  the  value  of  which  being  found, 
that  of  X  might  also  be  determined.  Or,  a  value  of  y  might 
be  obtained  from  either  equation,  which  substituted  in  the 
other  would  give  an  equation  involving  only  x,  the  value  of 
which,  and  consequently  that  of  y,  might  be  found. 

Third  Method. 
From  the  first  equation,  x  = , 

and  from  the  second,  x  = ; 

'  c       ' 

m  —  by n  —dy  ^ 

a  c 

and  mc  —  bey  ^=z  na  —  ady ; 

.'.  by  transposition,  ady  —  bey  ^  na  —  mc; 

na  — mc 
'*'  ^  ""  ad -be  ' 

,  ,    /.  md — nb 

whence,  as  before,  x  =  — -z — r- . 

ad  — be 
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In  this  case^  two  values  of  y  might  be  deduced  from  the 
two  equations ;  and  from  equating  these,  there  would  arise 
another  equation  invoh-ing  only  x^  the  value  of  which  being 
determined,  that  of  y  also  might  be  found  by  substitution. 

.  >  to  find  the  values  of  x  and  v. 

and    4a?— 7y  =  4    J 

Multiplying  the  first  equation  by  7,  and  the  second  by  3, 

77X  +  2iy  =  700, 
and  125?  —  2iy  =    12; 


/•  by  addition,  89a?      =  712, 

and  0?  =  8 ; 
whence  3y  =  100  —  \\x  =  100  —  88  =  12; 

•*.  y  =  4. 


4.     Given  -  +  ^  =  7 

2  3 

and  -  +  2.  =  8 

3  2 


"  to  find  the  values  of  x  and  y. 


(i8.  Cor.  1.)  clearing  the  equations  of  firactions,  by  mul- 
tiplying each  by  6, 

34?  -I-  2y  =  42, 

and  2^  -f  3y  =  48; 

and  as  the  coeiBcients  in  this  case  are  not  aliquot  parts,  mul- 
tiplying the  first  by  3,  and  the  second  by  2 ; 

.•.  9^  +  6y  =  126, 

and  40?  -f  6y  =  96; 


.•.  by  subtraction,       5  a?      =30, 

and  a?  =  6 ; 
whence  2y  =  42  —  3a?  =  42  —  is  =  24, 

and  y  =  12. 
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IV* 

5.     Given  — |-  7y  =  99 


^H- 707=  51  I 


and-  H-  7^ 


to  find  the  values  of  x  and  y. 


(i8.  Cor.  1.)  multiplying  each  equation  by  7, 

/.  0?  +  49y  =   693, 
and  490?  +  y  =    357 ; 

/.  by  addition^  500?  -f  soy  =  1050, 

and  /.  0?  +  y  =  21 ; 
but  since  a?  +  49y  =  693, 

subtracting  the  upper  equation  from  the  lower, 

48y  =  672 ; 

/.  y  =  14, 

whence  0?  =  21  —  y  =  21  —  14  =  7. 


6>-^»           M?  ~p  2 
.     Given (-    8y  =    31 

3  ^ 

and^ +  100?  =  192 

4 


to  find  the  values  of  0?  and 

y- 


Clearing  the  first  equation  of  fractions, 

0?  +  2  +  24y  =  93 ; 

.'.  by  transposition,  o?  +  24y  =  91. 

Clearing  the  second  equation  of  fractions, 

y  +  5  -f  400?  =  768 ; 

/.  by  transposition,  400?  +  y  =  763. 

Multiplying  the  first  equation   by   40,   and    subtracting    the 
second  from  it, 

400?  +  96oy  =  3640; 

400?  +  y       =    763 ; 

.-.  959 y       =  2677, 
and  y  =  3 ; 
.-.  a?  =  91  —  24y  =  91  —  72  =  19. 
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7.     Given -^  +  u  = 

2 

,  2y  +  a: 
and-^— i^ —  +  16  = 


18 


'' 


to  find  the  values  of  ^  and  y. 


By  transposition^ =  4,  from  the  first  equation, 

and  /•  2a?  —  y  =  8, 
Also,  — =  3,  fix)m  the  second  equation, 

and  /.  2y  +  ^  =  9; 
which  multiplied  by  2,  gives  2*1?  +  4y  =  18; 

but  2  J?  —  y  =    8 ; 


/•  by  subtraction,      5y  =  lo, 

and  y  =  2, 
whence  ^  =  9  —  2y  =  9  —  4  =  5. 


o      ^.        20?  +  3y       X 
8.    Given  — ^ — ^  +  -  =   8 

6  3 

J  7y  —  3a? 

and -^ y  ^  II 

2  ^ 


to  find  the  values  of  0?  and  y. 


Clearing  the  first  equation  of  firactions,  20?  +  3y  +  20?  =  48, 

or  40?  +  3y  =  48; 
and  clearing  the  second  of  fractions,  7y  —  3o?  —  2y  =  22, 

or  5y  —  30?  =  22. 

Multiplying  this  by  4,  and  the  preceding  one  by  3, 

9y  +  120?  =  144, 

and  2oy  —  120?  =    88; 


/.  by  addition,       29y     =  232, 

and  y  =  8, 
whence  40?  =  48  —  3y  =  48  —  24  =  24, 

and  a:  :=  6. 
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9.    Given  3a?  -f  —  =  22 

2 

Ojff 

and  \\y =  20 

^        5 


>  to  find  the  values  of  a?  and  y. 


Clearing  the  first  equation  of  fractions,  6^  +  7y  =  44 ; 
but  firom  the  second,  55y  —  2a?  =  100. 
Multiplying  this  last  by  3,  i65y  —  6^  =  300, 

but  7y  +  6a?  =   44 


/.  by  addition,     i72y  =  344, 

and  y  =  2. 

Now  607  =  44  —  7y  =  44  —  14  =  30  ; 

/.    a?  =  6. 

10.    Givena?  +  i:y::5:3  1  to  find  the  values  of 

and  —  -  5^:^  =  —  -  ^^-^  (       ^  and  y. 
3  2  12  4      J 

From  the  second  equation,  (is.  Cor.  1.)  multiplied  by  12, 

80?  —  30  +  6y  =  41  —  607  +  3 ; 

.*.  by  transposition,  140?  +  6y  =  74, 

and  70?  +  3y  =  37. 

But  from  the  first  equation,  5y  =  30?  +  3, 

or  5y  —  30?  =  3. 

Multiplying  this  equation  by  7,  35y  —  210?  =    21, 

and  the  former  by  3,    9y  +  210?  =  in ; 


.-.  by  addition,    44y  =  132  5 

and  y  =  3 ; 

.'.  0?  +  1  =  —  =  6,  and  07  =  4. 

3 
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11.     Given 


a?  —  2        10  ""  ^  _  y  "^  IQ 


3 


3 

8 


4 

a?  -f  13 


to  find  the  values 
of  J?  and  y. 


(l8.  Cor.  1.)  multiplying  the  first  equation  by  60, 

12a?  —  24  —  200  -f  20^  =  15y  —  150 ; 

and  by  transposition,  32^  —  I5y  =  74. 

Also  (i8.  Cor.  1.)  multiplying  the  second  equation  by  24, 

i6y  +  32  —  6a?  —  3y  =  65?  -f  78 ; 
.•.   by  transposition,  I3y  —  12a?  =  46. 

Now  the  coeflScienls  of  x  have  aliquot  parts  ;  multiplying  there- 
fore this  by  8,  and  the  preceding  by  3, 

I04y  —  96a?  =  368, 

and     963!^  —  45y  =  222  ; 

/.  by  addition,  59y     =  590;  and  y  =  10; 
and  320?  =  i5y  +  74  =  150  -f-  74  =  224; 

•  •  «?  ^—  /  • 


TO       /^»  a?H-3        ^        3a?  —  21/ 

12.     Given  2y —  =  7  + 

4  5 

J  8  — y         ,      2a?  -f  1 

and  4a? ^  =24i — 

3*2 

(18.  Cor.  1.)  jfrom  the  first  equation, 


to  find  the  values 
of  a?  and  y. 


40y  —  5a?  —  15  =  140  +  12a?  —  sy ; 
.*.   by  transposition,  48  y  —  17a?  =  155, 
and  from  the  second  equation, 

24a?  —  16  +  2y  =  147  —  6a?  —  3 ; 
.".  by  transposition,  30a?  +  2y  =  160. 
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Multiplying  this  by  24,  48y  +  720 a?  =  3840 ; 

but  48y  —    174?=    155; 

/.   by  subtraction,        737a?  =  3685, 

and  0?  =  5, 
and  2y  =  160  —  30x  =  160  —  150  =  10; 

/.  y  =  6. 

18.     Given  ^^5^1=^=  I -i±y +^=2^1 

18  36  3  6      }.  to 

J 


find  the 


and  X  :  3y  :;  4  :  7 
values  of  x  and  y. 

Reducing  the  first  equation  to  lower  terms, 

y      43?  —  1  _  ^  _  4-fy     ^  — y; 

9  18  3  6 

and  therefore  (18.  Cor.  1.)  multiplying  by  18, 

2y  —  4ar  +  1  =  18  —  24  —  6y  +  30?  —  3y ; 

/.  by  transposition,  7  =  7a?  —  11  y. 
But  from  the  second  equation,  7a?  =  I2y. 
Substituting  therefore  this  value  in  the  preceding  equation, 

7  =  i2y  —  iiy  =  y, 

and  therefore  a?  = — -  =  12. 

7 


IE 

14      r.-  3y  —  2  +a?       ,    ,   ^^^"^  3 

14.     Given  a?  —  -^ =  1  H 

11  33 

A  3^  +  2y  _  y  —  5  _  ua?  -f-  152  ^  3y  +  1 
6  4      "^        12  2 

find  the  values  of  a?  and  y. 

(l8.  Cor.  1.)  multiplying  the  first  equation  by  33, 

33a?  —  9y  +  6—  30?  =  33  +  150?  +  -2-; 

3 

D   2 


to 
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by  transposition^  I5a?  —  9y  —  27  -f  -^; 

/.   460?  —  27y  =  81  +  4y, 
and  45J?  —  3iy  =  8i. 

(l8.  Cor.  1.)  multiplying  the  second  equation  by  12, 

6a?  -f  4y  —  3y  -h  15  =  iia?  +  152  —  I8y  —  6 ; 

.'.  by  transposition,  igy  —  5a?  =  131. 

Multiplying  this  by  9,  I7iy  —  450?  =  1179; 

but  450?  —  3iy  =     81 ; 


/•  by  addition,  I40y  =  1260 ; 
and  50?  =  I9y  —  131  =  171  —  131  =  40; 

•  •    0?  ^5-  a« 


-K        m-         80  +  30?  1  40?  +  3y  —  8 

15.     Given =  is • — ^ 

15  3  7 

J  .   60?  —  35 

and  \oy  -\ =  55  +  100? 

5 


to  find  the  values 
of  0?  and  y. 


(18.  Cor.  1.)  multiplying  the  first  equation  by  105,  the  least 
common  multiple  of  3,  7>  and  15, 

560  +  210?  =  1925  —  600?  —  45y  +  120; 
.*.  by  transposition,  8io?  -f  45y  =  1485; 
and  dividing  by  9,  9o?  +  5y  =  165. 
From  the  second  equation,  50y  -|-  60?  —  35  =  275  -♦-  6O0?; 

.•.  by  transposition,  50y  ^  440?  =  310 ; 
and  dividing  by  2,  25y  —  220?  =  155 ; 
but  multiplyinsr  the  equation*) 

V       J     u  u  t  25y  +  450?  =  825; 

found  above,  by  5,j 

/.   by  subtraction,  Qlx  =  670, 

and  X  =  10. 
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Now  5y  =  166  —  9^  =  165  —  90  =  76 ; 

/.    y  =  15. 
^6  5  3 

J   7^  +  13  —  5y  aa?  -f  2y  —  16 

and  ' — ^- ^  +  0?  =  2y -^— ^ 

4  ^  3 


1 


to  find  the  values  of  w  and  y. 

(i8.  Cor.  1.)  multiplying  the  first  equation  by  30,  the  least 
common  multiple  of  3,  6,  and  6, 

soy  +  25a?  -f  loy  —  isy  +  72  —  48J?  ==  120  —  150  —  20a?  -h  40y; 
whence,  by  transposition,  102  =  lay  +  3a?; 
and  dividing  by  3,  34  =  6y  +  a?. 
Qearing  the  second  equation  of  fractions, 

21a?  +  39  —  I5y  +  12a?  =  24y  —  12a?  —  8y  -h  64 ; 
and  by  transposition,  46a?  —  3iy  =  25. 
Multiplying  the  former  by  45,     45a?  -f-  27oy  =  1530 ; 

.\  by  subtraction,  30  ly         =  1605. 
and  y  =  5 ; 
whence  a?  =  34  —  6y  =  34  —  30  =  4. 

,^     ^.  25  +  5y      70?  —  6  30?  —  10  +  7y 

17.     Given  1  +  — ^7—^ =  10 -^-^ 

6  3  12 

,12  —  0?  14  4-  y 

and :  so? 2. : ;  1  ;  3 

9  3 

to  find  the  values  of  0?  and  y. 

(is.  Cor.  1.)  multiplying  the  first  equation  by  12,  the  least 
common  multiple  of  3,  6,  and  12, 

12  -h  50  +  loy  —  280?  -f-  24  =  120  —  30?  -h  10  —  7y ; 

/.  by  transposition,  i7y  —  250?  =  44, 

and  (21)  from  the  second  equation, 

96  —  80?       ^  14  -f  y 

=  60? 5 

9  3 
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.•.  96  —  8a?  =  45a?  —  42  —  3y ; 
and  by  transposition,  138  =  53a?  —  ay. 

Multiplying  this  equation  by  \7,  and  the  one  found  above 
by  3, 

51  y  —  75a?  =    132, 

and  —  5iy  -f  90ia?  =  2346; 


.'.  by  addition,  826a?  =  2478, 

and  a?  =  3. 


Now  3y  =  53a?  —  138  =  159  —  138  =  21 ; 

/.  y  =  7. 


18.     Givenl^4-^=-?-i 

J    S    .    *         7,3 

and  -  +  -  =  -  +  - 
a?      y      a?      2 


to  find  the  values  of  x  and  y. 


Reducing  the  first  equation  to  lower  terms. 


1  +  1  =  1-,; 

(xi      y      y       -^ 


4         4 

.*.   by  transposition, =  —  i ; 

a?      y 

2         4         3 

jfrom  the  second  equation,  by  transposition, !--  =  -• 

a?      y       2 


2  1 

/.  by  addition,  -  =  - ; 

a?       2 


•  .     4  —  X* 


and  -  =  -  +  1  =  2; 
y      X  ' 

.'.   2y  =  4,  and  y  =  2. 
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19.     Given  — |-  -  =  w 

w      y 

J  c      d 

and  -  -f  -  =  n 
X      y 


"  to  find  the  values  of  w  and  y. 


Multiplying  the  first  equation  by  c,  and  the  second  by  o, 


ac      be 

—  H =  mCn 

X        y 

,  ac      ad 

and  —  H =  no, 

X        y 


/•  by  subtraction^  (Ac  —  arf)  .  -  =  mc  —  »a; 


be  ^  ad 
mc  —  no 


•I  o  b  mbc  —  noi 

and  -  =  »» =  m = =— 

X  y  be  --  ad 


_  vnbc  —  morf  —  mbc  -f  no^ 
^  be  ^  ad 

nab  —  mad 
be  —  ad    ' 

1  __  ni  —  md 
x^  be  —  ad' 


and  ^  = 


be  —  ad 
nb  —  md' 


20.     Given  a?  -  ^?*^£ 

23  —  a? 


and  y  + 


y   —  3 

a?    —  18 


=  20  — 


=  30  — 


59  —  2 


n 


73  —  3y 


to  find  the  values 
of  X  and  y. 
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Multiplying  the  first  equation  by  2, 

2a?  —  ^^  ""  ^^  =  40  —  69  +  24? ; 
23  —a? 

/.  by  transposition,  19  =  -^ ^ 

23  "^  4? 

and  437  —  19a?  =  4y  —  24?; 
and  by  transposition,  437  =  174?  +  4y, 

Ako  firom  the  2*^  equation,  3y  +  -^ =  90  —  73  +  3y, 

u?  ^~*  lo 

and  {17.  Cor.  3.)  ^^  ""    ^  =  17 ; 
^  ^    a?—  18 

/.  3y  —  9=  17^—  306; 

by  transposition,  297  =  174?  —  ay; 

but  437  =  174?  +  4y; 

/,   by  subtraction,  i40  =  7y, 

and    20  =  y, 
and  174?  =  297  +  3y  =  297  -h  60  =  357 ; 

•  •    4?  — —  21* 


m         ^.  „  16  +  604?         i64?y  — 107 

21.     Given  84? = ^ 


3y  —  1  5  +  2y 


to  find  the  values 
of  4?  and  y. 


J       .    ^      .  27^   —  12y'  -f  38 

and  2  +  6y  +  94?  = — - — 

^  34?  —  2y  -f  1 

Multiplying  the  first  equation  by  5  +  2y, 

.       ^  80  4-  3004?  -f  32y  +  1204?y 

404?  +  I64?y ^—^ ^  =  i64?y  —  107 ; 

^      . „  .         ^        80  +  3004?  -h  32y  +  1204?y 

.%  by  trans",  404?  +  107  = ■ ^—^ : 

3y  —  1  ' 

and  multiplying  by  3y  —  1, 

1204?y  —  404?  +  32iy  —  107  =  80  +  3004?  +  32y  +  I204?y ; 
.-.    (17.  Cor.  3.)   289y  —  3404?  =  187. 
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And  from  the  second  equation^ 

27^*  —  I2y*  -h  150?  +  2y  +  2  =  27a?*  —  I2y"  +  38 ; 

.%  by  transposition,  15 a?  +  2y  =  36  ; 

whence,  the  coefficients  of  J?  having  aliquot  parts,  multiplying 
the  first  equation  by  3,  and  the  second  by  68, 

867  y  —  10200?  =    561, 

and  I36y  +  10200?  =  2448 ; 


.%  by  addition,        1003  y  =  3009, 

and  y  =  3, 
and  15a?  =  36  —  2y  =  36  —  6  =  30 ; 

•  *•      tV   5=!    2* 

3y 

_^    ^.        3a7+2y      6^— "^+1  y^2x      4a?  — y 

22,  Given  — -i— ^ =a?  +  ^^ r-^ 

6  3  10  7 

and  y  +  20? :  y  —  20?  ::  120?  +  6y  —  3  :  6y  —  12a?—  1, 
to  find  the  values  of  x  and  y. 

(18.  Cor.  1.)  multiplying  the  first  equation  by  420, 

2520?  4-  I68y  —  7000?+  105y  —  140  =  4200?  +  42y  —  840?—  2400?  +  60y, 

and  by  transposition,  171  y  —  544  0?  =  140. 
From  the  second  equation,  {fVoocPs  Alg.  182.) 

2y  :  40? ::  i2y  —  4  :  240?  —  2, 

and  {Alg.  184.)  y  :  20?  : :  6y  —  2  :  120?  —  1 ; 

.*.   (21)  l2o?y  —  y  =  I20?y  —  40?; 

(17.  Cor.  3.)  y  =s  40?. 

Which  value  of  y  being,  substituted  in  the  first  equation, 

6840?  —  5440?  =  140, 

or  1400?  =140; 
•  •  0?  ^—  1, 
and  y  =  40?  =  4. 
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2X 

28.     Given  3~^^^=5-5:^±A 

5  3y 


107 


h 


8 


6a?  —  2  207  +  5 

to  find  the  values  of  x  and  y. 

(i8.  Cor.  1.)  multiplying  the  first  equation  by  I5yy 

,',    45y  —  2iy  —  60?=  75y  —  2507— 45; 

and  by  transposition^  51  y  —  igor  =  45. 
Multiplying  the  second  equation  by  2  a?  +  5, 

2^y  +  5y  -  ^^  "^  ^^^-^  ^^y  -^  ^'y  =  2^y  -  -^; 
,.  (,7.  Cor.  3.)  5y  +  i5L  =  8  o? -h  20  +  30ory -f  2!j? , 

^  ^     ^  8  607—  2  ' 

and  multiplying  by  6  07  —  2, 

.    32107  —  107 

3007y  —  loy  -\ =  80?  +  20  +  3007y  -f  75y ; 

4 
f  ^    r*  V    3210?  —  107 

.'.   (17.  Cor.  3.)  =  807  +  85y  +  20, 

4 

and  3210?  —  107  =  32o?  +  340y  +  so; 

and  by  transposition,  —  187  =  340y  —  289a?. 

The  coefiicients  of  y  in  this  case  having  aliquot  parts ;  multi- 
plying the  first  by  20,  and  the  last  by  3, 

i020y  —  38oa?  =       900, 
and  i02oy  —  867o?  =  —  56i ; 


.•.   by  subtraction,      487o?  =     1461, 

and  0?  =  3 ; 
consequently,  5iy  =  45  +  190?  =  45  +  57  =  102 ; 

.-.  y  =  2. 


1 
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43 


(24.)  If  there  be  three  unknown  quantities,  their  values 
may  be  found  from  three  independent  equations. 

For  from  two  of  the  equations,  a  third,  which  involves 
only  two  of  the  unknown  quantities,  may  be  deduced  by  the 
preceding  rules;  and  from  the  remaining  equation,  and  one 
of  the  others,  another  which  contains  the  same  two  unknown 
quantities.  Having  therefore  two  equations,  which  involve 
only  two  unknown  quantities,  these  may  be  determined ;  and, 
by  substituting  their  values  in  any  of  the  original  equations, 
that  of  the  third  quantity  will  be  obtained.  In  some  particular 
equations,  two  unknown  quantities  may  be  exterminated  at 
once. 


Examples. 

1.    Given a?4'y  +  ^  =  3i^ 

07-1-^  —  ^  =  25  >to  find  the  values  of  a?,^  andxr. 
a?  —  y  —  ;?=    qJ 

Adding  the  first  and  third  equations,  2^  =  40; 

/.  X  =  20. 

Subtracting  the  second  from  the  first,  2Z  =    6^ 

.\  z=    3; 
and  subtracting  the  third  from  the  second,  2^  =  16; 


2.     Given  ^  -h    y  +    jsr  =  29 
a?  -f  2y+  3^  =  62 


X       y        z 

-  -f   ^  +    -  =  10 

2  3  4 


.-.  y  =  8. 

to  find  the  values  of  x^  y  and 

z. 


Subtracting  the  first  equation  from  the  second, 

y  -f  2-r=  33. 

(i8.  Cor.  1.)   multiplying  the  third  equation  by  12,  the  least 
common  multiple  of  2,  3,  and  4, 
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6a^  +  4y  +  3Z=  120; 
multiplying  the  first  equation  by  6,  6^  +  6y  -f  Cr  =  174; 


.".  by  subtraction,  2y  +  3z=   54; 

but  2y -f  42r  +    66; 

/.  by  subtraction,  z  =    12, 

and'y  =  33  —  2;8f  =  33  —  24  =  9 ; 
also  a?  =  29  —  y  —  ^=29  —  9—  12  =  8. 

In  like  manner,  had  the  first  equation  been  multiplied  by 
2,  and  subtracted  from  the  second,  an  equation  would  have 
resulted,  involving  only  a?  and  z ;  and  had  it  been  multiplied 
by  4,  and  subtracted  from  the  third  when  cleared  of  fi*actions, 
another  equation  would  have  been  obtained,  involving  also 
a?  and  z;  whence,  by  the  preceding  rules,  the  values  of 
Of  and  z  would  be  found,  and  consequently  the  value  of  y 
also,  by  substitution.  Or  if  the  first  equation  be  multiplied 
by  3,  and  the  second  subtracted  from  it,  an  equation  would 
arise  involving  only  x  and  y ;  and  if  the  first,  when  multiplied 
by  3,  be  subtracted  from  the  third  when  cleared  of  fractions, 
another  would  arise  involving  only  a?  and  y ;  whence  the  values 
of  ^  and  y  might  be  determined.  And  hence  the  third,  that 
of  z,  might  be  foimd. 

Second  Method, 

From  the  first  equation,  a?  =  29  —  y  —  ^ ; 

/•  substituting  this  value  of  x  in  the  second  equation, 

29  —  y  —  2r  +  2y  +  3;2r  =  62; 

.•.  by  transposition,  y  =  33  —  2z. 

Also  substituting,  in  the   third  equation,  the  value  of  «r 
found  from  the  first, 

^ 4-  i  +  -  =  10; 

2  34' 

.-.  (18.  Cor.  I.)  174  —  6y  —  62r  4-  4y  +  32r  =  120, 
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■ 

and  by  transposition^  54  =  32r  +  2^ ; 

in  which,  substituting  the  value  of.y  found  above, 

54  =  32r  +  66  —  42r; 

/.  by  transposition,  J?  =12; 

whence  y  =  33  —  22r  =  33  —  24  =  9, 

and  a?=29  —  y  —  ^=29— 9  —  12=8. 

It  may  be  observed,  that  there  will  be  the  same  variety  of 
solution,  as  in  the  last  case,  according  as  a?,  y,  or  z,  is  exter- 
minated* 

Third  Method. 

From  the  first  equation,  a?  =  29  —    y  —    z, 
and  firom  the  second,  a?  =  62  —  2y  —  3;?; 
/.  29  —  y  —  ^  =  62  —  2y  —  3Z, 
and  by  transposition,  y  =  33  —  22r. 

Again,  from  the  third  equation,  ^  =  20 ^ ; 

2y      z 
.-.  29-y-^  =  20--^-.-; 

and  by  transposition,  9 =  -  5 

whence  27 =  33  —  2;?; 

2 

/.  by  transposition,  -  =  6, 

and  j?  s=  12 ; 

whence  y  =  9,  and  a? »  8,  as  before. 

The  same  observation  applies  to  this  solution,  as  did  to 
the  last. 
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10  J5  5 


12  4  ■"  "         11  6^ 

and-^-^ — ^ -h25r  =  y— iH " 

4  12  ^6 

to  find  the  values  of  x,  y,  and  ;?. 

Multiplying  the  first  equation  by  30,  the  least  common 
multiple  of  5,  10,  and  15, 

\2x  -f  9y  -f  32r  —  4y  —  42r  +  2^  —  2  =  150  -f  607  —  62r  —  30 ; 

.".  by  transposition^  8a?  4-  5y  +  s^r  =  122. 

Again,  multiplying  the  second  equation  by  132,  the  least 
common  multiple  of  4,  6^  1 1^  12, 

99^  +  55y  —  222r  —  660?  —  33y  +  992r  =  84y  +  12^  +  36  +  22  ; 

/.by  transposition^  33o?  —  62y  -f  65z  =  58. 

Again,  multiplying  the  third  equation  by  12,  the  least  com- 
mon multiple  of  12,  6,  4, 

isy-h  9^  — 20?  — 3y +  2^-f24j2r=i2y  — i2-f6o?-f  4y-f  14; 

.'•  by  transposition,  so?  -h  4y  —  34Z=  — 2; 

but  fi*om  the  first  equation,  80?  -f  5y  -f    5£r  =  122 ; 

.•.   by  subtraction,  y  -h  39^  =  124. 

Also  the  third  equation  being  divided  by  2, 

40?  -h  2y  —  \7z  =  —  1. 
Multiplying  this  by  33,  and  the  second  by  4, 

1320?  +     QQy  —  561;?  =  —     33, 

and  1320?  —  248y  -h  2C0xr  =       232; 
.'.  by  subtraction,        314  y  —      821  ^r  =  —  265; 

but  314y  +  12246;?  =     38936 

(by  multiplying  the  equation  found  above  by  31;) ; 

.•.  by  subtraction,  13067^  =  39201, 

and  therefore  ^  =  3 ; 
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whence  y  =  124  —  39^  =  124  —  117*=  7, 

and  4a?  =  \7z  —  2y  —  1  =  51  —  u  —  i  =  36 ; 

.•.  a?  =  9. 

(25.)  If  there  be  four  unknown  quantities,  their  values 
may  be  found  from  four  independent  equations.  For  from  the 
four  given  equations,  by  the  preceding  rules,  three  may  be 
deduced  which  involve  only  three  unknown  quantities,  the 
values  of  which  may  be  found  by  the  last  Article ;  and  hence 
the  fourth  may  be  foimd,  by  substituting  in  any  of  the  four 
given  equations,  the  values  of  the  three  quantities  determined. 

If  there  be  n  unknown  quantities  and  n  independent 
equations,  the  values  of  those  quantities  may  be  found  in  a 
similar  manner.  For  from  the  n  given  equations,  n  -  1  may  be 
deduced,  involving  only  «  —  1  unknown  quantities ;  and  from 
these  n  —  1,  n  —  2  may  be  obtained,  involving  only  n  —  2 
unknown  quantities ;  and  so  on,  till  only  one  equation  remains, 
involving  one  unknown  quantity  ;  which  being  found,  the 
values  of  aU  the  rest  may  be  determined  by  substitution. 

(26.)  If  there  be  more  unknown  quantities  than  inde- 
pendent equations,  some  of  these  quantities  cannot  be  found 
except  in  terms  of  the  others;  and  by  assuming  values  of 
these  others,  we  may  obtain  an  infinite  number  of  correspond- 
ing values  of  the  former  quantities,  which  will  satisfy  the  con- 
ditions proposed. 

But  if  there  be  fewer  unknown  quantities  than  independent 
equations,  the  values  of  the  unknown  quantities  may  be  found 
from  the  different  equations ;  and  if  these  values  be  the  same, 
some  of  the  equations  are  unnecessary ;  if  different,  the 
equations  are  incongruous. 


SECTION  III. 


On  the  Solidion  of  Pure  Quadratics,  and  others  which  may  be 

solved  vnthout  completing  the  Square. 

(27.)  Whbn  the  terms  of  an  equation  involve  the  square 
of  the  unknown  quantity  only,  the  value  of  the  square  will  be 
foimd  by  the  preceding  articles;  and  extracting  the  root  on 
each  side  of  the  equation,  the  unknown  quantity  itself  will  be 
determined. 

In  the  same  way  any  pure  equation  may  be  solved ;  for  the 
power  of  the  unknown  quantity  standing  alone  on  one  side 
of  the  equation,  the  known  quantities  being  transposed  to  the 
other,  the  simple  unknown  quantity  will  be  determined  by 
extracting  the  root. 

And  by  the  same  process,  any  equation  containing  the 
powers  of  a  function  of  the  unknown  quantity,  or  containing 
the  powers  of  two  unknown  quantities,  may  frequently  be 
reduced  to  lower  dimensions. 

Examples. 

1.     Given  a?'  —  17  =  1 30  —  2  a?*,  to  find  the  values  of  ar. 

By  transposition,  so?*  =  147 ; 

/.  ^*  a=r  49, 
and  0?  =  ±7.* 


*  The  square  root  of  a  quantity  may  be  either  -|-  or  — ,  and  consequently  all 
quadratic  equations  admit  of  two  solutions.  Thus,  +  7  X  +  7$  uid  —  7  X  —  7» 
are  both  equal  to  49  ;  and  both,  when  substituted  for  x  in  the  original  equation, 
answer  the  conditions  required. 
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2.    Given  a?*  +  aA  =  5a;",  to  find  the  values  of  a?. 

By  transposition^  ab  =  4ai*; 

and  ±  ^^ — =  07. 

8,     Given  a?y  =  a] 

1  ^      *  r  9  ^  fi^<l  the  values  of  ^  and  y. 

and  -  s=  A 

From  the  second  equation^  a  =  by. 
Substituting  this  value  in  the  first  equation, 


and  extracting  the  square  root,  y  =  ±  \/^  -r  ; 

.\  J?  =  fty  =  ±  A  \^  -J  =  ±  \/  ai.  . 

4.    Given  ^  +  y  :  ^  : :  6  :  3*1    .    ^   ,  . ,       ,        «        , 

_         ^  >,  to  find  the  values  of  x  and  y, 

and  A^y  =  6.  J 

Since  ^  +  y  :  ^  : :  6  ;  3 ; 

/.  (FTood'* -4^.  180.)  y  :  X  ::  2  :  3; 

/.   (ai)  3y  =  2Xy  and  y  =  — . 

Substituting  this  value  in  the  second  equation, 

2ar* 
_  =  6, 

and  a*  =  9; 
therefore,  extracting  the  square  root,  a?  =  ±  3, 

whence  «  =  —  =  ±  2. 
^  3 

E 
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Substituting  this  for  ^  in  the  second  equation,     - 

^  =  63 ; 

and  y  =  ±7; 

.-.  »  =  ^  =  ±  9. 
7 

10.    Given  or* +  ^y=i2l   to  find  the  values  of  ^  and  y. 
and  y"  +  a?y  =  24J 

Adding  the  two  equations  together, 

a?*  +  2a?y  +  y*  =  36 ; 

,•,  extracting  the  square  root,  x  -^  y  =  ±.6. 

Now  4?"  +  ^  =  ^ .  (^  +  y).  =  ±  6^ ; 

/•    ±  6a?  =  12, 
and  a?  =  ±  2 ; 
and  therefore  y=±6:+:2s=±4. 

,    ~"    L  to  find  the  values  of  x  and  y. 
and  a?"  —  y"  s=  d"J 

Smce  0?"  —  y*  =  (a?  +  y)  .  (^  —  y)  =  «  .  (^  —  y) ; 

.%  «  .  (a?  —  y)  =  d*, 

and  X  —  y  ^^  — ; 

but  X  •\-  y  '=i  81 


/,  by  addition,  2a?  =  *  H = , 

8  8 

and  a?  = , 

28     ' 


without,  completing  the  Square.  68 

and  by  subtraction^  2y  =  8 —  —  = • 

o  9 

•'•  y  =  — 7. — • 

12.  Given  a?  -f  y  =  *  1 

and    a?y  =  a«/'*°^°'^*^^^'^^^®^*'^^dy- 

Squaring  the  first  equation,  a?*  +  2^y  +  y*  =  V, 
and  from  the  second,  4xy  =  4fl* ; 

/.  by  subtraction,  x^  —  2wy  +  y*  =  ^  —  40*, 
and  extracting  the  square  root,  ^  —  y  =  ±  \/  s*  --  4a*, 

but  J?  H-  y  =  *• 

.\  by  addition,     2a?  =  *  ±  \/^  —  4o*, 
and  ^  =  J  («  ±  v^«*  —  4a*) ; 
by  subtraction,  2y  =  «  if:  \/  **  —  4a'; 

•'•  y  =  i  (« T  \/  *•  —  4a*). 

13.  Given  d?  -f-  y  =  *  "] 

and  a?*  +  y*  ==  a*  /  '  *^  ^^^  *^^  ^^^^®  ^^^  ^  ^^^  ^* 

Squaring  the  first  equation,  ^*  -f-  2^y  +    y*  =  ^, 
and  doubling  the  second,  20?*  +  2y*  =  2  a*; 

.'.  by  subtraction,  a?*  —  2a?y  +    y*  =  2  a*  —  **, 
and  extracting  the  square  root,  a?  —  y  =  ±  v^  2a*  — ** • 

but  ^  4-  y  =  * ; 

.'.  by  addition,  2a?  =  *  ±  \/  2a*  —  *', 
and  ^  =  i  (*  ±  v/  2a*  —  ^)  j 
also  by  subtraction,  2y  =  *  4:  \/2a*  —  ^; 

/.  y  =  i  (*  T  \/2a*  — *^). 
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14.  Given  v^+  \^y  =  ^  ),  to  find  th€  values  of  x 

and  vT— V  y  =  1  J 

and  y.  __ 

Adding  the  two  equations,  2  \/x  =    6 ; 

/.  V^=    3, 
and  a?  =  27j 

and  subtracting  the  equations,  2  v^  =    4 ; 

.-.  V^y  =    2, 
and  y  =B    8. 

15.  Given  a^  +  \/fl'  -f  J?'  =     .^f         ,  to  find  the  values 

of  3P. 

(18.  Cor.  1.)  X  x/a"  +  a?*  -h  «•  +  a?'  =  2a" ; 

by  transposition,  xs/  cf  -|-  a?"  =  a*  —  a?*, 

and  squaring  both  sides,  o'a?*  +  ^*  =  o*  —  2aV  +  a?* ; 

/,  3o*a?*  =  «*, 

and  a?*  =  — ; 

3 

/.  a?  =  ± 


v^" 


16 
values  of  dr. 


.    Given  y/'^  +  i'  -  \/p—  **  =  *>   *«    fi°<l    *l^« 


By  transpositio 


n,^/5^'  =  'v/^-4'  +  *; 


a*       ..      a'       ..      -.v/^_4. +  i.. 


squaring  both  sides,—!  +  6'  =  --j  —  i'  +  aiV    p 


.Cor.3.)  A'  =  26\/   i-*S 

Mr 


without  campkting  the  Sqptare.  .  66 


or 


*-  P    I. 


squaring  both  sides^  —  =  — ^  —  i* ; 

and  extracting  the  square  root,  ±  ^- — '—  =  - 

2a 


.".  0?  =  ± 


\/l  .A 


a      v^a*  — 


,s 


a?-       0? 


17,     Given  -  -f-  =  t  ,  to  find  the  values  of  x, 

X  X  g 

The  given  equation  becomes  -  +  v  — •  —  i  =  ?; 

by  transposition^  v  -j  —  i  =  t 5 

/.  squanng  both  sides,  -r  ^  i  =  tt  — r-  H — r^ 

X  DO  X 

and  by  transposition,  -^ i  =  — ; 

.'.   2oft  —  i"  =r  0?*, 

and  extracting  tbe  square  root,  ±  s/  2ab  —  i*  =  ^. 

13 


18,     Given  a?»  -f-  y*  == 


a?-r  y 


to  find  the  values  of  x  and 


and         xy  =s 


«  — yj 

From  the  first  equation  subtracting  twice  the  second, 

{x'  -  2xy  +  y'  =)af-y|*  =  — i— ; 

X  ^  y 
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.\  (a?  —  y)'  =  1,  and  a?  —  y  =  I ; 

.\  ai^  +  y*=^  13, 
and     2(ffy  =  12 ; 

.\  by  addition,  a?"  +  2a?y  H-  y*  =  25, 

and  07  H-  y  =  ±  5 ; 
but  0?  —  y  =      1 ; 

/.  by  addition,      2  a?         =      6,  or  —  4, 

and  a?  =  3,  or  —  2, 
and  by  subtraction,  2y  =  4,  or  —  6 ; 
/•  y  =  2,  or  —  3. 

19.   Given  a;«  -  ary  =  48y|  ^  ^  ^^^  ^^^  ^^^^  ^^^  ^^  ^ 

and  o?y  —  y'  =  sarj 

48y 
Dividing  the  first  equation  by  a?,  0?  —  y  =  -^  ^ 

and  the  second  by  y,  a?  —  y  =  — ; 

48y  _  30?^ 

a?        y 

/.  48y'  =  30?*, 

and  i6y*  =  a?' ; 
consequently,  ±  4y  =  0? ; 
and  first,  suppose  H-  4y  =  0?; 

/.  (^"y=)3y  =  (^  =  7^=)i2;  /.y  =  4; 

/,  0?  =  4y  =  16 ; 
But  if  or  =  —  4y, 

12 

J  48 

and  0?  =  —  4y  = . 

5 


unihaui  ctmpleting  the  Square.  67 


',  to  find  the  values  of  w  and  y. 


20,  Given   J^^^^  =48 

and  -^^  =  24 
y/x 

Dividing  the  first  equation  by  the  second^ 

whence^  firom  the  second  equation^ — y=.  =  4  v  a?  =  24 ; 

\/x 

,\   x/x  =  6, 
and  d?  =  36. 

21.  Given  =  i,  to  find  the  values  of  a?. 

18  ' 

Clearing  the  equation  of  firactions^ 

•  '8 

ar  +  3^— 7  =  a?H-2H ; 

X  ' 

.*.  by  transposition,  a?*  +  2j?  ==  9  H ^ 


or 


a? .  (^  +  2)  =  9  .  (l  +  I)  =  I  •  (a?  +  2); 


•   x  =  ^ 
and  ^  =  9; 

22-    Given  s/?±^  +  a  sf-^^V.  sf^,  to  find  the 
values  of  x. 


68 


Solution  of  Pure  Quadratics^  ^c* 


Multiplying  the  equation  by 
4?  +  a  .         /a      ,, 


a? 


^?=". 


07 


or  1  H 1-2 

07 


and  extracting  the  square  root, 


by  transposition 


.^v/l  = 


.v/i=±4-l. 


±*; 


X 


a 


and  squaring  both  sides,  -  =  (6  q:  i)'; 


.••      ^    = 


a 


—-  .\i* 


(*Ti) 


23,    Given  V^^Tf  -^  ^^  +  ^  =  ^,  to  find  the  values 

a  X  c 


of  X. 


The  equation  by  reduction  becomes 


ax 


.y/a  +  a?  = 


\/o? 


— — -.i      a      I 
and  .".  a  -h  07    =  -  .  o?: 


a 


extracting  the  (f  )*^  root,  a  +  o?  =  - 


! 


•  07 


.•.  by  transposition,  a  =  (  -    —  i )  .  o?. 


and 


a 


—  i 


=  0?. 


—  1 


24.    Given  -^— ^ — ^  •+■   ^  ^    =  — ,  to  find  the  value 

oi  07. 


X 


without  eompletu^  the  Square. 


59 


1 

The  equation  is  {a  +  x)n.  (-  -|-  -  j  =  — , 


,     .     .1  a+o?      xn 

or  (a  +  a?) » . =  — , 

^  ^       ax         c 

f     ,     .i  +  i      a     i  +  i 
or  fa  +  a?) »       =  - .  a?ii      ; 

n+l 


and  extracting  the  root^ 


a-\-x 

X 


•  +i 


a  a 

or  — h  1  =  - 

a?  c 


»  + 1 


by  transposition^  -  =  - 


n+  1 


-i; 


•    •      M?    "■ 


a 


a 
c 


n  +  l 


-i; 


25.    Given  —  .xn      =  - . a?*     ,  to  find  the  value  of  x. 

n  s 


m      !» 


r     L 


or  X 


T.  2.) 

n 

•  a?»  = 

-•0? 

« 

•; 

m 
xn 

m 

•  •       r 
X* 

= 

nr 

• 

fW 

^ 

nr 
ms  ' 

rkf 

«_/ 

wr  '\ 

JM 

fVlia  *»«^ 

m$'~Hr 

,\  extracting  the  root,  a?  =  ( 


ms 
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26.    Given  ^  +  j^  =  is]   ^  ^^^  ^^^  ^^^^^  ^^^  ^^  ^ 

and  07*  4-  3/*  =   5j 

Squaring  the  second  equation,    a?l  H-  2a?*y*  +    y*  =  25 ; 
and  doubling  the  first,  2a^  +  2^*  ==  26; 


/,  by  subtraction,    a^  —  2a7*y*  +    yl  =    i ; 
and  extracting  the  root,    a*  —  y*  =  ±  i ; 

but    0?*  +  y*  =  .     6 ; 


/.  by  addition,  2a?*  =    6,  or  4, 

and  or*  =   3,  or  2, 

whence  js  =  27,  or  8, 

but  by  subtraction,  2y*  =   4,.  or  6, 

and  y*  =    2,  or  3 ; 

/.  y  =    8,  or  27. 

27.     Given  xy* -^^  y  =211.^,^,        ,         „         , 

,     /^      ^.  ,  to  find  the  values  of  x  and  y. 

and  a?  y*  +  y*  =  333J 

Squaring  the  first  equation,    o?*y*  +  2^y'  +    y*  =  441 ; 

and  doubling  the  second,  2a7'y^  +  2y'  =  666 ; 


/.  by  subtraction,    o?y  —  2a?y'  +    y'  =  225 ; 
extracting  the  root,  xy^  —  y  =  ±  15 ; 

m 

but  a?y'  +  y  =       21 ; 


/.  by  subtraction,     2y  =    6,   or  36, 

and       y=    3,   or  18; 


without  completing  the  Square.  61 

but  by  addition,  2x^  =  36,  or  6 ; 

/.  wy*  5=  18,  or  3, 

and  therefore  a?  =  — ,  or • 

9  324 

1 
=  2,    or 


108 

J    *  «  ""       [f^  fijid  tl^c  values  of  0?  and  y, 

.   and  ar    +    y^  =  I89j 

Adding  3  times  the  first  equation  to  the  second, 

a^  +  3a^y  +  3wy*  +  y*  =  729; 
whence,  extracting  the  cube  root,  x  +  y  =  9* 
Now  x'y  +  d?y'  =  (a?  +  y)  .  a?y  =  180 ; 
/.  by  substitution,  9^y  =  180, 

and  wy  =  20. 
But  a?*  +  2a?y  +  y'  =  81, 
and  4xy         =80; 

.\  by  subtraction,  ^  —  2a?y  +  y*  =    i ; 
/•  extracting  the  square  root,  ^  —  y  =  ±  i, 

and  ^  -f  y  =      9 ; 

/•  by  addition,      20?  =  lo,  or   8 ; 

/,  ar  =  6,  or   4 ; 

and  by  subtraction,  2y  =  8,  or  lo ; 

/.  y  =  4,  or    5. 

29.    Given  a?  +  s/^  +  y  =    191^0  find  the  values  of  a? 
and  0?*  +  a?y  H-  y'  =  I33j 

and  y. 

Dividing  the  second  equation  by  the  first, 

a?  —  \/a^y  -I-  y  =  7 ; 
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but  07  H-  \/^  +  y  =  19 ; 

/.  by  addition^  20?  +  2y  =  26 ; 
and   ar  H-    y  =  13; 

and  by  subtraction^  2  v/^  —  12 ; 

.;.  \/a^y  =   6, 
and  a^y  =  36. 
Now  from  the  second  cfquation^  or*  +  ^y  +  y*  =  133 ; 

and  from  the  last,         3^y  =  108 ; 


/.  by  subtraction,  or*  —  2a?y  •+■  y*  =    25; 
and  extracting  the  square  root,  a?  —  y  =  ±  5 ; 

but  a?  -h  y  =    13 ; 


/•  by  addition,  2x  =  is,  or  s, 

and  0?  =  9^  or  4; 

but  by  subtraction,  2y  =  8,  or  is, 

and  y  =  4,  or  9. 

80.     Given  — ; .  ,  =  i,  to  find  the  values  of  x. 

Since  the  value  of  a  fraction  is  not  altered  if  the  numerator 
and  denominator  be  multiplied  by  the  same  quantity,  {Alg,  89.) 

Multiply  therefore  by  a  —  v/  a'  —  a?*, 

ar 
Extracting  the  square  root, — =  ±  \^y 

and  a  —  v/a"  —  a?'  =  ±  v^  •  ^  5 

/.  by  transposition,  aT-  \/b  .  iv  ss  \/a*  —  a^; 

and  squaring  both  sides,  a*  :^  2a  v^  •  ^  +  *^'  =  a*  —  4?* ; 


without  completing  the  Square.  68 

.•.  by  transposition^  (A  +  i)  .  a?'  =  ±  2a  s/b  •  an ; 

2a  v/A 


and  therefore  a?  =  ± 


I  +  *  ' 


31.     Given  ^^^-7= ,  = -,  to  find  the  values  of  x. 

y/x  —  \/x  —  a       ^— a 

Multiplying  the  numerator  and  the   denominator  of  the 
first  fraction  by  v^  -H  \/^  —  «> 

{>/ X  -f  \/^  ~  q)*  _  n^a 
a  '~^— a' 

(v/*p  +  s/ir^  ay  = ; 


na 


extracting  the  square  root,  s/^  +  \/  x  —  o  =  ±     > 

and  .*.  v^ jr'  —  aa?H-^— a=±na; 

by  transposition,  \/ x'^  —  ad?  =  (i  ±  n)  .  a  —  a?, 
and  squaring  both  sides, 

^  —  aa?  =  (i  ±  n)' .  a*  —  2  .  (i  ±  »)  .  aa?  -f  ^ ; 
.•.  by  transposition,  (i  ±  2»)  .  ao?  =  (l  ±  n)*  .  a*; 

(i  ±  n)" .  a 

1  ±  2« 


32.     Given  —    .  =  A,    to   find  the  values 

\/a4-^  —  va  —  d? 

of  a?. 

Multiplying  the*  numerator  and  denominator  by 

/ — ; —  .     / (\/a  -h  ^  -h  y/g  -  ay)'      , 

V^a +  0?  +  v/a  — 0?,    — =  A, 

2a  +  2\/a'  —  a?'       , 

or =  0 : 

2a?  ' 


a         /a'  , 


a?  a? 
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by  transposition 
squaring  both  sides,  "^  ""  ^  =  ^  — T"  +  ^5 
.\  by  transposition, =  A*  +  i, 

and  •??  =  7= — • 
ft'  +  i 


83 

of  Off. 


.    Given  a  +  ^  +  \/'g^  +  ^  =  j,  to  find  the  values 

a  +  4? 


The  equation  by  reduction  becomes  i  H Trn —  =  *> 


a  -f  ^ 


by  transposition 


squaring  both  sides,  i  —  ( "^r^)   =  **  —  2*  +  i ; 
/.  (17.  Cor.  1.  and  3.)     (--^)    =  2*  -  i'; 
extracting  the  square  root,  — —  =  ±  \/2ft  — **, 

and  /.  =  : ' 


/.   o  +  0?  =  ± 


a 


and  a?  =  ±      ..  —  a  =  ±  o  I 7 —  I. 

34.     Given  ^—7= — h        .-     =  v  tj  to  find  the  values 

y/a  s/x  o 


ioUhout  completing  the  Square,  65 

The  equation  by  reduction,  is 

by  transposition,    s/-  +  i  =    sj%  —  iJ-  —  i, 

X  ox 

ind  squaring  both  sides, 

«    ,   ,       ^  fx       fa  a 

X  0  ox  X 

by  transposition,  2  >/^ .  f^-  —  1  j  =  ^  —  j^ 

squaring  both  sides,  ^  —  ^  =  -^  ^  ^  +  1 . 

O  0  40  O 

.".  by  transposition,  j-  —  1  =  — ^; 

and4ad  —  4i*  =  ^; 
/.  extracting  the  square  root,  ±  2  \/aA  —  b*  =  a?. 


85.     Given  3a? =  y»  —  y 

and  y^  +  a?  =  4 


to  find  the  values  of  x 
and  y. 


Reducing  the  first  equation,  ^f-li? ii  =  y  .  (y  —  1)  5 

and  therefore  (is.  Cor.  2.)  —  =  y, 

and  30?  =  y*. 
Substituting  this  value  in  the  second  equation,  4x^  4; 

• .    X  — ^  ], 
and  y'  =  sa?  =  3 ; 

.'.  y  =  ±  v^« 

F 


64  Solution  of  Pure  Quadratics,  SfC. 


I  €f  ,       a 


by  transposition 

squaring  both  sides^  ^  "  ^  "^      — 'gT      ^' 
/.  by  transposition, =s  i*  +  i, 

and.  X  ^  Ti — • 
*•  +  ! 


Given  «  +  ^  +  V^g^^-^^'  =  *,   to  find  the  values 


88-     

a  •\-  X 


of  X. 


,                      \/  2ax  +  d^       - 
The  equation  by  reduction  becomes  i  H 1— r"Z —  =  ^> 


a  +  a? 


by  transposition 


squaring  both  sides,  i  —  (^i:^)    =  *'  —  2ft  +  i ; 
/.  (17.  Cor.  I.  and  3.)     (^~:^)   =  2ft  -  A'; 
extracting  the  square  root,  — —  =  ±  \/2ft  —  ft*, 

and  /. 


a 


.-.  a  +  0?  =  ± 


v/2ft-ft»' 
J  ^  «  ^      /l±\/2ft-ft'\ 

and  a?  =  ±  —7-- — -  —  a  =  ±  a  I .    ,       .,    I- 

v/2ft  — ft'  V     v^  2ft  — ft*  / 

34.     Given  ^^.1^  H-         Z^  =  ^  t>  to  find  the  values 
of  a?. 


vntJumt  completing  the  Square.  65 

The  equation  by  reduction,  is 

by  transposition,    J-  +  i  =    Vf  _  J^  _  . 
ind  squaring  both  sides, 

(s  b  ox  w        ' 

by  transposition,  2  >/^ .  (£  —  i^^  =  ^  _  o 

w       \.27  /  b 

squanng  both  sides,  ■^-.-=—-±+1. 

.•.  by  transposition,  y  —  i  =  -yj- ; 

and  4ai  —  4**  =  ^; 
.•.  extracting  the  square  root,  ±  2  \/ai  —  y  r=  x. 


85.     Given  3^ =  y»  —  y 

if 

and  y^  +  a?  =  4 


to  find  the  values  of  x 
and  y. 


Reducing  the  first  equation,  ^^  '  ^ il  =  y  •  (y  —  0 ; 

and  therefore  (is.  Cor.  2.)  —  =  y, 

if 

and  3^  =  y*. 
Substituting  this  value  in  the  second  equation,  40?  =  4 ; 

•  .     X  2SS  jj 

and  y'  =  35?  =  3; 
.-.  y  =  ±  v/3« 

F 
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36.     Given  a;'  -^  y  \/xy  =    g\     to  find  the  values  of  ar 
and  y'  +  xs/Ty  =  isj  '      ^^  V- 
The  first  equation  is  zrf  x  (^  +  yi)  =    9^ 
and  the  second,  yi  x  (^  +  y?)  =  18. 

Dividing  the  second  by  the  first,  ^   =   2. 

.-.  y\  =  2^1, 
and  y   =  4^. 
Substituting  this  valjie  in  the  first  equation, 

or  ga?'  =  9 ; 
.-.  a?  =  ±  1 ; 
consequently,  y  =  4a?  =  ±  4. 

37.     Given  ^  '^^^-  =  a?  +  2a?y  1     to  find  the  values  of  x 

"^y  J'       and  y. 

and  a?'  -  2y'  =  256  -  a*  v^yj 

From  the  first  equation,  a?"  +  2y'  =  a?  x/y  +  2a?yl ; 
.-.  by  transposition,  a?'  —  x\/y  —  2xy\  —  2y% 
or  a? .  (a?  -  \/y)  =  2yl .  (a?  -  \/y) ; 

/.  X  =  2yl, 
and  xs/y  =  2y*; 
.\  adding  these  equals  to  the  second  equation, 

a?^  =  256, 
and  therefore  x  =  ±  i6; 
.-.  2y!  =  ±  16, 
and  y?  =  ±    8  ; 
.-.  yi  =  ±    2, 
and  y  =  4. 

38.     Given  x'y  ^  xy^  =  3ol 

,1       1       5  L  to  find  the  values  of  a?  and  y. 
and  -  +  -  =  - 
a?      y       6J 
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From  the  second  equation,  a;  +  y  =  -^ ; 


but  from  the  first,  a?y  = 


30 


Substituting  this  value  in  the  other  equation, 

^    I    .  ^  30  25 


6      ^  +  y      d?  +  y' 

.*.  (^  +  yY  =  25 ; 

and  extracting  the  root,  a?  +  y  =  ±  5. 

Let  ^  -f  y  =  +  5 ;  then  a?y  =  +  6 ; 

whence  a?'  +  2a?y  +  y*  =  25, 

and  4,ry  =24; 

.'.  by  subtraction,  ^*  —  2^y  +  y*  =    1, 
and  «r  —  y  =  ±  1 ; 
but  a;  4-  y  =       5 ; 

.-.  by  addition,  2^  =       6,  or  4 ;  and  ^  =  3,  or  2 ; 
by  subtraction,  2y  =      4,  or  6 ;  and  y  =  2,  or  3. 
But  if  a?  +  y  =  —  5,  then  a;y  =  —  6; 
whence  a?'  +  2.27y  +  y'  =       25, 
and  4^y  =  —  24 ; 

/.  by  subtraction,  a?*  —  2.ry  4-  y^  =       49  • 
and  extracting  the  root,  a?  —  y  =  ±  7  • 

but  a?  +  y  =  —  5 ; 
.•.  by  addition,  2x  =  2,  or  —  J2;  and  ^  =  1,  or  —  6; 
by  subtraction,  2y  =  —  12,  or  2 ;  and  y  =  —  6,  or  1. 

39.     Given  x^y  -f  a?y*  =    d*) 

and  ^^y'  +  w^f  =  12/'  ^  ^"""^  *^^  ""^^"^^  ^^^  ^^^  »• 
Dividing  the  second  equation  by  the  first,  xy  =  2. 
But  ^'y  +  a?y'  =  (a?  +  y)  .  ary  =  6 ; 

.".  2  .  (a?  +  y)  =  6, 
f2 
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and  a?  -f  y  =  3 ; 
whence  a?*  +  2xy  +  y'  =  9 ; 
but  4^y  =  8 ; 


/.  by  subtraction,  a?*  —  2xy  +  y*  =  1 ; 
and  extracting  the  root,  x  —  y  =  ±  1 ; 

also  X       +  y  =  3 ; 


/•  by  addition,  2a?  =  4,  or  2 ; 

,\  a?  =  2,  or  1, 
and  by  subtraction,  2y  =  2,  or  4; 

/,  y  =  1,  or  2. 

40.   Given  ar'  -•  y»  :  (a?  —  y)»  : :  61  :  1]    ^   n    .  ..        ,         - 

,  ^ ,  to  find  the  values  of 

and  a?y  =  320  J 

^  and  y. 

Since  a?"  —  y'  :  a?*  —  3a?*y  +  3a?y'  —  y* : :  61  :  1 ; 
.-.  {Alg.  180.)  3a?'y  —  3a?y'  :  (a?  —  y)' : :  60  :  1, 
or  sa^y  x  {r  —  y)  :  {x  —  y)'  : :  60  :  1 ; 

/.  {Alff.  184.)  960  :  {x  —  y)'  : :  60  :  i,  dividing  the  first  and 
second  terms  by  ^  —  y ; 

and  16  :  (^  —  yY  : :  1  :  1,  dividing  the  first  and  third  terms 
by  60  5 

/.  (^  —  y)*  =  16, 

and  a?  •—  y  =  ±   4, 
But  since  x'  —  2^y  +  y*  =     16, 
and  4^y  =1280; 


.•.  by  addition,  x*  +  2^y  +  y'  =  1296 ; 
.•.  extracting  the  root,  x  +  y  =  ±:  36 ; 

but  a?  —  y  =  ±  4 ; 

.•.  by  addition,  2  J?  =  ±40,  or  ±  32, 

and  a?  =  ±  20,  or  ±  16  ; 
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but  by  subtraction^  2y  =  ±  32,  or  ±  40, 

and    y  =  ±  16,  or  ±  20. 

41.     Given  (^  +  y')  x  (^  +  y)  =  2336-1    ^  ^^^  ^^^  ^^^^ 

and  {a^  —  y*)   .   (a?  —  y)  =    576j 
of  ^  and  y. 

TVom  the  first  equation,  a^  +  a7*y  +  a?y*  +  y'  =  2336 ; 

and  from  the  second,  a^  —  iP*y  —  a?y*  +  y*  =    676 ; 

.%   by  subtraction,  2x*y  +  257y*  =1760; 

adding  this  to  the  first  equation, 

a?*  +  3a7*y  +  3a?y'  +  y'  =  4096 ; 
/.  extracting  the  cube  root,  a?  +  y  =  i6, 
and  2a?y .  (a?  +  y)  =  1760, 
or  16  X  2a?y  =  1760, 
.•.  xy  =  55, 
Now  a?"  +  2xy  +  y*  =  256, 
and  Axy     =220; 


/.  by  subtraction,  a?*  —  2a?y  +  y*  =     36, 

and  therefore  a^  --'  y  =  ±:  6; 
but  X  '\-  y  =     16  ; 


/.   by  addition,  20?  =  22,  or  10, 

and  07  =  11,  or    5; 
but  by  subtraction,  2y  =  10,  or  22 ; 

/,  y  =    5,  or  11. 

and  x'y  -h  a?y'  =  4a?y         J 
andy. 

Dividing  the  second  equation  by  o^y,  «r  +  y  =  4 ; 
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.'.  a^  +  zx'y  +  3a?y'  +  y*  =  64, 
But  from  the  first  equation,  a^  —  x^y  —  xy^  +  y"  —    0 ; 

.-.  by  subtraction,  4a?*y  +  4J?y*  =  64; 

•••  (^  +  y)  •  ^y  =  1^^ 

and  xy  =  4. 
But  a?'  +  2a?y  +  y'  =  16, 
and  4a?y  =16; 

/.  by  subtraction,  ^*— 2a?y  +  y^=    0; 
and  extracting  the  root,  a?  —  y  =    o ; 

but  ^  +  y  =   4 ; 

.',   by  addition,  ix  =    4 ; 

and     X  =>    2 ; 
but  by  subtraction,  2y  =    4 ; 

/.  y=    2. 

43.     Given  {x"  +  y*)  x  (a?  +  y)  =  ^    1   to    find    the 

2  a  ^5    values  of  x 
and  (a?*  -  y*)  .  (^  +  y*)  =  ?^iL       and  y. 

< 

Dividing  the  second  equation  by  the  first. 

Again,  dividing  the  first  equation  by  this  last, 

x—y 
:.  a7  +  y  =  3a?  — 3y; 

/,  by  transposition,  4y  =  25?, 

and  2y  =  ^; 

whence  {x^  +  y*)  .  (5?  —  y)  =  5y'  x  y  =  -2-- , 


or  y  =  1 ; 
and  therefore  a?  =  2y  =  2. 
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44.     Given  (^« -.  y«)  x   (^-y)=    zxy    \     ^   ^^^    ^^^ 

and  {x*  —  y*)  x  (a?*— y*)  =  454?" y*  J 
values  of  x  and  y. 

Dividing  the  second  equation  by  the  first, 

{x"  +  y')  X   (a?  +  y)  =  \sxy, 

or  ^^  +  jr'y  +  xy^  +  y*  =  I5a?y; 

but  from  the  first,  a?*  —  a^y  —  J?y*  +  y'  =    3^y ; 

/.   by  addition,  20?''  -h  2^*  =  I8a?y ; 

and  ^*  +  y'  =  ga^y ; 
but  by  subtraction,  2a^y  -h  2a?y*  =  I2a?y ; 
.'.   dividing  by  2xy,  x  +  y  =  6 ; 
whence  af  +  dx'y  H-  3a?y'  -h  y*  =  216 ; 

but  4?*  -h  y'  =  9^y ; 


/.  by  subtraction,         3x^y  +  sxy^     =  216  —  9^y, 
or  3  .  (a?  +  y)  .  J7y  =  isxy  =  216  —  9xy; 

.-.   27a?y  =  216, 
and  xy  =  8. 
Now  X*  H-  2^y  -h  y'  =  36, 
and  4xy  =  32 ; 


.•.  by  subtraction,  a?'  —  2iry  -I-  y*  =    4  ; 
and  extracting  the  root,  x  —  y  =  ±  2 ; 

but  a?  +  y  =    6 ; 


.•.  by  addition,  7x  =  8,  or  4 

.-.  a?=  4,  or  2 

and  by  subtraction,  2y  =  4,  or  8 

/.  y  =  2,  or  4, 


SECTION   IV. 


Solution  of  Adfected  Quadratics^  involving  only  one  unknotan 

Quantity. 


(28.)  Let  the  terms  be  arranged  on  one  side  of  the 
equation,  according  to  the  dimensions  of  the  unknown  quantity, 
beginning  with  the  highest;  and  (17)  the  known  quantities  be 
transposed  to  the  other  side ;  then,  if  the  square  of  the  unknown 
quantity  has  any  coefficient,  either  positive  or  negative,  let  all 
the  terms  be  divided  by  this  coefficient  (13).  If  the  square  of 
half  the  coefficient  of  the  second  term  be  now  added  (11)  to 
both  sides  of  the  equation  *,  that  side  which  involves  the  un- 
known quantity  will  become  a  complete  square;  and  (19)  ex- 
tracting the  square  root  on  both  sides  of  the  equation,  a  simple 
equation  will  be  obtained,  from  which  the  values  of  the  unknown 
quantity  may  be  determined. 


*  This  is  called  completing  the  square  ;  and  that  a  complete  square  is  thus 
obtained  may  be  easily  proved. 

Let  3^-±,2ax  be  the  proposed  quantity  on  one  side,  when  the  terms  are. 
arranged  according  to  the  form  prescribed  above  ;  and  suppose  ^*  =  the  quantity 
requisite  to  complete  tlic  square.  Now  the  square  of  jj  ±  <i  =  x*  ±  2rfjr  -f-  rf*,  where 
it  is  evident  that  four  times  the  product  of  the  extreme  terms  is  equal  to  the  square 
of  the  middle  term  ;  and  therefore,  in  order  that  x'  db  2ax  -f-  y'  may  be  a  square, 
4x*y*  must  be  equ^il  to  4ii*a?*  ;  therefore  y*  =  a*  =  the  square  of  half  the  coeffi- 
cient of  the  middle  term. 
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It  may  be  observed,  that  all  equations  may  be  solved  as 
quadratics^  by  completing  the  squares,  in  which  there  are  two 
terms  involving  the  unknown  quantity  or  any  function  of  it, 
and  the  index  of  one   is   double   that  of  the   other.    Thus, 

n  H 

a^  +  po^  zsz  q^a^^  ^  px^  =r  5',  a?*  -h  a?*  =  a,  a*a?*  +  aa?  =  i,  a^ 

+  ax*  =  hyp^x^  —  ^0?'"  =  rf,  (a?*  +  /?^  +  5')'  +  (a?*  +  /?a?  +  g) 
=  r,  a?* .  (a?*  +  axf  +  6a? .  (a?*  +  aa?)  =  rf,  are  of  the  same  form 
as  quadratics,  and  the  value  of  the  unknown  quantity  may  be 
determined  in  the  same  manner.  Many  equations,  also,  in 
which  more  than  one  unknown  quantity  are  involved,  may  in  a 
similar  manner  be  reduced  to  lower  dimensions  by  completing 
the  square,  as  a?'y'  -h  pxy  •=  q,  (x^  +  y*)*  -h  /? .  (a?*  +  y*)  =  r. 
Instances  of  this  kind  occur  in  the  following 

Examples. 

1.  Given  a?'  +  sa?  =  33,  to  find  the  values  of  a?. 

Completing  the  square,  a?'  +  8a?+i6  =  49; 

and  extracting  the  root,  a?  +  4  =  ±  7 ; 
whence,  by  transposition,  a?  =  3,  or  —  ii. 

2.  Given  a?"  +  6a?  +  4  =  59,  to  find  the  values  of  a?. 

By  transposition,  a?'  +  6a7  =  55; 
and  completing  the  square,  a?'  +  6  a?  +  9  =  64 ; 
.•.  extracting  the  root,  a?  -h  3  =  ±  8  ; 
whence  a?  =  5,  or  —  ii. 

3.  Given  a?*  —  sa?  +  lo  =  19,  to  find  the  values  of  a?. 

By  transposition,  a?*  —  s^  =  9 ; 

and  completing  the  square,  a?*  —  8a? +  16  =  25; 

.'.   extracting  the  root,  a?  —  4  =  ±  5, 

and  X  =  9,  or  —  i. 
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4.  Given  a^  *—  2px  =  g^  to  find  the  values  of  x. 
Completing  the  square,  x*  —•  2px  -^  p*  =  p*  -]-  q ; 

extracting  the  root,  a?  —  /?  =  ±  v^  {p*  +  q) ; 

/.  X  =^p  ±  v/(l>*  +  cO 

5.  Given  x*  —  /?,r  =  g',  to  find  the  values  of  x. 
Completing  the  square,  x^  —  px  +  .^-  =  ^i-H-g; 


extracting  the  root 


,^-^=±N/4-  +  y; 


6.  Given  a?'  —  a?  +■  3  =  45,  to  find  the  values  of  x. 

By  transposition,  a?'  —  a?  =  42 ; 

and  completing  the  square,  a?'  —  ^  +  -  =  42  +  -=  — ; 

.'.  extracting  the  root,  x =  ±  — , 

and  07  =  7,  or  —  6. 

7.  Given  3x*  -\-  2x  —  9  =  76,  to  find  the  values  of  a?. 

2  85 

By  transposition  and  division,  x^  -] —  a?  =  — ; 

and  completing  the  square,  x^  -\ —  x  -\ —  = 1--  = ; 

/,  extracting  the  root,  a?  +  -  =  ±  — ; 

whence  a?  =  5,  or . 

^  3 
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8.     Given  5^'  —  4  a?  -f  3  =  159,  to  find  the  values  of  a?. 


By  transposition  and  division,  a?* ^  =  — ^ ; 


5  5 


/.  completing  the  square,  4?' 1 =  -^ j =  — ^ ; 

2  28 

and  extracting  the  root,  x =  db  — ; 

consequently,  a?  =  6,  or . 

9.  Given  a^*  —  6a?  =  c,  to  find  the  values  of  a?. 

b  c 

By  dividing  each  term  by  a,  a?' ,  x  =  -; 

completbg  the  square,^-!. .  +  ^=-^  +  1 

__  y  +  4flc 

extracting:  the  root,  a? =  ±  ^^ ; 

^  '2a  2a 

2a 

35  —  3»r 

10.  Given  6a?  4 =  44,  to  find  the  values  of  a?. 

a? 

(i8.  Cor.  1.)  6a?'  +  35  —  3a?  =  44a?; 
.%  by  transposition,  dO!*  —  47  a?  =  —  35 ; 

and  (is.  Cor.  i.)  a?* .  a?  = ; 

6  6 

therefore,  completing  the  square, 

47  /47V        2209         35  1369 

or .a?-|-l  — )  = —= ; 

6  \12/  144  6  144 
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47  37 

/.  extracting  the  root,  a?  —  —  =  ±  — > 

and«  =  7,or|. 

0 

11.     Given  4a? =  14,  to  find  the  values  of  ^. 

07+1 

Clearing  the  equation  of  fractions, 

4a?"  +  4a?  —  14  +  a?  =  ua?  +  14 ; 
and  therefore,  by  transposition,  4a?*  —  ga?  =  28, 

and  (18.  Cor.  i.)  x* x=^7; 


9  9 

.•,  completing  the  square,  a?* a?  -f 


8 


""^"^64  ~    64   ' 


9  23 

*   and  extracting  the  root,  a? =  d:  — ; 

8  o 

whence  a?  =  4,  or . 

'  4 

112 1  "~*  4a? 

12.     Given  3  a? =  2,  to  find  the  values  of  a?. 

a? 

(i8.  Cor.  1.)  3a?'  —  1121  +  4a?  =  2a?; 
.•.  by  transposition,  3a?'  +  2a7  =  Ii2l ; 

J  /        i-i  X   „j         2  1121 

and  (18.  Cor.  i.)  a?*  +  -a?  =  — - ; 

1  X-        XI.  ^.21         1121  ^   1         3364 

.•.  completing  the  square,  a?"  +  -  a?  -f  -  = ^'  ^  =  "T"  5 

and  extracting  the  root,  a?  H —  =  ±  — ; 

69 
.'.  a?  =  19,  or . 

3 


13.     Given = ,  to  find  the  values 

2  a?  —  3  6    ' 


of  a?. 
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Multiplying  by  6,  24  —  3a? "^ —  =  a:  —  2 ; 

tff  —"  3 

by  transposition,  26  —  4  a?  = , 

a?  ^~  3 

and  (18.  Cor.  2.)  13  —  2a?  = ; 

'  a?—  3 

/.  19a?  —  39  —  2a7'  =  6a?  —  33 ; 

.*.  changing  signs,  and  transposing, 

2a7*  —  13a?  =  —  6, 

and  a?* a?  =  —  3 : 

2  ' 

and  completing  the  square, 

•        13        .    /13\*       169  121 

or a?  +1  — )  = 3  = ; 

2        ^  \  4  /  16  16    ' 

13  11 

.%  extracting  the  root,  a? =  ±  — ; 

4  4 

/,  a?  =  6,  or  - . 
'        2 

1  A      r^-  3a?  —  3  3a?  —  6  «,,  , 

14.  Given  5  a? =  2a?  H ,  to  find  the  values 

a?  —  3  2 

of  a?. 

(18.  Cor.  1.)  loa?'  —  36a?  +  6  =  4a?*  —  12a?  +  3a?'  —  I5a?  +  I8 ; 

.•.  by  transposition,  3  a?*  —  9a?  =  12, 

and  a?*  —  3a?  =  4 ; 

1  ^»       xi_  •  9  9       25 

.•.  completing  the  square,  a?"  —  3a?  +  -  =  4-| —  =  —  5 

4  44 

3  'i 

and  extracting  the  root,  a? =  ±  -, 

and  a?  =  4,  or  —  1. 

15.  Given r —  =  3,  to  find  the  values  of  a?. 

a?  4a?* 
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(i8.  Cor.  1.)  64a?  —  100  +  9^  =  12a?'; 
whence,  by  transposition,  12^**  —  73^  =  —  100, 

,     .        73  100 

and  a? X  = : 

12  12 

and  completing  the  square, 

,        73  /73\'        5329  100  529 

12  \24/  576  12  576' 

/.  extracting  the  root,  x =  d:  — , 

,  25 

and  0?  =  4,  or  — . 

12 

169  ^~  30? 

16.  Given  30? =  29,  to  find  the  values  of  x. 

X 

Here  3o?*  —  169  -h  3a?  =  290?; 
.•.  by  transposition,^ 0?'  —  2G2j?  =  169, 

J     2        26  169 

and  X 0?  = ; 

3  3    ' 

therefore,  completing  the  square, 

,        26  169         169     .     169         4 

a* X  H = V =  -  .  169 ; 

3  9399 

and  extracting  the  root,  x =  ±-,  13; 

13 

.'.  a?  =  13,  or . 

3 

17.  Given  16 = h  7  -,  to  find  the  values  of  x. 

3  5  5 

Multiplying  every  term  by  ~,  24  —  0?*  =  —  H ; 

.'.  (17.  Cor.  I.)  and  by  transposition,     - 

,        607  57         63 

X^  •{ =  24 =  — ; 

5  5  5 


X 
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and  completing  the  square, 

6  25  5  25  25   ^ 

/.  extracting  the  root,  a?  -h  -  =  ±  — , 

o  o 

and  a?  =  3,  or . 

'  5 

18.     Given 3 —  =  — ,  to  find  the  values  of  a?. 

22^ 
(18.  Cor.  1.)  10^  —  14  +  2a?  = 


9      ' 


22;!?' 


.'.  (J7.  Cor.  1.) 12a?  =  —  14, 

•7 

I      ,         54  63 

and  or a?  = ; 

11  11  ' 

/•  completing  the  square, 

11          Vii/       121       u       121  ' 
and  extracting  the  root,  ^ =  ±  — ; 

21 
.•.  a?  =  3,  or  — . 
'       11 

19.     Given -|-  1  =  10 ,  to  find  the  values 

of  0?. 

Clearing  the  equation  of  fractions, 

65?  —  8  +  20?  —  8  =  200?  —  80  —  a?'  +  60?  —  8  ; 

.'.  by  transposition,  o?*  —  I80?  =  —  72 ; 

and  completing  the  square,  a?*  —  I80?  +  8i  =  8I  —  72  =  9; 

whence,  extracting  the  root,  0?  —  9  =  di  3 ; 

and  therefore  0?  =  12,  or  6. 
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20.  Given = ,to  find  the  values 

5  ^—6  10 

of  X. 

Multiplying  by  lO,  6^  +  8 =  7a?  —  14 ; 

,       ,  .^.  300  —  20X 

,\  by  transposition^  22  —  a?  = ; 

and  28^  —  a?'  —  132  =s  300  —  20X  ; 

/•  by  transposition^  and  changing  signs,  a^  —  A%x  =  —  432 ; 
completing  the  square,  ^*  —  48  a?  +  576  =  576  —  432  =  144  ; 

/.  extracting  the  root,  d?  —  24  =  ±  12  ; 

« 

/.  X  =  36,  or  12. 

21,  Given  3a? =  2-1 ,  to  find  the  values 

9  —  2a?  2a?  —  1  '  ^ 

of  a?. 

Multipljring  by  2a?  —  1, 

Qx^  —  23a?  +  10  .   ^  . 

6a?"  —  3a? =  4a?  —  2  +  ea?*  —  40, 

9  —  2a? 

Qx^  —  23a?  -h  10 

or  7x  H =  42 ; 

9  —  2a?  ' 

/.  63a?  —  14a?*  -f  6a?*  —  23a?  +  10  =  378  —  84a?; 

by  transposition,  124a?  —  sa?'  =  368, 

and^-^* 46; 

2 

/•  completing  the  square, 

""T^  "^  "l6""~    16        ^    ""   16  ' 
.'.  extracting  the  root,  a? =  ±  —  j 

and  therefore  a?  =  — ,  or  4. 

2 ' 
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22.     Given 1 = •  to  find  the  values 

5+X        6  —  4X        UJ?— 8' 

of  s. 

35  + 7a?        55a?  +  114?* 


Multiplying  by  (5  +  a?),  a?  + 
and  multiplying  by  no?  —  8, 


6  —  40?  iia?  —  8    ' 


liar*  —  8a?  +  -^ — r-^ =  56a?  +  iia?*, 

6  —  40? 

329a?  +  770B^  —  280 

or  =  63a?; 

6  —  4a* 

J-  -J-       i_     ^    47a? -h  11  a?"  —  40 
or,  dividing  by  7,  ^Zm "  ^^ » 

/.   47a?  +•  lia?*  —  40  =  54a?  —  36a?*; 
by  transposition,  47a?*  —  7a?  =  40; 

.     ^        ^  40 

47  47 


49       ,    12.  _  75^9 


and  completing  the  square, 

^^^JLs+(±Y ^ 

47  \94/         8336        47        8336' 

and  extracting  the  root,  a? =  ±  — ; 

40 

.-.  a?  =  1,  or -. 

47 

28.      Given = ,  to  find  the  values  of  a?. 

a?       a?+2      a?-l- r 

Dividing  every  term  by  9, 


a?       a?  +  2      a?-|-i ' 

.  (18.  Cor.  1.)  loa?*  -h  30a?  +  20  —  3a?*  —  3a?  =  loa?*  -f  20a?; 

.'.  by  transposition  and  (17.  Cor.  1.)  3a?*  —  7a?  =  20, 

1    »       7         20 

and  a? a?=  — ; 

3  3 
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,         7  49         20         49  _   2S9 . 

oompleting  the  square,  «^-3'-*-^=T'*"36~  36' 
and  extracting  the  root,  x  —  -  =  ±  — ; 
.-.  x  =  4,or-|- 

24.     Gi^en  p3i5  +  PTT^  =  ^    to    find    the    values 
of  :p. 

Multiplying  every  term  by  x,  j—^  +  ^^  —  ^; 

/.  (18.  Con  1.)  8Jr  +  32  +  8Jr-  24  =  9J^  +  9JP-  108; 

/.  by  transposition  and  (17.  Cor.  1.)  9^  —  7*  =  116, 

and^r* jr=  — -  ; 

9  9 

completing  the  square, 

^  ""  9  ^  "•"    324  ■"     9  324  324    ' 

7  65 

/.   extracting  the  root,  «  —  —  =  ±:  — ; 

29 
/.  07  =  4,  or -. 

25.     Given  ^  -  loa^  +  1  -^  -^  _  3^  to  End  the  values  of  x. 

sr  —  6a?    +  9 

(18.  Cor.  1.)  3^  —  ioa?»  +'1  =  a?'  —  9a?»  +  27a?  —  27; 
/.  by  transposition  and  (i7.  Cor.  1.)  a?"  +  27^7  =  28; 
and  completing  the  square, 

/27  V  .    729        841 

^p*  +  270^  +  \^)  =  28  +  — ^  -p; 

27  29 

/.   extracting  the  root,  a?  +  —  =  ±  — , 

.  2  • 

and  J?  =  1,  or  —  28. 
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26.      Given  ^  +  ^  =  ^,  to  find  the  values  of  x. 
Clearing  the  equation  of  fractions^ 

200^  —  140fl?  -h  490  5=  203^  —  29^"  j 

/.  by  transposition,  4ga^  —  343a?  =  —  490, 
ando?*  —  74?  =  —  10; 

/.   completing  the  square,  a?'  -  7a?  +  —  =  ii  ^  10  =  i . 

4  4  *  4 ' 

and  extracting  the  root,  ar  -^  I  ==  ^^  i . 

2  2' 

.•.  a?  =  5,  or  2. 

of  a?. 

Clearing  the  equation  of  fractions, 

7  —  12^  =  d?*  —  so?  —  110 ; 

.-.    117  =  5?*  +  44?; 

and  completing  the  square,  121  =  ar*  +  4a?  -f  4; 

/.  extracting  the  root,  ±  11  =  a?  H-  2  • 

and  therefore  a?  =  9,  or  —  13, 

28.     Given  ^Z  (^  +  5)  x  ^  (a?  +  12)  =  12,  to  find  the  values 
of  a?. 

Squaring  both  sides,  (a?  +  5)  .  (a?  +  12)  =  144 ; 
or  a?*  +  17a?  +  60=  144; 
.•.  by  transposition,  a?'  -f  17a?  =  84; 
and  completing  the  square, 

o2 
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extracting  the  root,  4?  H =  ±  — , 

and  0?  =  4,  or  —  21. 

29.     Given  y/  (a?*  — •  a')  =  a?  —  i,  to  find  the  valuer  of  x. 

Cubing  each  side,  a?'  —  a'  =  a?'  —  3ba^  +  sb'^w  —  i*; 

/.  by  transposition,  aJa?*  —  3 A* 4?  =  a*  —  i', 

and  ^'  —  ia?  = r — ; 

/.   completing  the  square, 

4            36            4           126     ' 
extracting  the  root,  w =  ±  ^^  I j — V 

and  0?  =  -  ±^x    ( 1 — )• 

2       V^     \     12A     / 

80.     Given  a?*"  —  ma?*  =  /?,  to  find  the  values  of  a?. 
Completing  the  square, 

a?**  —  ma?»  H = h  P  == ^; 

44^  4       ' 

extracting  the  root,  a?" =  ±  ^^--^ ^ ; 


2 


.      ._*n±v/(m'  +  4;?) 


1 


and  ^  =  (^±s/i^'  +  *P)y, 

31.     Given  ^^— -^  = ^— ,  to  find  the  values  of  a?. 

4  +  V  a?  V  a? 

Clearing  the  equation  of  fractions,  2a?  +  2  y/x  =  16  —  a? ; 
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/.  by  transposition^  3  a?  +  2  \/x  =  i6, 

3  3 

completing  the  square,  x  -{ —  ^/x  +  -= 1--=  — ; 

3  9  V  9  9 

1  7 

and  extracting  the  root,  \/^  +  -  =  ±  - ; 

I 

/.  v^  =  a,  or--, 
and  0?  =  4,  or  — . 

32.    Given  — 7=-  = y=— ,  to  find  the  values  of  x. 

a  -f  \/x  y/ X 

Clearing  the  equation  of  fractions,  ax  '\-  b  y/~x  =  a*  —  ^; 

by  transposition,  (a  -f  i)  .  ^  -f  A  y/~x  =  a", 

J             i  y-         a* 

and  X  H : —  .  \/x  =  — ; —  ; 

completing  the  square, 

and  extracting  the  root, 

,/-  ,  *         _       v/(4g'  +  4a'  +  a'), 

^^"*"  2.(a+ 1)""  -  2.(a+i) 

83.     Given  \/^  —  2  \/S  —  a?  =  0,  to  find  the  values  of  a?. 
Dividing  by  y/~x^  we  find  a:  —  2  —  \/^  =  0 ; 
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.•.  by  transposition^  x  —  \/1b  =  2 ; 
and  completing  the  square^  a  —  ^/se  +  -  =  2H —  =-; 

4  4         4 
1                3 

extracting  the  root,  y/a? =  ±  - ; 

.-.  \/i  =  2,  or  —  1, 
and  ^  =  4,  or  l. 

84.  Given  \/  ^*  +  \/^  =  6  \/5^  to  find  the  values  of  w. 

Dividing  by  \/5>  a?*  +  a?  =  6 ; 

/.  completing  the  square,  a?*  +  a7H —  =  6H —  =  ~; 

]  5 

and  extracting  the  root,  a?  H —  =  ±  - , 
and  a?  =  2,  or  —  3. 

/»  kX  CO 

85.  Given  -  =  224-  -f  ^- — ,  to  find  the  values  of  a?. 

2  ^     •       3     ' 

2  133 

Multiplying  by  2,  and  transposing,  ^ \/ls  = ; 

and  completing  the  square, 

2      y-         I  133    .     1         400 

3^9  3  9  9 

/.  extracting  the  root,  \/x =  ±  — ^ , 

and  v/5  =  7,  or ; 

361 

/.  X  =  49»  or . 

^         9 
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— 2 

86.  Given =  o,  to  find  the  values  of  x. 

a?  —  5  20 

Clearing  the  equation  of  fractions, 

12  \/a?  —  40  —  a?  +  5  =  o; 

/.   (17.  Cor.  1.)  a?  —  12  v/^  =  —  35, 

and  completing  the  square,  a?  —  12  \/^  +  36  =  36  —  35  =  i ; 

.'.  extracting  the  root,  \/S  —  6  =  ±  i ; 

.-.  \/5  =  7,  or  6, 

and  0?  =  49,  or  25. 

87.  Given  rf  +  a?l  =  756,  to  find  the  values  of  x. 
Completing  the  square,  a?l  +  iri-f-  =  756-f-=  — — ; 

1  55 

and  extracting  the  root,  a?i  +  -  =  ±  — ; 

2  2 

/.  ai  =  27,  or  —  28, 
and  ^  =  3,  or  v^  (  —  28) ; 
.•.  X  =  243,  or   ( —  28)J  . 

88.  Given  a?*  —  rf  =  56,  to  find  the  values  of  a?. 

^         ,    .        ,  •         •        I  1        225 

Completing  the  square,  or  ^  m  -{ —  =  56+-  =  -— ; 

1  15 

/.   extracting  the  root,  ai =  ±  — ; 

and  a?i  =  8,  or  *-  7 ; 
.-.  a?J  =  2,  or  v^  (  —  7), 

and  a?  =  4,  or  {  —  7)!  • 
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39.     Given  3rf  +  a?|  =  3104,  to  find  the  values  of  a?. 


Dividing  hj  z,  at  -\ —  ^  = 


3104 


3  3    ' 

and  completing  the  square^ 

3  36  3  36  36      ' 

/.   extracting  the  root,  ^  +  -  =  ± ; 

6  6 

whence  at  =  32,  or , 

^  3 

and  J?4  =  2,  or  l^ — j  ; 
,\  X  =  64,  or  {^ — j  . 

40.  Given  asA  +  i^i  =  c,  to  find  the  values  of  a?. 

Dividing  by  a,  a^  +  -  4?!  =  - ; 

and  completing  the  square, 

-,*.,**  **        c       *•  +  4ac 

a  4a*       4a*       a  4a*       ' 

/.  extracting  the  root,  rf  +  A  =  ±_v/J*!_±_i££) 

2a  2a 

and  rf  =  ^^^^li*l±-l^^^l* ; 

2a  ' 

41.  Given  zaA —  =  —  592,  to  find  the  values  of  x. 

(17.  Cor.  1.) Sirt  =  592; 
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5  5 

Completing  the  square^ 

5  26  5  25  25     ' 

q  fry 

/.  extracting  the  root,  Wl =  ±  — ; 

5  5 

/.  x\  r=  16,  or , 


and  ^  =  8,  or  I 1  . 


42.     Given  a?*  —  2aa?'  =  i,  to  find  the  values  of  a?. 
Completing  the  square,  ^  —  2aa?*  +  a*  =  a*  +  * ; 

/.  extracting  the  root,  ^*  —  a  =  ±  \/  (a*  +  i), 

» 
and  4?'  =  a  ±  v^  (a*  -I-  i) ; 

.'.  ^  =  (a  ±  v/rf  -H  A)"  . 
48.     Given  o*a?'  —  i^  =  c,  to  find  the  values  of  a?. 

The  equation  is  the  same  as  a*a^ .  aiv  ^  c; 

.•.  completmg  the  square,  a^ar ,aie  -i j  =  c  +  — 5-; 

extracting  the  root,  aa? =d:^  (cH j  I ; 

20  ' 

and  .  =  ^  ±  X/  (^«;^  -H  ^'). 

2  a* 
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21 

44.  Given  v/  (20?  -I-  i)  +  2  ^/S  =  —77 ; — \9  to   find  the 

values  of  a?. 

(18.  Cor.  1.)  2a?  +  1  +  2  v/  (2a?*  +  J?)  =  21 ; 

.•.  by  transposition,  2  ^  (2a?'  +  a?)  =  20  —  20: ; 

and  therefore  y/  (20?*  -h  a?)  =  10  —  a? ; 

.'.   squaring  both  sides,  2^7*  -f  a?  =  100  —  20a?  +  a?*; 

and  transposing,  a?'  +  2iar  =  100; 

completing  the  square, 

1    .  .    /21V  .     441  841 

0?'  +  2ia?  +  ( — )  =  100  H = ; 

\  2/  4  4 

.•.  extracting  the  root,  x  -i =  ±  — ; 

.-.  a?  =  4,  or  —  25. 

45.  Given  2  ^^  (a?  —  a)  -h  3  y/  (2a?)  =  — r^ r,    to    find 

^/  (a*  "■"  Oj 

the  values  of  a?. 

(18.  Cor.  1.)  2a?  —  2a  +  3  y/  (2a7*  —  2  aa?)  =  7a  +  6a? ; 
by  transposition,  3^/(2 a?'  —  2aa?)  =  9a  +  3a?; 
.•.  \/  (2a?*  —  2aa?)  =  3a  -H  a? ; 

squaring  both  sides,  2a?'  —  2aa?  =  oa*  +  6aa?  +  a?* ; 

by  transposition,  a?*  —  saa?  =  9a* ; 

completing  the  square,  a?'  —  8aa?  +  i6a*  =  25a*; 

extracting  the  root,  a?  —  4a=  ±5a; 

/.  0?  =  9a,  or  —  a. 

46.  Given 

y  /      .   ^^\    1      /f^,^\       2  v^  (a?*  +  60a?'  -f  9a?  +  540)  -h  89 
v/(^  +  60)  +  v/(^  +  9)  =     V(^-H^0)4:V^^+9)— - 

to  find  the  values  of  a?. 
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Clearing  the  equation  of  fractions, 

^-f60+4?*  +  9  +  2v/(a7'  +  605?*  +  94?  +  540)  = 
2\/(^'  +  fiO^  +  9^  +  540)  +  89; 

.•.  by  transposition,  a?*  -f  4?  =  20  j 

1  1         81 

and  completing  the  square,  a?*  +  d?H —  =  20  +  -  =  — 

4  4  4 

/,  extracting  the  root,  a?  +  -  =  ±  -, 


and  a?  =  4,  or  - 

-  6. 

47.     Given 

123  4-  41  v^      20  v/^  +  4a? 

2  a?' 

5  \/x  —  a?  3  —  \/5         (5  v/a?  —  ^)  .  (3  —  v/^)' 

to  find  the  values  of  a?. 

This  equation  is 

41 .  (3  -I-  v^)  __  4 .  (5  \/5  +  a?)  2a?' 

5  \/^  —  a?  3  —  \/a?  (5  \/5  —  a?)  .  (3  —  \/^)  ' 

and  therefore,  clearing  it  of  fractions, 

41  .  (9  —  a?)  =  4  .  (25a?  —  a?')  —  2a?', 

or  369  —  4ia?  =  looa?  —  4a?'  —  2a?*; 

/.  by  transposition,  6a?'  —  I4ia?  ==  —  369, 

J  ^         47  123 

and  or a?  = ; 

2  2    ' 

completing  the  square, 

,        47  /47\*         2209  123  1225 

or a?  +  (  —  I  = = ; 

2  \  4  /  16  2  16     ' 

.•.   extracting  the  root,  a? =  ±  — , 

4  4 

and  a?  =  — ,  or  3. 
2' 

48.     Given  — = +  -_       ^  * 


\/x  +  y/  (a  —  a?)       \/a?  —  y/  (a  —  a?)       \/^ 
to  find  the  values  of  a?. 
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Multiplying  the  equation  by 

(\/J  +  s/a—x)  .  {y/x  —  y/a^x) ; 

X  .  (\/^  —  s/a^x  +  s/lc  +  v/a— a?)  =  — 7=  •  (2a?  —  a), 

or  2a?  \/ls  =  — ^ .  (2a?  —  a) ; 

\/x 

,\  2x*  =  2Aa?  —  ab, 

and  d?*  —  ia?  = ; 

2 

completing  the  square, 

.       .  ft*        *•       aft      ft*-2aft 

_  &  ±  y/  (y  -  2a6) 

2 

49.    Given  y,  ^ r  ==  (^  —  2)%  to  find  the  values 

a?  —  y/  (a?*  —  9) 

of  ^. 

Multiplying  the  numerator   and  the   denominator  of  the 
fraction  by  a?  -f  y/  (a?*  —  9), 

^ =  (^  _  2)  ; 

extracting  the  square  root,  ^— ^ =  ±  (a?  —  2) ; 

taking  the  positive  sign,  a?  -f  y/  (a?*  —  9)  =  3  a?  —  6 ; 

by  transposition,  y/  (a?'  —  9)  =  2a?  —  6, 

and  squaring  both  sides,  a?*  —  9  =  4a?*  —  24a?  +  36 ; 

by  transposition,  3  a?*  —  24  a?  =  —  45, 

and  a?*  —  8a?=  —  15; 
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completing  the  square,  a?*  —  8a7  +  i6=i; 

extracting  the  root,  ar  —  4  =  ±  1 ; 

/.  ^  =i  5,  or  3. 

But  if  ■^^—^ =  —  (d?  —  2) ; 

X  +  v^  (a?*  —  9)  =  —  3a7  -I-  6, 

and  v^  (a?'  —  9)  =  —  4a?  +  6 ; 

/.   squaring  both  sides,  ^"  —  9  =  16^'  —  48a?  +  36, 

and  by  transposition,  15a?*  —  48a?=  —  45; 
.      •       16       _ 

5  ' 

and  completing  the  square, 

,        16              64        64                 —  11 
or .a?H = 3=  ; 

5  25  25  25     ' 

extracting  the  root,  a? =  ±  ^^ r-^ ; 

5  5 

.     ■■_8±v/(-ll) 

5 

50.  Given  a?  +  5  =  ^^  (a?  -h  5)  +  6,  to  find  the  values  of  a?« 
By  transposition,  (a?  +  6)  —  v^  (a?  +  6)  =  6 ; 

and  therefore,  completing  the  square, 

(a?+5)-v^(a?  +  5)  +  j  =  6  +  i  =  ^5 

4  4  4 

15 

extracting  the  root,  \/(a?  +  5) =  ±-; 

2  2 

/.  y/  (a?  +  5)  =  3,  or  —  2 ; 

and  squaring  both  sides,  d?  +  5  =  9,  or  4 ; 

whence  a?  =  4,  or  —  1. 

51.  Given  ar  +  16  —  7  y/  (a?  +  16)  =  10  —  4  ^Z  (^  +  16),  to 
find  the  values  of  «r. 
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By  transposition,  (a?  -h  i6)  —  3  v^  (a?  +  16)  =  lo ; 
and  completing  the  square^ 

(a?+  i6)-.3v/(^+  16)  -f  ^=io  +  ~  =  — ; 

4  4  4 

3  7 

.•.  extracting  the  root,  y/  (a?  +  16) =  ±  -; 

and  y/  (a?  +  16)  =  5,  or  —  2 ; 
whence  a?  +  16  =  26,  or  4  ; 

and  ^  =  9,  or  —  12. 

52.  Given  y/  (^  +  12)  +  ^  {x  -\-  12)  =  6,  to  find  the  values 
of  X,  ' 

Completing  the  square, 

y/(^+  12)  +  ^{x  +  12)  +^  =  6  +  -  =  — ; 

4  4  4 

J  5 

.\  extracting  the  root,  y/  (a?  -f  12)  H —  =  ±  -, 

and  y/  (a?  +  12)  =  2,  or  —  3 ; 
whence  ^  +  12    =  16,  or  81 ; 
and  0?  =    4,  or  62. 

53.  Given  a?'  —  2a?  +  6y/  (.r'  —  20?  +  6)  =  11,  to  find  the 
values  of  x. 

Adding  5  to  each  side  of  the  equation, 

(a?*  —  2a?  +  5)  +  6  y/  (a?*  —  2a?  +  5)  =  16 ; 

.'.  completing  the  square, 

(a?*  —  2a?  +  5)  +  6  y/  (a?*  —  2a?  +  5)  +  9  =  16  +  9  =  25 ; 

and  extracting  the  root,  y/  (a?*  —  2  a?  +  5)  +  3  =  ±  5, 

and  y/  (a?*  —  2a?  +  5)  =  2,  or  —  8  ; 

.'.  squaring  both  sides,  a?*  —  2  a?  +  5  =  4,  or  64  ; 

whence  a?*  —  2a?  +  1  =  0,  or  60 ; 
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•  m 

and  extracting  the  root,  a?  —  i  =  o,  or  ±  \/^ ;  * 

.-.  a?  =  1,  or  1  ±  2  v/  15. 
54.     Given  2ar*  +  35?  —  5  v^  (24?*  -H  3a?  -f  9)  +  3  =  o,  to  find 
the  values  of  a?. 

Adding  6  to  each  side,  2a?*  +  3a?  +  9  —  5  ^  (2a?'  +  3a?  -f  9)  =  6; 
and  completing  the  square, 

{2a?' +  3a?  +  9)  -  5  v/ (2a7*  +  3a?  +  9)  +  —  =  6  +  —  =  — ; 

4  4  4 

5  7 

.'.  extracting  the  root,  y/  (2a?'  +  3a?  +  9) =±-; 

and  ^  {2a?*  +  3a?  +  9)  =  6,  or  —  1 , 
suppose  the  value  to  be  6, 

then  2a?*  +  3a?  -H  9  =  36, 

and  a?*  +  -  a?  =  — ; 
2  2  ' 

.\  completing  the  square, 

2  16  2  16  16   ' 

and  extracting  the  root,  w  -] —  =  ±  — > 

9 
or  a?  =  3,  or . 

'  2 

But  if  —  1  be  taken,  ^  {2a?  +  3a?  +  9)  =  —  i ; 

.-.   2a?*  +  3a?  -I-  9  =  1, 

and  a?*  +  -a?=  —  4;        ^ 
2  ' 

completing  the  square, 

,3,9         9        ^        —  55 
2  16        16  16    ' 


*  In  this  example,  if   0  be  the  value,   the   two    roots    of   the    equation 
are  +  1  &n<i  +  1* 
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and  extracting  the  root,  a?  -I-  -  =  ""  ^  ^ ; 

4  4 

4 

65.  Given  ^^A_ .^  = ^(^  +  ^.h6) ^' 

to  find  the  values  of  x. 

(18.  Cor.  1.)  (a?"  +  a?  +  6)  =  64  —  4  v/  (^*  +  a?  +  6)  +  6 ; 
/.  by  transposition,  (a?*  +  ^  +  6)  H-  4  v^  (a?*  -f-  a?  +  6)  =  60 ; 
and  completing  the  square,' 

(^  +  ^  +  6)  +  4  v^  (a?*  -f  a?  -f  6)  +  4  =  64 ; 

extracting  the  root,  y/  (a?*  +  a?  +  6)  +  2  =  ±  8, 

and  y/  (a?"  +  a?  +  6)  =  6,  or  —  10;  suppose  the  former, 

then,  squaring  both  sides,  a?'  +  a?  +  6  =  36 ; 

and  by  transposition,  a?'  +  a?  =  30 ; 

completing  the  square,  x^  '\-  x  -\ —  =  30  +  -= ; 

extracting  the  root,  a?  +  -  =  ±  — y 

and  a?  =  6,  or  —  6. 

But  taking  y/  (a?*  +  a?  +  6)  =  —  10, 

then  a?'  +  a?  4-  6  =  100; 

and  by  transposition,  a?*  +  a?  =  94 ; 

I                 1       377 
completing  the  square,  a?*  +  a?  +  -  =  94H —  = ; 

4  44 

extracting  the  root,  a?  +  -  =  "^  ^   — ^, 


2 


and  ^  =  :Zl±vA377)^ 

2 
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56.    Given  J  (a?- 2)'  — a?J'— (^  — 2)*  =  88  — (a?  — 2),  to  find 
the  values  of  a?. 

By  transposition,  {{x  —  2)*  —  x]*  —  {{x  —  2)*  —  a?J  =90; 
and  completing  the  square, 

{{^  _  2)»  _  icy  -  {(a?  -  2)'  -  ^}  +  -i  =  90  +  i--  -"^j 

4  4  4 

extracting  the  root,  (^  —  2)'  —  a? =  ±  — , 

2  2 

and  (a?  —  2)*  —  a?  =  10,  or  —  9; 

whence,  adding  2  to  each  side, 

(a?  —  2)'  —  ^a?  —  2)  =  12,  or  —  7 ;  supposing  the  former, 
and  completing  the  square, 

4  4  4 

extracting  the  root,  a?  —  2 =  ±-; 

«  2 

whence  j?  =  -±-  =  6,  or— i: 

2       2        *  * 

and  in  the  second  case,  where  {x  —  2)*  —  (a?  —  2)  =  —  7 ; 

completing  the  square, 

4  4  4 

extracting  the  root,  a?  —  2  —  -  =  —  v  (  ^  ^7) 

2  2 

.     ^_5±3\/(-3) 

2 

57.     Given  {x  -f  6)'  +  2a?* .  (a?  +  6)  =  138  +  a?*,  to  find  the 
values  of  x. 

Completing  the  square, 

(.r  +  6)'  -f  2a?4  .  (a?  +  6)  +  a?  =  138  +  a?  -h  a?*; 

H 
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extracting  the  root,  a?-h6  +  a?*  =  ±v^  (i38  4-  ^  -f  ^) ; 

and  squaring  both  sides, 

(^  +  ^)'  +  12  .  (^  -f  ^)  -f  36  =  1S8  -f  0?  +  0?*  ; 

.-,  by  transposition,  (^  +  a?*)*  +  ii  .  (a?  +  d?*)  =  102; 
completing  the  square, 

121  121  529 

(^  +  a?4)'  +  11 .  (^  -f  ^)  +  —  =  102  -f  —  =  — ; 

,         11  .    23 

extracting  the  root,  a?  -f  a:*  +  —  =  ±  — , 
and  j?4-a7*=6,  or  —  17;  supposing  the  former, 

.1  1         25 

and  completing  the  square,  ^-|-a?*+-  =  64-  "T^"^' 

I  5 

extracting  the  root,  a?*  4-  -  =  ±  -, 

and  jT*  =  2,  or  —  3 ; 

.-.  0?  =  4,  or  9. 

But  if  a?  +  a*  =  —  17, 

,11  —67 

completing  the  square,  «p+a7*+  -  =  -—  17=     ^  - ; 


and  extracting  the  root 


whence  a?  = ~ ■ 


58.     Given  a?  —  i  =  2  +  ^,  to  find  the  values  of  s. 
Since  a?  —  i  =  (j?*  +  i)  x  (a?*  —  i) ; 

57*  +   1 


/.    (a?4  +  1)  .  (a?*  -  1)  =  2 


1^ 
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and  therefore,  dividing  bya?*4-  1,^7^—  !  =  -:»; 

whence  ^  —  a?*  ^  2 ; 
and  completing  the  square,  a?  —  a7*  +  -s=2  +  -  =  -; 

4  4         4 

1  3 

/.  extracting  the  root,  a?*  —  ~  =  ±  -, 

and  a?*  •=  2,  or  —  1 ; 
whence  a?  =  4,  or  1. 

59.     Given  a?*  —  2d?*  +  a?  =  132,  to  find  the  values  of  x, 
(15)  Adding  and  subtracting  x'y  there  results 
a?*  —  2d?*  +  a?*  —  (a?*  —  a?)  =  132 ; 
and  completing  the  square, 

(d?*  —  d?)*  —  te'  —  d?)  +  -  =  132  +  -  = ; 

extracting  the  root,  d?"  —  d? =  ±  — ; 

2  2 

whence  d?*  —  d?=  12,  or  —  11;  supposing  the  former; 

then,  completing  the  square,  d?*  —  d?H —  =12H —  =  — ; 

4  44 

and  extracting  the  root,  d? =  ±  -, 

and  d?  =  4,  or  —  3. 
But  if  d?*  —  d?=  —  II, 

completing  the  square,  d?*  —  d?H--  = 11= ; 

extracting  the  root,  d? s=  -^V  ^ 1^ 

H   2 


100  Solution  of  Adfected  Quadratics, 

60.  Given  {x*  +  2a?)  .  (ar  +  4)  =  2  —  (j?  +  4),   to  find  the 
values  of  of. 

By  subtraction,  (^'  +  2a?)  .  (a?  +  4)  =  —  (a?  +  2) ; 

.\  dividing  by  ^  +  2,  a? .  (^  H-  4)  =  — i  ; 

.-.  a?*  +  457  =  —  1 ; 

and  completing  the  square,  a?'  +  4a?  +  4  =  4— l=:3; 

extracting  the  root,  a?  +  2  =  ±  v^  > 
/.  a?  =  —  2  ±  s/s. 

24 

61.  Given      ,     'J       .   +  vli^  =^,  to  find  the 

values  of  a?. 

Multiplying  every  term  by  25  y/  (S a?*  —  a?*) ; 
/.  849  4-  5  —  a?*  =  850  \/  (5  —  a?2) ; 
and  by  transposition,  (5  —  a?')  —  850  y/  (5  —  a?*)  =  —  849  5 
completing  the  square. 


(5  _  a?a)  -.  860  v/ (5  —  a*')  +  425  p  =  180625  —  849  =  179776; 

and  extracting  the  root,  \/  (5  —  a?')  —  425  =  ±  424 ; 

whence  \/  {s  —  a?')  =  849,  or  i. 
and  5  —  a?'  =  720801,  or  i, 
and  a?'  =  —  720796,  or  4  ; 
.-.   a?  =  ±  v/  (—  720796),  or  ±  2. 

62.      Given  ^^^  +  -^  =  -,  to  find  the  values  of  a?. 

a?         a—a^       c 

fl^~a? 
Multiplying  every  term  by  ; 


(a--a?\'  b    a^x 
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,     ^  .,.       /a— a?V       *    o— ^ 

by  transposition^  I I . =  —  i ; 

\    «?    /  c        *v 

ompleting  the  square^ 

(a— a?Y     b    a^x       ^'  _  ^  _  b^—AC^^ 

W     /  C*      X  4C*""4C*  ""         4C'       ' 

extracting  the  root, =  ±  ^^— ^ ^, 

r, 1 =  ±  2!L-V / . 


or,  _ 

X  2C  2C 


by  transposition,  -  = ■^^—^ -; 


X  2C 

2ac 


•  •    X  ^» 


2C+  b±^{b'  --4(fy 


63.     Given    9^  4-  \/  (i6a?*  +  360?*)  =  I5a?*  —  4,   to  find  the 
values  of  x. 

By  transposition,  gx  -^  4  +  2X\/  {9x  -h  4)  =  15^ ; 

and  completing  the  square, 

{9X  +  4)  -h  20?  v/ (9^  +  0  +  ^'  =  ^^^'J 

and  extracting  the  root,  ^  {9x  +  4)  +  o?  =  ±  4J?; 

/.   \/  (90?  +  4)  =  307,  or  —  50?, 

and  90?  +  4  =  90?*,  or  2507*;  supposing  the  former; 

then,  by  transposition,  907*  —  90?  =  4 ; 

-».'.-,  9  9  9       25 

and  completing  the  square,  90?^  —  9o?  +  -s=4H —  =  — ; 

.•.  extracting  the  root,  307 =  ± "" ; 

2  2 

and  30?  =  4,  or  —  1 ; 

whence  0?  =  -,  or . 

3'  3 
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But  if  9^  +  4  =  2557*, 

then,  by  transposition,  25 j?'  —  9^  =  4 ; 
and  completing  the  square. 


(g\»    81 
—  I  = h  4  = 
10/     IOC 


481 
100  ^  '    100  ' 


9  ±  \/  (481) 
10 

50 

64.     Given  a?  = ,  to  find  the  values  of  a?, 

J?  —  5    ' 

(l8.  Cor.  1.)  ^*  —  5iP  =  12  +  8^*, 
or  0?*  —  40?  ==  12  +  8a?i  +  X\ 

and  completing  the  square,  a?*  —  4a?  4-  4  =  16  +  80?*  +  0?; 

extracting  the  root,  j?  —  2  ==  ±  (4  +  a?i),  and  first  taking  the 
positive  value ; 

then,  by  transposition,  or  —  a?*  =s  6 ; 

I  1         25 

completing  the  square,  a?  —  a?*H —  =  6H —  =  -^; 

4  44 

1  5 

extracting  the  root,  tx^ =  ±  - ; 

2  z 

,%  a?*  =  3,  or  —  2, 
and  J?  =  9,  or  4. 
But  if  the  negative  value  be  used,  a?— 2=  —  4— a?*; 

."•  by  transposition,  a?  -t-  a?*  =  —  2  ; 

i         1  —  7 

and  completing  the  square,  x  ^  a^  -|--=s 2  = ; 

44  4 
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extracting  the  root,  ^  +  i^±x/(-^), 


2  2 


.    ^    ,-l±v/(-7) 

2  ' 

2 

65.     Given 1 — -  —  49  =  9+-,  to  find  the  values 

of  a?. 

Adding  -j  to  each  side^  in  order  to  complete  the  square^ 

XT.       49^  .49  .6.1 

then-j--49+^=9  +  -  +  ^; 

7«P       7  /         1\ 

extracting  the  root, =  ±13  +  - i, 

and  first  taking  the  positive  value ; 

••.  by  transposition, 3  =  - ; 

and  therefore,  4k? =  — ; 

>  7         7* 

completing  the  square, 

T.       49  ""  T        49  ""   49   ' 
extracting  the  root,  a?  —  -  =  ±  — , 

and  a?  =  2,  or . 

7 

But  if  the  negative  value  be  used, =—3 ; 

^  '2         4?  X 
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.'.  by  transposition, 1-  3  =  -, 

,    ,      6j?       12 

and  a?'  H =  — ; 

7  7  ' 


.%  completing  the  square, 


,       6^   ,     9        12    ,     9        93 
7         49         7        49        49 ' 

and  extracting  the  root,  a?  +  -  =  "~  ^  ^ — - ; 

.     ^_    -3±x/(93) 

•   •       I*    —  • 

7 


66.     Given 1 17a?  =  8,  to  find  the  values  of  x. 

2  4  ' 

17^?* 
Multiplying  by  2,  a?*  H 34  a?  =  16, 

."•  by  transposition,  ar*  H =  3457  +  16; 

and  completing  the  square, 

extracting  the  root,  a?'  H =  ±  ( h  4  j  ; 

first,  let  the  positive  value  be  taken ; 

then,  by  transposition,  a?»  =  4, 

and  ^  =  ±  2. 

But  if  the  negative  value  be  taken, 

X*  + = 4 ; 

4  4 
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and  by  transposition,  x*  +  =  —  4 ; 

.".  completing  the  square, 

2  \4/  16  16   * 

and  extracting  the  root,  ar  +  —  =  ±  — ; 

1 

.'.  a?  =  —  8,  or . 

67.     Given27a?*- ^+— ==  — --!-r  +  6,  tofindthe 

zx^        3        zx       3a?' 

values  of  x. 

Multiplying  every  term  by  3, 

,       841     .     ^       232         1     . 

x^  X        or  ^ 

1  841  232 

.".  by  transposition,  81  a?*  +  17  H — 5-  =  — j-  + +  ^5- 

XX  X 

Adding    unity    to    each  side,    in   order  to   complete    the 
square; 

,  1  841     .     232      .       1 

...   81^+18  +  ^=^+— +  16; 

and  extracting  the  root,  9a?-l--=±( 1-4  1. 

Let  the  positive  value  be  taken ; 

28 

then,  by  transposition,  9 j?  —  4  =  — ; 

and  therefore  9^*  —  4^  =  28  ; 

1  ^-       XV                      ,              .44.              256 
completing  the  square,  9^  —  40? +  -  =  --1-28  = ; 

extracting  the  root,  zx =  ±  — ; 


106  Solution  of  Adfected  Quadratics^ 


14 

/.  3^  =  6,  or — , 


and  ^  =  2,  or . 

^  9 


But  if  the  negative  value  be  taken,  gar*  +  4^  =  —  30; 
and  completing  the  square, 

4         4  —  266 

9J?»  +  40?  +  -  =  -  «  30  =  — ^  ; 

2  ±  \/  (—  266) 

extracting  the  root,  35?  +  -  = ; 

3  3  ^ 

—  2  ±  v/  (—  266) 
.'.    30?  =  ^ -I 

9 
.     Given  (^'-^ly +  (a«-.^y  =  :J,   to   find  the 


68 
values  of  or. 


By  transposition,  ^o?'  -  ^  j    -  —  =  -  ^a  -  -^)  ; 
and  squaring  both  sides, 

x^       a^         a      \  x^J  0?'  ' 

, ,     .             -x-        -J       2or'     /  ,       a*\J   ,07*         ,      ^ 
and  by  transposition,  or —  .  (or'  —  -^ j    +  —  —  a  =  o, 

or  0?" .  (o?*  —  a*)*  + 5 —  =  0 ; 

^ix'-^a')   . 
extracting  the  root,  x  —  -^^— ^ =  o ; 
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.'.  by  transposition,  a?  =  ^^ ^, 

and  ax  ^  y/  {x*  —  a*) 
Squaring  both  sides,  a*a:^  =  x*  —  a* ; 
/.  by  transposition,  x*  —  a*x*  =  a* ; 
and  completing  the  square^ 

a?*  —  a  x^  +  —  =  a*  H = ; 

4  4  4' 

extracting  the  root,  ar = ; 

2  ' 

/)  ±\/l 

and  a?  =  ±  a  •  V • 

2 


SECTION  V. 


Solution  of  Adfected  Quadratics^  involving  two  unknown 

Quantities. 

(29.)  If  the  equations  involve  two  unknoniii  quantities, 
they  may,  by  the  preceding  rules,  be  reduced  to  one  con- 
taining only  one  of  the  unknown  quantities,  the  values  of 
which  may  be  found  by  Art.  28 ;  whence,  by  substitution,  the 
values  of  the  other  may  also  be  determined.  In  many  cases, 
however,  it  may  be  convenient  to  solve  the  equations  first, 
considering  one  of  the  quantities  as  known;  when  the  rules 
for  exterminating  unknown  quantities  (23)  may  be  more  easily 
applied. 

Examples. 

1.     Given  a?  —  y  =  15] 

^  ^  —    »  K  ^  ^^^  ^®  values  of  x  and  y. 

an      2   — y  J 

From  the  second  equation,  x  =  2y' ; 
Substituting  this  in  the  first,  2y'  —  y  =  15 ; 

,1  15     ' 

and  completing  the  square, 

,1.1        16   .     1        121 


2^         16  2  16  16    ' 
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/.  extracting  the  root,  y =  ±  — y 

4.  4 

and  y  =  3,  or 5 

whence  d?  =  2y*  =  I8,  or  — . 

2.  Given  ^"^"^^  =  3I 

a?y  J,  to  find  the  values  of  a?  and  y. 

and  9y  —  9«2?  =  isj 

From  the  second  equation,  y  —  a?  =  2 ; 

and  therefore  y  =  a?  +  2  ; 

but  from  the  first,  10a?  +  y  =  3a?y. 

Substituting  in  this  the  value  of  y  found  above, 

10^  +  4P  -h  2  =  3a? .  (a?  -h  2), 

or  11^  4-  2  =  3^*  4-  6a?; 
.".  by  transposition,  3a?*  —  6a?  =  2, 

and  (is)  a?* a?  =  -: 

^    ^  33' 

'.  completing  the  square, 

3  *  36  ""  36         3  ™  36  ' 

/.  extracting  the  root,  ar  —  --  =  ±  -, 

and  a?  =  2,  or ; 

'  3 

whence  y  =  a?  +  2  =  4,  or  -. 

3.  Given  a?  4-  y  :  a?  —  y  : :  13  ;  s")     to  find  the  values  of  a? 

^nd  y*  +  a?  =  25  J'       and  y. 
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[Alg.  112.)  2x  :  2y  ::  18  :  8 ; 
/.   {Alg.  184.)    X  :    y  ::    9:4; 

.'.   (21)  4a?  =  9y,  and  ^  = -^. 

4 

Substituting  this  value  in  the  second  equation^ 


4 


completing  the  square^ 


.        9y    ,    &\         81  1681 

y*4--iiH = 1-25=  ; 

^    ^    4  64         64  64    ' 

.•.  extracting  the  root,  y  +  -  =  ±  — ; 

,  25 

whence  y  =  4,  or ; 

9y  225 

^  ""      ""  L  to  find  the  values  of  x  and  y . 

and  a?  +  y  =  6  J 

From  the  first  equation,  ^y*  +  4a?y  =  96 ; 

.'.  completing  the  square,  .r'y'  +  4a?y  +  4  =  100; 

and  extracting  the  root,  xy    +  2  =  ±  10 ; 

/,  xy  =  8,  or  —  12. 

Now,  squaring  the  second  equation, 

X*  -f  2a?y  +  y*  =  36; 

but    4a?y  =  32,  or  —  48 ; 


/.  by  subtraction,  a?'  —  2^y  -h  y'  =  4,  or      84; 
whence,  extracting  the  root,  a?  —  y=  ±2or±  s/Ti ; 

but  0?  +  y  =      6 ; 

.•.  by  addition,  20?  =  8,  or  4,  or  6  ±  2  v/  21 ; 
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whence  a?  =  4,  or  2,  or  3  ±    \/  21 ; 
and  by  subtraction^  2y  =  4,  or  8,  or  6  4: 2  V^  5 

/.  y  =  2,  or  4,  or  3  q=    \/~2\. 

*^  ""         L  to  find  the  values  of  x  and  y. 
and         xy  ^^^  c^    J 

From  the  second  equation^  y  •=  — ; 


X 

and  substituting  this  value  in  the  first  equation^ 


c*« 


a?*  H — r  =  2a"  : 
a?" 

by  transposition^  x^^  —  2a*a?*  =  —  c**; 
completing  the  square^  x^^  —  20*0?"  +  a**  =  a**  —  c*"; 
/.  extracting  the  square  root,  a?"  —  a"  =  ±  v/a^*  —  c*", 

and  a?"  =  a*  ±  \/a*"  —  c** ; 

. I 

.\  a?  =  (a*  ±  \/a2«  —  c'*)V, 

and  y  =  —  =  j^i- ±  v/(«'"  -  ^")F 


6.     Given  d?*H-af  +  y  =  is  —  y*"l     to  find  the  values  of  x 
and  xy  ssQ  y       and  y. 


By  transposition,  ;p*+y*  +  a?-|-y=i8  5 
and  firom  the  second  equation,  2a?y  =  12 ; 


.%  by  addition,  x*  -h  247y  4"y*  +  a?H-y=s30; 
and  completing  the  square, 

(^  +  y)'  -h  (a?  +  y)  +  ;j  ==  30  +  1  =  -^; 
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/.  extracting  the  root,  3P  -{'  y  -{ —  =  ±  — , 

2  2 

and  a?  +  y  =  5,  or— 6; 
whence,  from  the  first  equation,  ^  4-  y*  =  13,  or  24  ; 

but  2xy  ==  12; 


.'.   by  subtraction,  a?*  —  2wy  -f  y*  =    i,  or  12; 

.•.  ^  —  y  =  ±  1,  or  ±  2  v/3. 
Now  Of  +  y       =  5,  or  —  6 ; 

/.  by  addition,  2a?  =  6,  or  4,  or  —  6  ±  2  \/3 ; 

/.  ^  =  3,  or  2,  or  —  3  ±  v/3 ; 
and  by  subtraction,  2y  =  4,  or  6,  or  —  6  q:  2  \/3; 

/,   y  =  2,  or  3,  or  —  3  q:  \/3, 

7.     Given  a?'  +  2a?y  +  y*  4-  2a?  =  120  —  2y "]     ^     /.  j  ^, 
.  ,  (9   to   tincL  the 

and  a7y  —  y^  =  8  J 

values  of  x  and  y. 

By  transposition,  (a?  +  y)*  -f  2 .  (a?  +  y)  =  120 ; 
.".   completing  the  square,  (a?  -f  y)'  +  2 .  (a?  +  y)  +  1  =  121 ; 
.•,   extracting  the  root,  (a?  +  y)  -f  1  =  ±  1 1, 
and  ar  -h  y  =  10,  or  —  12 ;  and  first  let  a?  -h  y  =  10 ; 

from  the  second  equation,  x  ^y  =i-i 


8     ' 

/.  by  subtraction,     2y  =  10 ; 

/.  y'^sy  — 4; 
and  by  transposition,  y*  —  5y  =  —  4 ; 

25        "25  9 

completing  the  square,  y'  —  6y  +  —  = 4=-; 

44  4 

and  extracting  the  root,  y =  i  - ; 
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/.  y  =  4,  or  1 ; 

and  ^  =  10  —  y  =  6,  or  9. 
But  if  ^  -f  y  =  —  12, 

and  a?  —  V  =  - ; 


8 


then  2y  =  —  12 , 

y 

and  y'  +  6y  =  — 4; 
.-.  completing  the  square,  y" +  6y +  9  =  9  —  4=5;» 
extracting  the  root,  y  +  3  =  ±  ^/s  • 

.'.  y  =  —  3  ±  v/5, 
anda?=  —  i2--y=— 9:+:  v/s. 

8.     Given  ^*  +  y'  -  a?  -  y  =  rsl     to  find  the  values  of  x 
and  a?y  +  a?  +  y  =  39J '       and  y. 

Since  a?»  +  y«  —  (^  -f.  y)  =  ^g  . 
and  from  the  second,  2a?y  -f  2  .  (^  +  y)  =  79 . 


.-.  by  addition,  a?»  +  2ary  -f  y«  +  a?  -f-  y  =  156; 
and  completing  the  square^ 

(^  -H  y)'  +  (a?  +  y)  +  -  =  ]  56  -h  i  =  ^ ; 

4  4         4    * 

extracting  the  root,  a?-f-y-f-i=±^^. 

2  2  ' 

/.  a?  -f-  y  =  12,  or  —  13  ;  supposing  the  former; 

then  a?y  =  39  —  (^  -h  y)  =  39  —  12  =  27, 

and  ^  +  y*  =  78  -f-  (^  +  y)  =  78  +  12  =  90; 
but  2a?y  =  54  . 


/.   by  subtraction,  ^'  —  2a?y  +  y*  =  36  • 

1 
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and  extracting  the  root,  ^  —  y  =  ±  6 ; 

but  a?  H-  y  =     12; 


/.  hj  addition,        24?  =     18,  or   6, 

and         ^  =       9^  or  3 ; 

and  by  subtraction,       2y  =       6,  or  18, 

and         y  =       3,  or  g. 
But  if  ^  +  y  =  —  13, 
then  a?y  =  39  +  13  =    62, 
and  ^  +  y*  =  78  —  13  =    65 ; 
but  25?y  =  104 ; 


.'.  by  subtraction,  a?*  —  2^y  -f  y'  =  —  39 ; 
and  extracting  the  root,  a?  —  y  =  ±  v/  (—  39) ; 

but  4?  -f  y  =  —  13; 

/.  by  addition,         2a?  =  —  13  ±  y^  (—  39) 

and  ^  =  =il^Vl=l^) 

2 

but  by  subtraction,  2y  =  —  13  +  y^  (—  39) 

.  -13  +  v/(-39) 

.  •  y ^  . 

9.     Given  a^y*  —  74?y*  —  9*5  =  7651     to  find  the  values  of 
and  a?y  —  y  =  12  y       ds  and  y. 


From  the  first  equation,  by  transposition, 

^'y*  —  i^y^  =  1710  J 

and  completing  the  square, 

,  .  ,49  .49        6889 

s^y'  -  lOBy"  +  —  =  1710  +  Y  "^  "I~' 

extracting  the  root,  a?y' =  ±  — ; 

/.  a?y*  =  45,  or  —  38. 


1 
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Multiplying  the  second  equation  by  y,  a?y*  -*  y'  =  i2y. 

Substituting  in  this  the  value  of  a?y'  found  above, 

45  —  y*  =  I2y,  in  one  case ; 

and  by  transposition,  y*  +  I2y  =  45 ; 

completing  the  square,  y*  +  I2y  +  36  =  45  +  36  =  81 ; 

extracting  the  root,  y  +  6  =  ±  9, 

and  y  =  3,  or  —  15; 

45  1  ' 

whence  a?  =  — ^  =  5,  or-  ; 

y«        '5' 

and  in  the  other  case,  —  38  —  y*  =  I2y  ; 

whence  y'  +  I2y  =  —  38 ; 

completing  the  square,  y'  +  I2y  +  3i6  =  36  —  38  =  —  2 ; 

extracting  the  root,  y  +  6  =  ±:  v^— 2 ; 

.-.  y  =  —  6  ±  v/^, 

J  —  38  —  38  —  19 

and  X  =:  — r—  = J — ■-  = ^ — y « 

y*  34q:j2^/~$         17-«-6y/— 2 

10.    Giveni^-.2v^  +  y-\/i+\/y==ol   ^^^^^^^^ 

and  \/a?  +  v/y  =  5  J 

values  of  x  and  y. 

Completing  the  square  in  the  first  equation, 

(v/^-^/yr-(v^- v/y)  +  7  =  7; 

4  4- 

and  extracting  the  root,  \/x  —  \/y =  Hh  - ; 

v/^  —  \/y  =  1,  oro; 
but  from  the  second  equation,  \/x  +  \/y  =  5 ; 

by  addition,  2  \/x  =  6,  or  5, 

and  \/x  =  3,  or  - 1 

^        2' 


25 

/.  a?  ss  9,  or       ; 

4  ' 


i2 


116  Solution  of  Adfected  Quadratics^ 

but  by  subtraction,  2  \/y  =  4,  or  5, 

or  \/y  =  2,  or-; 

25 

and  y  =  4,  or  — . 

4 


11.     Given  4  +  -  =  -^ 

y     y     9 


,  to  find  the  values  of  x  and  y. 


and  ^  —  y  =  2 
Completing  the  square  in  the  first  equation, 

a^       AX  85    .  121 


•T  11 

and  extracting  the  root,  -  4-  2  =  ±  — ; 

X        5  17 

•'•  -  =  -ri^  or r> 

y      2f  3 

and  ^  s=  —  or —  ;  supposing  the  former; 

then,  from  the  second  equation,  —  —  y  =  2, 

or  2y  =  6, 
and  y  =  3 ; 

/.  a?  =  -^  =  5. 

3 

And  if  the  second  value  be  taken, ^  —  y  =  2, 


or  —  20y  =  6 ; 


—  3 

/.  y  = ; 

^        10  ' 


and  ^  =» -Hi^  =  i^. 

3  10 
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to  find  the 
y       values  of 
X  and  y. 


n.     Given  y  (J^)  W  (^^)  = 

and  J7y  —  (a?4-y)  =  54 

(i8.  Cor.  1.)  and  hj  transposition^ 

3a?—  2  v/ (30?) .  v/ (a?  +  y)  +  (^  +  y)  =  0; 

•'.  extracting  the  root,  y^  (sa?)  —  \/  (a?  -f  y)  =  o ; 

by  transposition^  y^  (3  a?)  =  y/  (a?  -f  y) ; 

and  squaring  both  sides^  so?  =  a?  +  y^ 

and  /•  20?  =  y; 

substituting  this  value  in  the  second  equation^  2  a?'  —  3  a?  =  54^ 

2      "  ' 

whence  completing  the  square^ 

^3,9        «^   ,     9         441 
n^ a?  +  —  =  27  +  —  = 


2  16  16  16  ' 

3  21 

extracting  the  root,  a? =  ±      , 

and  ^  =  6.  or ; 

'  2' 

whence  y  =  2j?  =  12,  or  —  9. 

13.     Giveo^-2^y+j^»49,  "j  ^^^  ^^ 

and  a?*  —  2a?'y'  +  y  —  a?"  +  y*  =  20  J 
values  of  a?  and  y. 

Completing  the  square  in  the  second  equation, 

(^-y^'-(^-y')  +  ^  =  2o  +  ^  =  -^; 

retracting  the  root,  x*  ^  y^ =  ±  -; 
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/.  a?*  —  y'  =  5,  or  —  4 ; 

but  extracting  the  root ")    ^  _      _  ^.  ^ . 
of  the  first  equation,    J 

/.  by  subtraction,  y*  -  y  =  2,  or  -  12,  or  11,  or  -  3. 
•    Taking  the  first  value,  and  compkting  the  square, 

1  3 

extracting  the  root,  y  ""  2  ~  ~  2* 

and  y  =  2,  pr  —  1 ; 

/.  a?=  ±  v/(7  +  y)  =  ±  3,  or  ±  \/6. 

Taking  the  second  value,  y*--y=z^  12 ; 

1       1  —  47 

completing  the  square,  y"-y-f-  =  --i2  =  —^ ; 


extracting  the  root 


1       ±s/{-47) 


and  y  = ^  , 


/  /l  ±  v/  (-  47)       A 
>vhence  J?=±\/(y  —  7)  =  ±V  \^- ^  '^^ 

=  ^7(-'^,-^ '-"'■)■ 

Taking  the  third  value,  y*-y^ui 

1                  1  _  45 
completing  the  square,  y^  —  y^  -==^*  +7 J"5 

1       ±  \/^ 
extracting  the  root,  y  ""  "  ^ 2        ' 

1  ±  3\/b 

•••  y  =  — 2 —  ^ 

and  _  .- 

//  l±3\/5\         ^       //15±3V/5Y 
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Taking  the  fourth  value^  y*  —  y  =  —  s ; 
completing  the  square^  y*  —  y  +  -= 3  =  ^ — ; 

44  4 

extracting  the  root,  y =  —S/y" — /^ 

and  y  =     "~  ^  ^ ^ ; 

/.  ^  =  ±  v/  (y  —  7) 

14.     Given  .py  +  ary*  =  12!        ^ 

J  -^    .        3  >,  to  find  the  values  of  a?  and  V. 

and  ^  +  a7y'  =  18  J  ^ 

12 
From  the  first  equation^  ^  s 


y  •  (1  +  y)' 


and  firom  the  second^  a?  s 


1  +5^' 


whence  — r— -- — r  =  - — ; — ;,  and  dividing  by 

y  .  (1  +  y)       1  +  y*^  ©    -^   1  + 


2  3 


y     y'  —  y  -h  1 ' 

.-.  2y'  —  2y  +  2  =  3y, 
and  by  transposition,  2y*  —  5y  =  —  2, 

or  y'  -  I .  y  =  -  1 ; 

T  ,.        .,  ,        5  .    25         25  9 

completing  the  square,  y' .y  -i = 1  =  -^; 

extracting  the  root,  y =  ±  -  j 

4  4 

••.  y  =  2,  or~; 
hence  ^  =  — ^ — ^  s=  2,  or  16. 

y  -^y 
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15.    Given  ^  —  ^==3— yl^,^,        ,  -.     ^^ ,  ^ / 

,  k  to  find  the  values  of  x  and  y. 

and  4  —  ^   =  y  —  y*J 

Adding  the  two  equations  together,  4  —  a?*  =  3  —  y* ; 

/.  by  transposition,  y*  =  a?*  —  i. 

and  y  =  (a?*  —  i)*. 

Substituting  this  value  in  the  first  equation, 

/.  a?  —  a?*  >=  3  —  a?  -f  2^  —  1 ; 

/.  by  transposition,  2d?  —  3 J?*  =  2, 

and  «r ,  ^  =  i  • 

2 

3  9  9  25 

completmg  the  square,  a?— -a?*  +  —  =  i  +  -[^—-^y 

3  5 

extracting  the  root,  ^  —  --  =  ±  -, 
and  a;*  =  2,  or  —  -, 


d?  =  4,  or  -, 

4 

9 
and  y  =  (a*  —  i)*  =  J,  or  -. 

16,     Given  (^  +  i)  .  y  =  ^y    +  126"1     to  find  the  values 
and  (a?*  +  i)  .  y  =  aj'y*  —  744^       of  x  and  y. 

Since  quantities  which  are  equal  to  the  same,  are  equal  to 
each  other, 

a?*y'  — 744  ^xy  -\-  126; 
.•.  by  transposition,  di^y*  —  a7y  =  870 ; 

completing  the  square,  a?"y'  —  a?y  +  ■-  =  870  +  -  =  -— - ; 
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extracting  the  root,  a?y =  ±  — > 

and  xy  =  30,  or  —  29 ;  let  the  former  value  be  taken, 

30 

-  then  from  the  first  equation  (a?*  +  1)  .  —  =  '^  5 

,  156d?        26a?, 

/.  or  +  1  = =  -T ' ' 

30  » 

,       26a? 
and  by  transposit^^^  ^ —  =  —  1 ; 

,     .         ,  ,        26  169         169  ,         144 

completing  the  sqv^re,  x -.x  +  —  =  — 1  =  — ; 

XI           X            A3        ^    12 
extractmg  the  root,  w —  =  ±  —  5 

OP 

whence  ^  =  5,  or  - ; 

5 

30 

and  .\  y  =  —  =  6,  or  150. 

29 
In  the  second  case,  («*  +  1)  x =:  —  29  +  126  =  97, 

KcAar  +  1  =  — —-; 

29 

by  transposition,  a?'  H =  —  1  • 

1  X-       xv  -J    .    97  ^  /97  V        9409       ,        6045 

completmg  the  square,  ^  +  _.,.  +  ^_j  =  _«i=  _. 

i^  ^        *u  ^  .    97  .    >/  (6045) 

extracting  the  root,  a?  H =  ±  ^^—^- — - ; 

58  5S 

.    „  _  _  -  97  ±  V^  (6045)  . 
""-  58  ' 

_         39 1682 


X        97  hP  v/  (6045)' 
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17.     Given  4?  +  y  +  y^  (^  +  y)  =     i2l     to  find  the  values 

and  a?*  +  y*  =  isgj'       '^^  '»»  ^^-^  •' 

Completing  the  square  in  the  first  equation. 


of  07  and  y. 


extracting  M,e  root,  v/ (^  +  y)  +-=  ±-; 

2  2 

.•.  v/  (^  ^  y)  =  3,  or  —  4, 
and  a?  +  y  ^9^  or  16; 
/.   a?*  +  3a?»y  +  3a?y»  +  y»  =.  729,  or  4096; 
but  a?"  +  y*  «  18&. 

/.  by  subtraction,  3o?*y  +  3a?y'  =  540,  or  3907 ; 

•••   (^  +  y)  .^y  =  180,  or  i?^; 

/.   9a?y  =  ISO  in  one  case,  and  i6a?y  =  ^^  in  the  other, 

whence  in  the  first  case  a?y  =  20. 
Now  ai*  +  2a7y  -f  y^  =  ai ; 
but  4a?y  =80; 

/.  by  subtraction,  or*  —  2a?y  -f  y*  =  1  • 
and  extracting  the  root,  a?  —  y  =  ±  1  • 

but  a?  +  y  =n       9 . 

/.  by  addition,  20?  =  10,  or  8, 

and    a?  =    6,  or  4  ; 

but  by  subtraction,  2y  =    8,  or  10 ; 

and    y  =    4,  or  5. 


Now  in  the  second  case,  i6^y  5= 


3907 


12     ' 
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and  since  a?*  +  2a?y  -f  y*  =   256, 

J  3907 

and  4^^  = ; 

^  12      ' 


.'.  by  subtraction,  ^  —  2wy  -f  y*  = ;  ^ 

//j£835\ 

and  extracting  the  root,  a?  -^  y  =  ±  ^.^  ^     J^     y' 


.-.  by  addition,  2a?  =«  16  ±       ^  (     12     /' 

and  a?  =   8  t    i  ^  (~T^)  ' 
but  by  subtraction,  2y  =  16  qp       ^i^  ^ — j-^ — J 9 

andy=    8+  "J  V  (^^)- 

18.    Given  ^  +  y*  +  a?  —  y  =    132^     to  find  the  values  of 
and  {x"  +  y') .  (a?  -  y)  =  1220 j'       a?  and  y. 

From  the  first  equation,  a?*  +  y*  =  132  —  (a?  —  y) ; 

1220 


and  fi-on^  the  second,  a?*  +  y*  == 


a?— y' 


_  ,  .        1220 

whence  132  —  (a?  —  y)  = -; 

*r— y 

and,  .%   132.  (a?  —  y)  —  (a?  —  y)*  =  1220; 

and  {17.  Cor.  1.)  (a?  -  yY  -  132 .  (a?  —  y)  =  -  1220; 

completing  the  square, 

{x  —  yY  —  132 .  (a?  —  y)  +"66]*  =  4356  —  1220  =  3136; 

extracting  the  root,  a?  —  y  —  66  =  ±  56 ; 
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and  ^  ^  y  =  10^  or  122^  supposing  the  former, 

a?*  -f  y'  =  122 ; 

.'.  2a?*  +  2y'  =  244 ; 

but  Of*  —  2xy  +  y*  =  100 ; 

/.  07  subv^^^jQj^^  ^  ^  2xy  +  y'  =  144, 
and  extracting  o.^  p^ot,  a?  +  y  =  ±  12; 

bus.  jp  ^  y   =  10  ; 


/.  by  addition,  2*-=  22,  or  —    2, 
and  a?=  n,  or  —    i; 
by  subtraction,  2y  =   2,  or  —  22, 
and   y  =    1,  or  —  11. 
But  if  a?  —  y  =  122, 
then  a?*  +  y*  =  10, 
and  a?*  —  2a?y  +  y'  =  122]* ; 
but  2a?"  +  2y'  =  20 ; 


/.  by  subtraction,  a?*  +  2a?y  +  y*  =  20  —  122 1* 

and  extracting  the  root,  of  -^  y  =^  ±  v/  (20  —  122 1') 

but  a?  —  y  =  122; 
.•.  by  addition,  2a?  =  122  ±  2^  (5  — ^*) 

and  a?  =   61  ±    v/(—  3716) ; 
and  by  subtraction,  2y  =  —  122  ±  2  ^/f—  3716)  • 

/.  y=  -  61  ±    v/(-37l6). 
19.     Given  aiyl  =  2y'  1 

and  8rf  -  yi  =  u   }'  ^         *^^  ''^''^'  ""^  ""  "^^  ^' 
From  the  first  equation,  a:!  s  2y} ; 

and,  .%  -jA  =  y|; 
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substituting  this  value  in  the  second  equation, 

sai rf  =  14. 

2  ^ 

and  I6ai  —  <zl  =  28 ; 

or  (i7.  Cor.  i.)  rf  —  16jA  =  —  28 ; 

completing  the  square,  a?f  —  i6a?i  +  64  =  64  —  28  =  36 ; 

and  extracting  the  root,  4?i  —  8  =  ±  6 ; 

/.  a?i  =  14,  or  2, 

and  X  =,  14 1' or  8; 

but  yi  =  -4?J  =  98,  or  2 ; 

i 

/.  y  ="98|*,  or  4. 

K20.     Given  ^  +  yJ  =  3a?T 
,    ,        -  > ,  to  find  the  values  of  a?  and  y . 

andrf  +  yj=    a?J'  / 

Squaring  the  second  equation,  .*•  a:  +  2a7iyi  +  yl  3=  j?'; 

butrf  +yi=s3a?5 


/.  by  subtraction,  a?  —  rf  +  2a?iyl  =  j?*  —  sa?; 
but  from  the  second  equation,  yj  =  ^  —  ^1. 
Let  this  value  be  substituted  in  the  preceding  equation, 

then  a?  —  rf  +  2ai  —  2a?  =  d?*  —  so? ; 
and  by  transposition,  2*  ^ar'-rf; 
and  dividing  bj  a?,  2    ==  ^  —  d4 ; 

completing  the  square,  a?— a?l  +  -  =  2  +  -  =  -; 

4  4         4 

extracting  the  root,  ai =  ±  -, 

and  a?l  =  2,  or  —  1 ; 


i 
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/.  ^  s=  4,  or  I, 
and  yi  =1 07  —  ^l  =  2 ; 
/.  y  =  8. 

21.    Given  a?  -h  a4  =         J[      ^  +  ^  1  ^  ^  ^^^  ^^^  values  of 

,  I         ^  and  y. 

and  y  +  o?y  =  y*  +  4yJ 

Prom  the  first  equation,  rf  +  o?  —  4o?J  =  y'  +  y  +  2, 
and  from  the  second,  a?  =  y  +  3, 
Substituting  this  value  for  o?  in  the  former, 

-rf  +  y+3  —  4a4  =  y*  +  y  +  2, 
and  by  transposition,  a?l  —  4a?i  =  y*  —  i. 
But  since  a?  =  y  +  3;  /.  o?— 4=y  —  i, 
by  which  equation  let  the  preceding  one  be  divided ; 

/.  a?i  =  y  +  1 ; 
squaring  both  sides  of  this  equation,  a?  =  y*  +  2y  +  i. 
Equating  therefore  the  two  values  of  ^, 

y*  +  2y  +  i=y  +  3; 
/.  by  transposition,  y'  +  y  =  2 ; 

,  1  19 

completing  the  square,  y+y  +  -**2  +  -  =  -; 

1  3 

extracting  the  root,  y  +  -  =  ±:  - ; 

.%  y  =  1,  or  —  2 ; 
whence  a?i  =  y  +  i  =  2,  or  —  i, 
and  therefore  4?  =  4,  or  !• 

22.    Given^  +  ^-f-  =  6^^5|,tofindthe  values  of 
y       ^     y        4      ar  s 
^  ^  \         X  and  y. 

and  a?  -i^  y  =  2  J 

a?*       y*       a?      y       27 
By  transposition,  rr+;^  +  y+^  =  "7' 
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/.  adding  2  to  each  side,  — r  +  2  +  ^H--  +  ^=  — ; 
completing  the  square,  g  +  |^  +  ^  +  |^  +  i  =  ^. 

i!P       V        1  6 

extn^tmg  the  root,  -  +  2.^--=j-_. 

y      «z?      2  2 

X  ,  y       s  7 

.....  + y.  =  i£?,  or -^; 

now  from  the  second  equation  squared, 

^  +  y*  =  2a?y  +  4 ; 

SXV  *IXV 

.\  2a?y  +  4=-^,  or-  -^; 
whence  by  multiplication  and  transposition, 

a?y  =  8,  or  -  — ; 
and  since  x^  —  2xy  +  y'  =  4, 

32 

and  4xy  =  32,  or ; 


12 

/.  by  addition,  x'  +  2xt/  +  y*  =  36,  or  — ; 


and  extracting  the  root,  a?  +  y=±6,  or±- 


11  ' 


but  a?  —  y  =       2 ; 


/.  by  addition,  2a?  =  8,  or  —  4,  or  2  ± 


vAT' 


and  d7  =s  4,  or  —  2,  or  1  ±      . ; 

v/11 
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/.  by  subtraction,  2y  =  4,  or  —  8,  or  —  2  ±  ^y , 

.-.  y  =  2,  or  —  4,  or  —  1  ±  ^ — . 


82.    Given  20?  +  y  ==  26  —  7  \/  (20?  +  y  +  4)  ^     to  find  the 
and 


2x  +  v/y  _  16       2J7  —  v/y  ?  J  values  of  s 


2x  —  y/y       15      2x  +  y/y  J     and  y. 

Adding  4  to  each  side  of  the  first  equation, 

24?+y  +  4  =  30  —  7  v^  2a?  +  y  +  4 ; 

.%  by  transposition,  2d?  +  yH-4  +  7\/2a7  +  y-|-4  =  30; 
completing  the  square, 

49  40  160 

(2ar  +  y  +  4)  +  7v/  (2*  +  y  +  4)  +  —  =  30  +  -f  =  —2-; 

»  4  4  4 

7  13 

extracting  the  root,  \/  {2X  +y  +  4)+-  =  ±  — ; 

.\  v/  (2d?  -f  y  +  4)  =  3,  or  —  10, 

and  20?  +  y  +  4  =  9,  or  lOO ; 

.'.  20?  +  y  =  5,  or  96. 

20?  "4"   K/fi 

Multiplying  every  term  of  the  second  equation  by  ^^-^ , 

2*P  "—  ^/ y 

/2£j-_%/yy_25.    2a? -h  y/y       ^. 

V20?—  ^/^/         15*20?—^/^  ' 

•••  by  transposition,  (5^— T^j  "  T?  "  ^F^T;^  =  ^  ^ 


V^y  15      20?- y^ 

completing  the  square, 

nx  -h  y/yx*     Ji6    20?+  \/y      _64_  _  ^     ^^  _ 

\20?—  y/y/  15  "20?—  v/y         225  225 

^       ^-        *U  *    2J?4-  \/y  8  17  , 

extracUng  the  root,  ^^^^  ^  71  =  ^  T?' 

2cr-v/^         3'  5 


289 
225  ' 
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Let  the  former  value  be  taken^  then 

6^+3  \/y  =  10^  —  5  s/pf 

and  by  transposition^  8  \/y  =  40?, 

and  2  \/y  =  x ; 

but  if  the  second  value  be  taken,  ^  JL  = ; 

•'.   io;p  4-  5  \/y  ==  —  6a?  4-  3  v/y, 

and  16a?  =  —  2  v/y  5 
or   8a?  =  —  \/y. 
Now  2a?  +  y  ==  5,  or  96 ;  supposing  the  former, 
and  taking  the  first  value  of  2  a?  =  4  \/y, 
y  +  4\/y  =  5r; 
completing  the  square,  y  +  4  v^y  +  4=9; 
extracting  the  root,  \/y  -f-  2  =  ±  3 ; 
••.  s/y  =  1,  or  —  5, 
and  y  =  1,  or  25 ; 
but  a?  =  2  y/y  =  2,  or  —  lo. 

Again,  taking  the  value,  2  a?  = s/yy 

4 

completing  the  square, 

1      >--    .     1  .1         321 

/.  extracting  the  root,  y/y =  ""  ^  ^ — i. 


161  ±v/(32l) 
'^  32 


8   ^    ^  64 
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Now  taking  the  equation  2ar  +  y  =  d6,  and  the  first  value 
24?  =  4\/y; 

then  y  4-  4  \/y  =  96 ; 

completing  the  square^  y  4-  4  \/y  -h  4  =  lOO, 

and  \/y  +  2  =  ±  lo ; 

.'.  \/y  =  8,  or  —  12 ; 

and  •*•  y  =  64,  or  144 ; 

whence  a?  =  2  v/y  =  16,  or  —  24. 

Again^  taking  the  value,  2a?  = x/yi 

4 

then  y ^/y  =  96 ; 

completing  the  square, 

1      /-    ,      1         ^^   ,      1         6145 

extracting  the  root,  y^ =  —S<\ i. 

.    „  _  3073  ±  y/  (6145)  . 
8  ^  *^  64 

.  24.     Given  \/^  +  \/^  I  \/y  —  v/^  : :  \/^  +2:11 

/                     3  v^^  +  1  +  ^ 
and^±^«i  = ^     V^^ 

v^  \/y 

to  find  the  values  of  x  and  y. 

From  the  first  equation, 

■ 

\/y  .*  v/^  : '.  v^  +  3  :  \/5  +  1 ; 
.-.  \/a?y  4-  v/y  =  a?  +  3  \/^; 


>j 
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and  from  the  second^ 

y  +  2  s/y  —  \/xy  =  34?  4-  y/x  +  y/y ; 
.".  by  transposition^  y  +     \/y  —  \/xy  =  30?  +  v/^ ; 

but  y/y  -f  v/^  =  57+3  v/a? ; 

/.  by  addition,  y  +  2  \/y  =4^7  +  4  \/^ ; 

completing  the  square,  y  4-  2  y/y  +  1  =  44?  +  4  y/le  -f-  1, 
and  extracting  the  root,  y/y  +  1  =  ±  (2  y/x  +  i) ; 
and  /.  if  the  positive  value  be  taken,  y/y  =  2  y/x ; 

/.  ^  +  3  y/x  =  2  y/x  -h  2^, 
and  X  =  \/a?  j 

/.   y/x  =  1, 

and  ^  =:  1 ; 

.*.  V^y  =  2  y/x  =  2, 
and  y  =  4. 

But  if  the  negative  value  be  taken, 

y/y  +  1  =  —  2  \/x  —  1 ; 

by  transposition,  y/y  =  —  2  y/x  —  2 ; 

and  if  this  value  be  substituted  in  the  first  equation, 

—  y/x  —  2  :  —  3  y/x  —  2  ! :  \/x  +  2:1, 

or  y/x  +  2  :       3  y/x  +  2  : :  y/x  4-  2  :  1 ; 
and  since  the   first   term   in  this  proportion  is  equal  to  the 
third,  the  second  will  be  equal  to  the  fourth; 

.'.  3  y/x  4-2=1; 
by  transposition,  3  \/x  =  —  1 ; 

/.  y/x^  --, 

and  a?  =  - : 
k2 
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whence  \/y  =  —  2 .  (\/5  +  1)  = 9 

^        9 


^  or       07  i     to  find  the  values  of  x  and 


and  —  4- 


y- 


3        2^       y 
Completing  the  square  in  the  first  equation^ 

/y  ,    I        42   .     1        169 


J7         4^  07  407  407 

±13 


1  ^"  13 

and  extracting  the  root,  ^/y  H j=:.  =  — ^; 

.'.  \/y=  -7=.  or  — =; 

36  49 

•••  y  =  — jor— . 
Again^  from  the  second  equation, 

,    .       307  162 

^  4-  — 7^  =  — ; 

^\/y      y 

completing  the  square, 

.    .      307  9  162    ,      9  2601 


2y/^       i6y        y         i6y        i6y  ' 

3  51 


and  extracting  the  root,  x  + 


^v/y        ^^\/y' 


12  —  27 

/.  X  =  —7=: ,  or 


But  v/y  =  -—:.,  or  ^; 
v/o?        >/o? 

,  12—27 

whence,  0?  =  — ^ ,  or  ■ =  2  v/^?  or 

\/y      ^\/y 
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—  12  s/a:        —  9  \/^        27  \/^ 
r —    or ,  or ; 

7  '  4  '  14       ' 


y-  —12—9  27 

/.  \/x  =  2,  or-——,  or  — 

7  4 


>or— ; 


14 
144  81  729 

/.  or  =  4.  or ,  or  -—,  or  — -. 

^         49  16'        196* 

,  36  49  49  784  49  X   196 

and  y  =  — •  or  —  =  9.  or  — ,  or ,  or 

^         X  '         a?  *         4   '  81    *  729 


26.    Given  ^+?^^=  20 -y-±^l 


and  07  +  8  s=  4y 
From  the  first  equation,  by  transposition. 


to  find  the  values 
of  X  and  y. 


» 

completing  the  square, 

extracting  the  root,  -  +  %/y  +  -  =  ±  - ; 

X 

••.  -  +  v/y  =  4,  or  -  5, 

and  0?  +  yl  =  4y,  or  —  5y, 
Let  the  former  be  taken. 

Now  fix)m  the  second  equation,  <r  +  8     =  4y ; 


.*.  by  subtraction,    yi  —  s  =  0, 
or  yl  =s  8 ; 

.•.  y  =45 

/.  0?  =  4y  —  8  =  16  —  8  =  8. 
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But  if  ^  +  yl  =  —  6y, 
and  07  -h  8  =       4y; 


,\  by  subtraction,  s  —  yi  =      9y ; 
/.  by  transposition,  8  —  8y  =  y  +  yi, 
or  8  •  (i  -  y)  =  y  .  (i  +  yi). 
Dividing  by  (i  +  yi),  /.  8  (i  —  yi)  =  y; 

.•.  by  transposition,  y  -h  8yi  =  8 ; 
completing  the  square,  y  -h  syl  4-  16  =  24, 

and  extracting  the  root,  yi  +  4  =  ±  2  V^; 

/.  yj  =  —  4  ±  2  v/i, 

and  y  =  40  q:  16  \/6 ; 

.-.  a?  =  4y  —  8  =  152  q:  64  \/6. 

27.     Given  so?  *-f  23y  =  2«27'  +  2y*  1  ^    ,     , 

«  ^  «       .   ^  ^  >  r  ?    to    find    the 

and  34y  +  6a?*  —  5y*  =  I307y  +  24  J 

values  of  w  and  y. 

From  the  second  equation, 

6x*  —  I3a?y  =  5y*  —  34y  +  24, 

«    ^     a         ^3  5    ,         34 

and  0?  -  y.  o^y  = -y»  -  — y  +  4; 
completing  the  square, 

.         13  .    169    ,         169    ,    .     5    ,        34       . 

6     ^         144  ^  144  ^  6^  6  ^  " 

289       a         34 

13  / 17  \ 

extracting  the  root,  a? y  =±{  —  -y  —  2); 

and  first,  taking  the  positive  value,  a?  =  -y  —  2. 
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Let  this  value  of  ^  be  substituted  in  the  first  equation, 
/.  2oy  —  16  +  23y  =  — ^  —  75y"  +  6oy  —  16  +  2y'; 

4 
133  V* 

/.  by  transposition,  — - —  75y*  +  I7y 

4 
,,..,.        ,       133y       ,        300  68 

and  dividing  by —,  y* y  H 


—  =  0; 

133  ' 

6S 

133  ' 


133 


^     '        4         '  133 ' 

by  transposition,  y* ■ — y  = 

completing  the  square, 

i»  ^  122,  /ISOV  _  22500  __  _68_  _  13456  ^ 

^        Tii"*^        VTsaT/     ""(133)'         133    ""(133)*' 

extracting  the  root,  y =  ± ; 

®  ^  ^         133  133  ' 

34 
/.  y  s=s  2,  or ; 

^  '         133  ' 

5y  —  171 

.•.  a?  =  -^  —  2  =  3,  or  — - — 

2  U 

But  if  the  negative  value  be  taken, 

1 
a?  =  2 y. 

3^ 

Let  this  value  be  substituted  in  the  first  equation, 

8  4  ,    .  2v'  * 

•••  16  -  -y  +  23y  =  16  -  sy  +  -y*  -  ^-h  2y'; 

,       ,  .^  52y'     .    4    ,         85 

/.  by  transposition,  -^  -«-  -y*  =  —y, 

and  dividing  by  -^,  y*  +  -^y  =  ^ ; 
completing  the  square, 

*    ^    13"  ^  V26/  V26/    ^    62  (26)*  ' 

extracting  the  root,  y  +  —  =  ~^  . ; 
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.    ..  —  —  9±v/(]0026)  __  —  9±3v/(lll4) 
m  *  y  —  ss  —————— ^——^—— 

and  or  =  a  -  iy  =  5i^^^^illii) . 

3*  26 

28.   g™  f  - .  v/  C  -  »«,•)  =  .r  -  ...y|  _  \^:, 

and  54?  =  4  +  25y'J       a?  and  y. 
From  the  first  equation^ 

X  —  8a?ly  \/  (4?  —  9y')  =  9y'  —  I6^y* ; 
/•  by  transposition^ 

{x  —  Qy*)  —  8a?Jy  v/(^  —  9y*)  +  I6a?y'  =  O; 
extracting  the  root,  y/  (a?  —  9y*)  —  4d?Jy  =  o, 
and  v/  (a?  —  gy^)  =  4a?ly, 
or  a?  —  9y'  =  I6a?y* ; 
and  a?  =  (9  +  I6ar) .  y* ; 

0? 


.-.  y*  = 


9  +  16^ 

6^  —  4 


But  from  the  second  equation,  y'  s= 


25 

54?  —  4  a? 


25      ""  9  4-  l6Jf  ^ 
and  80J?*  —  19a?  —  36  =  250? ; 
/.  by  transposition,  soa?*  —  44a?  =  36, 


J     .       22  18 

and  or .  ^  =  — ; 

40  40' 


completing  the  square. 


a^ .a?  +  — 

40  40 


121     . 'J^..  841 


1600        40        I6OO' 


extractinir  the  root,  x =  ±  — ; 

^  ^40  40  ' 

20' 


involving  two  unknoum  Quantities.  137 

/.    y*  = =  — ,  or ; 

^  25  25'  4' 

.'.  y  =  ±  -,  or  ±  -  \/  —  1. 

^  5'  2 


i6a?  —  y*  =  6y*a?*  1 
a?*       12  _     ^     p  to 


H  —  —  —  —     ^     p  ^  find  the  values  of  a?  and  y. 


29.     Given  i6a?  —  y*  =  6y*a?* 

From  the  first  equation^  by  transposition, 

i6a?  =  y*  +  eyirf ; 

completing  the  square,  25  a?  =  y*  +  6y*a?*  +  9^; 

extracting  the  root,  ±  50?*  =  y*  +  3a?* ; 

/.  20?*,  or  —  80?*  =  y*, 

and  therefore  40?,  or  640?  =  y*« 

Now  firom  the  second  equation, t=  =  -j  j 

,   ..        .,  0?*  ^     ^      i  12  ^      1  49 

completmgthesquare,---^4.^  =  ;^  +  ^  =  ^; 

extracting  the  root,  —= =  ±  — ; 

vy       2a?  20?' 

-^— i       —  2 

y/y         0?*  0?* 

and  —7=  =s  4,  or  —  3. 

Now  \/y  =  40?,  or  640? ; 

which,  substituted  in  the  last  equation,  gives, 

w*        0?" 

— ^,  or  —  =  4,  or  —  3  J 

4'        64  ' 


0?  0? 


.\  -,  or  -  =  ±  2,  or  ±  v/  —  3  5 

2  8 
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whence  a?  =  ±  4,  or  ±  16,  or  ±  2  v^  —  3,  or  ±  8  \/  —  3, 
and  y  =  256,  or  256]*,  or  —  192,  or  —  3  x  64]*. 

80.  Given  y*  -  64  =  8a?*y1    .    />  j  xu       i         r         j 

,  1  1  f  J  to  find  the  values  of  a?  and  y, 

and  y  —  4  ==  2y*ar*  J  ^ 

From  the  first  equation  by  transposition, 

y"  —  8J?4y  =  64  5 

completing  the  square,  y*  —  8  J7*y  4-  l6a?  =  16^  4-  64  j 

extracting  the  root,  y  —  4a?*  =  d:  4  y^  (a?  4-  4), 

and  y  =  4a?*  ±  4  v^  (a?  4-  4). 

Also  from  the  second  equation,  y  —  2y*a?*  =  4  j 

completing  the  square,  y  —  2y*a?*  4-  a?  =  a?  4-  4 ; 

extracting  the  root,  y*— a?*  =  ±Y/(a?4-4); 

,\  4y*  =  40?*  ±  4  v^  (a?  4-  4)  =  y,  from  the  last  equation ; 

/.  4  =y*,  and  16  =  y; 

And  from  the  second  equation,  a?*  =  - — r  =  —  =  -; 

^  '  2y*        8        2' 

_  9 

•  •  a?  "— '  ""• 
4 

81.  Given  ^Z  (5  v/S  +  5  \/y)  +  \/y  =  10  —  \/i"l   .    ^    , 

y-T         / —  ^,  totmd 

and  v  a?*  4-  V  y*  =  275J 

the  values  of  w  and  y. 

From  the  first  equation, 

v^  4-  \/y  4-  v/5-vZ(\/^4-  v/y)  =  10; 

completing  the  square, 

v^  +  \/y  +  \/5.v^(v/^4-  v/y)  4- -  =  104--  =  —; 

4  44 

extracting  the  root,  ^Z  (\/^  4-  v^)  4-  ^—  =  ±  ^-^!— , 
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and  v^  (\/i  +  \/y)  =  v/i",  or  —  2  \/l ; 

/.  \/i  +  v/y  =  5,  or  20,  supposing  the  former, 
.'•  by  involution, 

rf  -f-  6a?*y*  +  ioa?ly  -f-  loxyl  +  5^y*  +  yi  =  3125; 
but  (A  +  yi  =    276 ; 


/.  by  subtraction,  : 

5a?*y*  +  loaAy  4- jo^yi  +  5^'  =  2850; 
or  5a7*y*  {oA  +  2a7y*  +  2^y  +  y|)  =  2850; 
and  ^y*  (a?l  +  2^y*  +  2^  +  yf )  =s  570; 
but  a7*y*  (rf  +  sai'y*  +  3a?*y-  -f  y?)  =    I25a?^y^ ; 


.%  by  subtraction,  ^4y*  x  (^y*  4-  ^y)  =  125^  y*  —  570; 
or  a?*y*  x  a?*y*  x  (a*  +  y*)  =  I25^y*  —  570; 
or  5^y  =  I25^y*  —  570; 
.'.  ^y  —  25a?*y*  =  —  lu; 
completing  the  square. 


^  J    .     25 
wy  —  25a?*y*  H 


extracting  the  root,  a?*y* =  ±  —  • 

/.  ^y*  =  19,  or  6; 
but  ^  +  2ar4y*  ^  y  ==  25, 
and  4  J?*y*  =  24,  or  1^ ; 

/.  by  subtraction,  x  —  2a?*y*  +  y  =  i,  or  —  51 ; 

extracting  the  root,  4?*  —  y*  =  ±  1,  or  ±  y^  (—  51) ; 

but  a?*  +  y*  =  5 ; 


/.  by  addition,  20?*  =  6,  or  4,  or  6  ±  v/  (—  5i) ; 
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/.  0^  =s  3.  or  2,  or ^^—^ 'y 

2 

J  —  13  ±  v^(—  61) 

and  a?  =  9,  or  a,  or ^^—^ -; 

by  subtraction^  2yl  =  4,  or  6,  or  5  q=  v^  (—  5i) ; 

siPv^f— 51) 
/.  yk  =  2,  or  3,  or         ^  J" ^ ; 

—  13  hF  \/(— 51)   . 

.-.  y  =  4,  or  9,  or ^  ^ ^.* 

<0 


*  The  other  case,  where  ^/  «  +  v^  =  20,  is  solved  in  the  same  nuuiner. 


SECTION  VI- 


On  the  Solution  of  Problems  which  involve  Simple  Equations. 

(32.)  The  solution  of  a  problem^  or  method  of  discover- 
ing by  analysis  quantities  which  will  answer  its  several  con- 
ditions, is  performed  by  assuming  algebraic  symbols  to  repre- 
sent the  quantities  sought^  and  by  deducing  equations  from 
the  application  of  these,  in  the  same  manner  as  if  they  were 
known  quantities^  to  the  conditions  of  the  problem.  The 
independent  equations  derived  from  this  process,  if  the  con- 
ditions be  properly  limited,  will  equal  in  number  the  unknown 
quantities  assumed;  and  from  the  solution  of  these  several 
equations  by  the  rules  already  given  (23.  27.  29),  the  values 
of  the  algebraic  symbols  will  be  determined.  Whether  these 
values  are  correct,  may  be  determined  synthetically,  by  apply- 
ing them  instead  of  their  respective  symbols  to  the  several 
conditions  of  the  problem. 

If  the  conditions  of  the  problem  are  not  properly  limited, 
that  is,  are  not  sufficient  in  number,  or  not  sufficiently  inde- 
pendent of  each  other,  the  resulting  equations  will  either  exceed 
in  number  the  unknown  quantities,  and  will  therefore  some  of 
them  be  identical  or  inconsistent,  or  will  be  fewer  in  number 
than  the  unknown  quantities,  and  consequently  will  admit  of 
an  indefinite  number  of  answers. 

In  many  cases,  instead  of  assuming  a  symbol  to  repre- 
sent each  of  the  required  quantities,  it  is  convenient  to  assume 
one  only,  and  from  the  conditions  of  the  problem  to  deduce 
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expressions  for  the  others  in  terms  of  that  one  and  known 
quantities.  And  as  the  number  of  conditions  ought  to  be  one 
more  than  the  number  of  quantities  thus  expressed^  there  will 
remain  one  to  be  stated  in  an  equation ;  from  which  the  value 
of  the  unknown  quantity  may  be  determined  (22.  27.  28) :  and 
this  being  substituted  in  the  other  expressions,  their  value  also 
may  be  discovered. 


Examples  of  the  Solution  of  Problems  producing  Simple 
Equations  involving  only  one  unknown  qvxmiity. 

1.  What  number  is  that,  to  the  double  of  which  if  is  be  added 
the  sum  will  be  82  ? 

Let  X  =  the  number  required. 
Then  by  the  problem,  2a?  +  18  ==  82 ; 
by  transposition,  2^  =  64. 

and  X  =  32. 


« . 


2.  What  number  is  that,  to  the  double  of  which  if  44  be  added, 
the  sum  is  equal  to  four  times  the  required  number  ? 

Let  X  =  the  number. 

Then  25?  -f  44  =  4a?,  by  supposition; 

.*.  by  transposition,  44  =  2^ 

and  22  =  X. 


3.  What  number  is  that,  the  double  of  which  exceeds  its  half 
bye? 

Let  X  =  the  number. 
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«• 

Then  by  the  problem,  2  a? =  6, 

.'.  45?  —  ^  =  12, 
or  357  =  12, 

•  •  «r  ^^  4« 


4.  From  two  towns  which  are  187  miles  distant,  two  travellers 
set  out  at  the  same  time  with  an  intention  of  meeting. 
One  of  them  goes  8  miles,  and  the  other  9  miles  a  day. 
In  how  many  days  will  they  meet  ? 

Let  X  =  the  number  of  days  required ; 
then  857  =  the  number  of  miles  one  travelled, 
and  957  =  the  number  the  other  travelled ; 

and  since  they  meet,  they  must  together  have  travelled  the 
whole  distance, 

consequently  85?  +  95?  =  187, 

or  175?  =  187, 
.'.  5?=  11. 


5.  A  Gentleman  meeting  4  poor  persons  distributed  five  shil- 
lings amongst  them :  to  the  second  he  gave  twice,  to  the 
third  thrice,  and  to  the  fourth  four  times  as  much  as  to 
the  first.    What  did  he  give  to  each  ? 

Let  5?  =  the  pence  he  gave  to  the  first, 
.%  25?  =  the  pence  given  to  the  second, 

and  357  = to  the  third, 

45?  = to  the  fourth. 

.•.  5?  +  25?  +  3^  4-  45?  =  60, 

or  105?  =  60, 
/.  57  =  6, 
and  .*•  he  gave  6,  12,  18,  24  pence  respectively  to  them. 
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6.  A  Bookseller  sold  lo  books  at  a  certain  price;  and  after- 
wards 15  more  at  the  same  rate.  Now  at  the  latter  time  he 
received  35  shillings  more  than  at  the  former.  What  did 
he  receive  for  each  book  ? 

Let  X  =  the  price  of  a  book. 
Then  lo^  =  price  of  the  first  set, 

and  \5x  =s  price  of  the  second  set. 
But  by  the  problem  16^  =  lOJ?  +  35 ; 
.-.  by  transposition,  sx  =  35, 

and  ^  s=  7. 


7.  A  Gentleman  dying  bequeathed  a  legacy  of  £i40.  to  three 
servants.  A  was  to  have  twice  as  much  as  JS ;  and  JS  three 
times  as  much  as  C     What  were  their  respective  shares  ? 

Let  a?  =  Cs  share, 

,\  zx  =  fs  share, 
and  6^  =  ^'s  share ; 
whence  (6^  +  3a?  +  ^  =)  \ox  =  140, 


X  =  14, 


A  .'.  received  £84;  S,  £\2\  and  C£i4. 


8.  Four  Merchants  entered  into  a  speculation,  for  which  they 
subscribed  i£4755 ;  of  which  JS  paid  three  times  as  much 
as  ^ ;  C  paid  as  much  as  A  and  B ;  and  D  paid  as  much 
as  C  and  B.    What  did  each  pay  ? 

Let  X  =  number  of  pounds  A  paid ; 
/,  zx  =  number  B  paid, 
AX  =  number  C  paid, 
and  7^  =  number  D  paid; 

.'.    {X  +  2X  -{-  AX  -t-  7X  =)  15^  =  4755, 

and  /.  a?  =  317. 
.•.   they  contributed  317,  951,  12G8,  and  2219  pounds  respect- 
ively. 
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9.  A  Draper  bought  three  pieces  of  cloth,  which  together 
measured  159  yards*  The  second  piece  was  15  yards  longer 
than  the  first,  and  the  third  24  yards  longer  than  the 
second.    What  was  the  length  of  each  ? 

Let  X  =  the  number  of  yards  in  the  first  piece, 
.".  X  +  15  =  the  number  in  the  second, 
and  a?  +  39  =  the  number  in  the  third. 

.-.    ^  -f  a?  4-  15  +  ^  +  39  =  159, 

and  by  transposition,  30?  =  105, 

.*.   X  =  35, 
.*.  the  lengths  are  35,  50,  and  74  yards  respectively. 


10.  A  cask  which  held  146  gallons,  was  filled  with  a  mixture 
of  brandy,  wine,  and  water.  In  it  there  were  15  gallons 
of  wine  more  than  there  were  of  brandy,  and  as  much 
water  as  both  wine  and  brandy.  What  quantity  was 
there  of  each? 

Let  X  =  the  number  of  gallons  of  brandy, 
.*.  X  +  15  =  number  of  gallons  of  wine, 
and  207  -f  15  =  number  of  gallons  of  water. 

.'.    a?  +  ^  +  15  4-  24?  +  15  =  146, 

.*.  by  transposition,      ax  =  116, 

and  X  =  29. 
.".  there  were  29,  44,  and  73  gallons  respectively  of  brandy, 
wine,  and  water. 


11.  A  person  employed  4  workmen;  to  the  first  of  whom  he 
gave  2  shillings  more  than  to  the  second ;  to  the  second 
3  shillings  more  than  to  the  third ;  and  to  the  third  4  shil- 
lings more  than  to  the  fourth.  Their  wages  amounted  to 
32  shillings.     What  did  each  receive  ? 
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Let  a?  =  the  sum  received  by  the  fourth, 

/.  a?  +  4= third, 

a?  +  7= second, 

and  a?-f9= first. 

/.  a?  +  ^  +  4  +  a?  +  7  +  a?+9  =  32, 
and  by  transposition,  4^  =  12, 

/.  they  received  12,  10,  7,  and  3  shillings  respectively. 


12.  A  Father  taking  his  4  sons  to  school,  divided  a  certain 
sum  amongst  them.  Now  the  third  had  9  shillings  more 
than  the  youngest;  the  second  12  shillings  more  than 
the  third;  and  the  eldest  is  shillings  more  than  the 
second;  and  the  whole  sum  was  6  shillings  more  than 
7  times  the  sum  which  the  youngest  received.  How  much 
had  each  ? 

Suppose  the  youngest  received  oe  shillings, 

then  the  third  received  x  +  9      

the  second a?  +  2i 

and  the  eldest a?  +  39 

.•.  0?  +  ^  +  9  4-  ^  +  21  +  a?  +  39  =  7^  4-  6, 

.'•  by  transposition,  63  =  3^, 

and  .*.  21  =  a?, 

consequently  they  received  2 J,  30,  42,  and  60  shillings  respec- 
tively. 


13.  A  sum  of  money  was  to  be  divided  amongst  six  poor  per- 
sons; the  second  received  loc^.  the  third  14C^.  the  fourth 
25J.  the  fifth  2sd.  and  the  sixth  d3d.  less  than  the  first. 
Now  the  sum  distributed  was  lod.  more  than  the  treble  of 
what  the  first  received.     What  did  each  receive  ? 
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Let  X  =s  what  the  first  received, 

.'.  0?  —  10  = second 

a?  —  14  = third 

^—25= fourth 

a?— -28= fifth       

^  —  33= sixth 

The  sum  of  which  =  6a?  —  no  =  3a?  +  lo  hy  supposition. 

/.  by  transposition,  3  a?  =  120, 

and  w  =   40. 
/.  they  received  40,  30,  26,  15,  12,  7  pence  respectively. 


14.  It  is  required  to  divide  the  number  99  into  five  such  parts, 
that  the  first  may  exceed  the  second  by  3 ;  be  less  than 
the  third  by  10 ;  greater  than  the  fourth  by  9 ;  and  less 
than  the  fifth  by  16. 

Let  X  =  the  first  part, 
.".a?  —    3  =         second, 
a?  4-  10  =         third, 
a?  —    9  =         fourth, 
a?  +  16  =         fifth. 
/.  a?  +  a?  —  3  +  a?  +  10  +  a?  —  9  +  ^  +  16  =  99, 
or  5a?  +  14  =  99, 
.•.  by  transposition,  6  a?  =  85, 

and  a?  =  17. 
.'.  the  parts  are  17,  14,  27,  8,  and  33. 


15.    What  two  numbers  are  those  whose  sum  is  59,  and  differ- 
ence 17? 

Let  X  =  the  less, 

.•.  a?  +  17  =  the  greater, 
L  2 


' 
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and  /.  a?  +  a?  +  17  =  59, 
by  transposition^  2x  =  42. 

and  ^  =  21  the  less^ 
/.  the  greater  =  38. 


16.    What  number  is  that,  the  treble  of  which  increased  by  12, 
shall  as  much  exceed  54  as  that  treble  is  below  144  ? 

Let  X  =  the  number. 
/.  sa?  +  12  —  54  =  144  —  zx  by  supposition ; 
.'.  by  transposition^  Qx  =  186, 

and  07  =  31. 


17.  Two  persons  began  to  play  with  equal  sums  of  money: 
the  first  lost  u  shillings^  the  other  won  24  shillings;  and 
then  the  second  had  twice  as  many  shillings  as  the  first. 
What  sum  had  each  at  first  ? 

Let  X  =  the  sum ; 

I  s=s  the  sums  each  had  after  playing; 
and  X  +  24J 

.*.  by  the  problem  2^?  —  28  =  a?  +  24 ; 

.•.   X  =  52. 


18.    At  a  certain  election  943  men  voted,  and  the  candidate 
chosen  had  a  majority  of  65.     How  many  voted  for  each  ? 

Let  X  =  the  number  of  votes  the  unsuccessful  candidate 
had; 
.%  0?  +  65  =  the  number  the  successfiil  one  had. 
.•.   a?  +  a?  +  65  =  943 ; 

by  transposition,  2a?  =  878, 

and    X  =  439* 
•*.  the  numbers  were  439  and  504. 
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19.  Two  Robbers  after  plundering  a  house  found  that  they  had 
35  guineas  between  them ;  and  that  if  one  of  them  had  had 
4  guineas  more,  he  should  have  had  twice  as  many  as  the 
other.     How  m£my  had  each  ? 

Let  X  =  the  number  one  had^ 
.'.   35  —  a?  =  the  number  the  other  had, 
and  35  —  a?  +  4  =  2^. 
by  transposition,  39  =  307, 

and  13  s=  x, 
/.  they  had  13  and  22  guineas  respectively. 


20.  A  Mercer  having  cut  19  yards  from  each  of  three  equal 
pieces  of  siUc,  and  17  from  another  of  the  same  length, 
found  that  the  remnants  taken  together  were  142  yards. 
What  was  the  length  of  each  piece  ? 

Let  X  =  the  length, 
,    /.  a?  —  19  =  the  length  of  each  of  the  3  remnants, 
and  0?  —  17  =  the  length  of  the  other. 

then  3  .  (^  —  19)  +  ^  —  17  =  142, 
or  30?  —  57  +  a?  —  17  =  142. 
by  transposition,  40?  =  216; 

.-.   X  =  54. 


a    . 


21.  A  Farmer  has  two  flocks  of  sheep,  each  containing  the 
same  number.  From  one  of  these  he  sells  39,  and  from 
the  other  93 ;  and  finds  just  twice  as  many  remaining  in 
one  as  in  the  other.  How  many  did  each  flock  originally 
contain  ? 

Let  X  =  the  number  required. 
Then  x  —  39,  and  x  —  93,  are  the  numbers  remaining ; 

.'.  07  —  39  =  20?  —  186; 
and  by  transposition,  147  =  ^* 
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22.  Bought  13  yards  of  cloth  for  £\q.  i48.  For  part  of  it 
I  gave  19  shillings  a  yard,  and  for  the  rest  17  shillings 
a  yard.     How  many  yards  of  each  were  bought  ? 

Let  x  =  the  number  of  yards  at  19*.  per  yard ; 
/.  12  —  a?  =  the  number  at  ifs, 
and  19J?  =  the  price  of  the  former, 
and  17 .  (12  —  ^)  =  the  price  of  the  latter. 

.'.    19a? -h  204  —  17^  =  214. 

and  by  transposition,  2^  =  10, 

and  x  sn  5. 
.%  there  were  5  yards  at  19  shillings,  and  7  at  17  shilUngs. 


23.    Divide  the  number  197  into  two  such  parts  that  four  times 
the  greater  may  exceed  five  times  the  less  by  50. 

Let  a:  =  the  less, 
and  .'.  197  —  a?  =  the  greater. 

Then  788  —  4^  =  5a?  +  50 ; 
and  by  transposition,  738  =  93p, 

and  82  =  07 ; 
.*.  the  greater  =  115. 


24.  A  Courier,  who  travels  60  miles  a  day,  had  been  dispatched 
5  days,  when  a  second  was  sent  to  overtake  him ;  in  order 
to  which,  he  must  go  75  miles  a  day :  In  what  time  will  he 
overtake  the  former? 

Let  x  =  the  number  of  days  the  second  courier  travels ; 
then  0?  -h  5  =  the  number  the  first  travels ; 

/.  754?  =  the  number  of  miles  the  second  travels, 
and  60 .  (^+ 5)  =  the  number  the  first  travels. 
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But  by  the  supposition  they  both  travelled  the  same  number 
of  miles  i 

/.   75a?  =  Qox  +  300, 

by  transposition,  I5a?  =  300, 

and  X  =  20. 


25.  After  A  had  lost  lo  guineas  to  B^  he  wanted  only  8  guineas 
in  order  to  have  as  much  money  as  JS ;  and  together  they 
had  60  guineas.     What  money  had  each  at  first  ? 

Let  X  =  the  number  of  guineas  A  had ; 

.'.  60  —  a?  =  the  number B  had. 

Then  after  playing  A  had  a?  —  lo,  and  B  had  70  —  a? ; 

.'.  a?  —  10  -H  8  =  70  —  a?, 
by  transposition,  2x  =  72, 

and  X  =s  36. 
.'.  they  had  36  and  24  guineas  respectively. 


26.  A  and  JS  began  trade  with  equal  stocks.  In  the  first  year 
A  tripled  his  stock,  and  had  £27  to  spare ;  B  doubled  his 
stock,  and  had  £i53  to  spare.  Now  the  amount  of  both 
their  gains  was  five  times  the  stock  of  either.  What  was 
that  stock  ? 

Let  X  =  the  stock ; 
then  3  a?  -h  27  =  -4's  stock  at  the  end  of  the  year, 

.•.   20?  +  27  =  his  gain, 
and  2a?  -t"  153  =  B's  stock  at  the  end  of  the  year ; 
/.  a?  -h  153  =  B's  gain ; 

/.    5a:  =  2a?  +  27  +  a?  +  153. 

by  transposition,  2a?  =  I80, 

and  a?  =  90. 


152  Examples  of  the  Solution  of  Problems 

27.  Two  workmen  A  and  B  were  employed  together  for  50  days, 
at  5  shillings  per  day  each.  A  spent  sixpence  a  day  less 
than  B  did,  and  at  the  end  of  the  fifty  days  he  found  he 
had  saved  twice  as  much  as  J8,  and  the  expense  of  two 
days  over.     What  did  each  spend  per  day  ? 

Let  X  =  what  A  spent  per  day  (in  pence) ; 
.".   60  —  a?  =  what  he  saved  per  day, 
and  64  —  a?  =  what  B  saved  per  day. 

and  .•.  3000  —  5oa?  =  6400  —  looa?  +  2^?. 
by  transposition,  480?  =  2400, 

and  07  =  50 ; 
.*.  A  spent  60  pence,  and  B  56  pence  a  day. 


28.  A  and  B  began  to  trade  with  equal  sums  of  money.  In 
the  first  year  A  gained  40  pounds  and  B  lost  40;  but  in 
the  second  A  lost  one-third  of  what  he  then  had,  and  B 
gained  a  sum  less  by  40  pounds  than  twice  the  sum  that 
A  had  lost ;  when  it  appeared  that  B  had  twice  as  much 
money  as  A,     What  money  did  each  begin  with  ? 

Let  X  =  the  number  of  pounds  each  had  at  first, 
then  a?  4-  40  =  the  sum  A  had  after  the  first  year, 
and  a?  —  40  =  the  sum  B  had, 
also  ^  .  (a?  +  40)  =  the  sum  A  had  after  the  2**  year, 
and  J?  —  40  -H  ^-  (47  -f  40)  —  40  =  the  sum  B  had ; 
.*.  ^  .  (j?  +  40)  =  a?  —  40  4-  -3- .  (a:  +  40)  —  40, 
and  -3- .  (a?  +  40)  =  a?  —  80 ; 
/.    2a?  -f  80  =  3a?  —  240, 
and  by  transposition,  320  =  a?. 


29-  Divide  the  number  68  into  two  such  parts,  that  the  differ- 
ence between  the  greater  and  84  may  equal  three  times  the 
difference  between  the  less  and  40. 
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Let  X  s=z  the  less, 
then  68  —  a?  =  the  greater; 

/.  84  —  (68  —  a?)  =  3  .  (40  —  a?), 
or  16  +  ^  ==  120  —  3a?. 

by  transposition,  ax  =  104, 

and  07  =  26 ; 
and  /.  the  greater  =  42. 


30.  A  and  B  being  at  play  severally  cut  packs  of  cards  so  as  to 
take  off  more  than  they  left.  Now  it  happened  that  A  cut 
off  twice  as  many  as  B  left,  and  B  cut  off  seven  times 
as  many  as  A  left.     How  were  the  cards  cut  by  each  ? 

Suppose  A  cut  off  2^  cards, 

then  52  —  257  =  the  number  he  left, 

and  X  =  the  number  B  left ; 

.*.  52  —  a?  =  the  number  he  cut  off; 

whence  62  —  a?  =  364  —  MX ; 

by  transposition,  13^  =  312, 

and  ^  =  24 ; 

.*•  A  cut  off  48,  and  B  cut  off  28  cards. 


31.  What  number  is  that  whose  one-third  part  exceeds  its  one- 
fourth  part  by  16? 

Let  \2x  ss  the  number; 

.%  40?  —  337  =  1^ 

or  0?  =  16 ; 
and  .'.  the  number  =  12  x  16  =  192. 
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32*  Upon  measuring  the  com  produced  by  a  field,  being  48 
quarters;  it  appeared  that  it  yielded  only  one-third  part 
more  than  was  sown.     How  much  was  that? 

Let  3^  =  the  number  of  quarters  sown, 

then  30?  +  57  =  48, 

or  ^w  =  48, 

and  ^  =  13 ; 

/.  the  quantity  sown  was  36  quarters. 


33.  A  Farmer  sold  96  loads  of  hay  to  two  persons.  To  the 
first  one-half,  and  to  the  second  one-fourth  of  what  his 
stack  contained.     How  many  loads  did  that  stack  contain? 

Let  40?  =  the  number  of  loads, 

then  20?  =:  the  number  the  first  bought, 

and  X  =  the  number  the  second  had. 

.•.  (207  -f  0?  =)  30?  =  96, 
and  X  =  32. 
whence,  the  stack  contained  128  loads. 


34.  A  Gentleman  bequeathed  £2x0  to  two  servants;  to  one  he 
left  half  as  much  as  to  the  other.  What  did  he  leave  to 
each? 

Let  20?  =  the  sum  one  received; 
/,  X  =  the  sum  left  to  the  other. 

.%   (207  -f  07  =)  30?  =  210, 

and  0?  =  70 ; 
.*.  they  had  uo  and  70  pounds  respectively. 


35.  A  prize  of  £2329  was  divided  between  two  persons  A  and 
By  whose  shares  therein  were  in  proportion  of  5  to  12. 
What  was  the  share  of  each  ? 
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Let  5«r  =  A^^  share, 
then  \2x  =  jB^s  share ; 
/.  (5a?  -h  \2X  =)  \7x  =  2329, 

and  ^=137;  "^ 

,\  their  shares  were  685  and  1644  pounds  respectively. 


36.  A  sum  of  money  is  to  be  shared  between  two  persons  A  and 
By  SO  that  as  often  as  A  receives  9  pounds,  B  takes  4. 
Now  it  happens  that  A  receives  15  pounds  more  than  jB. 
What  are  their  respective  shares  ? 

Since  for  every  £9  that  A  receives,  B  receives  £4, 

Let  9^  =  the  whole  sum  A  receives ; 

/.  4  a?  =  the  whole  sum  B  receives ; 

/.  9a?  =  4a?  +  15; 

and  by  transposition,  5  a?  =  15 ; 

•  "•      a?    2S    3  y 

.•.  A  receives  £27,  and  jB,  i6i2. 


37.  A  Gentleman  gave  to  3  persons  98  pounds.  The  second 
Received  five-eighths  of  the  sum  given  to  the  first,  and  the 
third  one^fifth  of  what  the  second  had.  What  did  each 
receive? 

Let  8a?  =  the  number  of  pounds  the  first  received; 

,•.50?= —   second 

and  a?s= third 

/.  (sa?  -h  5a?  +  a?  5=)  14a?  =  98, 

and  X  ^^7y 
.*.  they  received  56,  35,  and  7  pounds,  respectively. 
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38.  A  person  bought  two  casks  of  beer,  one  of  which  held 
exactly  three  times  as  much  as  the  other.  From  each  of 
these  he  drew  four  gallons,  and  then  found  that  there  were 
four  times  as  many  gallons  remaining  in  the  larger,  as  in 
the  other.     How  many  were  there  in  each  at  first? 

Let  30?  =  the  number  of  gallons  in  the  larger; 

and  .*.  X  =  the  number  in  the  smaller ; 

.•.  4.  (a?  —  4)  =  3^—  4; 

by  transposition,  a?  =  12 ; 
.*.  they  held  36  and  12  gallons,  respectively. 


39.  A  man  at  a  party  at  cards  betted  three  shillings  to  two 
upon  every  deal.  After  twenty  deals  he  won  five  shil- 
lings.    How  many  deals  did  he  win? 

Let  X  =  the  number  of  deals  he  won ; 

.*.  20—  X  =  the  number  he  lost ; 

/.  2x  =  the  money  won, 

and  3  .  (20  —  ^)  =  the  money  lost ; 

whence  2a?  —  3  .  (20  —  a?)  =  5 ; 

.•.  by  transposition,  547  =  65, 

and  J7=:  13. 


40.    What  two  numbers  are  as  2  to  3 ;  to  each  of  which  if  4  be 
added,  the  sums  will  be  as  5  to  7  ? 

Let  2^  and  3^  be  the  number ; 

.-.  2a?  -f  4  :  3a?  +  4  : :  6  :  7, 

and  (21)  I4a?  +  28  =  I5a?  +  20; 

by  transposition,  s  =x; 

and  ,\  the  numbers  are  16  and  24. 
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41.  A  sum  of  money  was  divided  between  two  persons  A  and 
By  so  that  the  share  of  A  was  to  that  of  JS  as  5  to  3 ;  and 
exceeded  five-ninths  of  the  whole  sum  by  50  pounds. 
What  was  the  share  of  each  person  ? 

Let  5^  =  ^'s  share ; 

/.  3  a?  =  jB^s  share^ 
and  8^  =  the  whole  sum ; 

.%  5a?  =  1^.8^  4-  50, 

or  J?  =  ^.a?  +  10, 
and  94?  =  8a?  -f  90 ; 
/.  by  transposition,  a?  =  90, 
and  the  sums  were  450  and  270  pounds. 


42.  Being  sent  to  market  to  buy  a  certain  quantity  of  meat, 
I  found  that  if  I  bought  beef,  which  was  then  i  pence 
a  pound,  I  should  lay  out  all  the  money  I  was  entrusted 
with ;  but  if  I  bought  mutton  which  was  then  threepence 
halfpenny  a  pound,  I  should  have  two  shillings  left.  How 
much  meat  was  sent  for? 

Let  2a?  =  the  number  of  pounds ; 

/.  8a?  =  the  price  of  2a?  lbs.  of  beef^ 
and  7x  =^  the  price  of  2  a?  lbs.  of  mutton, 
and  8a?  =  7a?  -h  24; 
a?  3=  24 


whence  48  lbs.  were  sent  for. 


43.  A  Fish  was  caught,  whose  tail  weighed  9  lbs. ;  his  head 
weighed  as  much  as  his  tail,  and  half  his  body ;  and  his 
body  weighed  as  much  as  his  head  and  tail.  What  did  the 
fish  weigh  ? 

Let  2a?  s=  the  number  of  lbs.  the  body  weighed ; 

then  9  -f  a?  =  the  weight  of  the  head ; 
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/.  9  +  9  +  ar=  2X; 

by  transposition,  18=  ar; 

.%  the  fish  weighed  36  +  27  +  9  =  72  lbs. 


44*  The  joint  stock  of  two  partners  whose  particular  shares 
differed  by  40  pounds  was  to  the  share  of  the  lesser  as  14  to 
5.     Required  the  shares. 

Suppose  14^  =  the  joint  stock  ; 

/.  50?  =  the  less, 

and  9X  =  the  greater ; 

/.  9a?  =  50?  +  40; 

by  transposition,  40?  =  40, 

and  0?  =  10 ; 

.'.  the  shares  are  90  and  50  pounds,  respectively. 


45.  A  Bankrupt  owed  to  two  creditors  140  pounds ;  the  dif- 
ference of  the  debts  was  to  the  greater  as  4  to  9.  What 
were  the  debts  ? 

Let  40?  =  the  difference  of  the  debts ; 
and  .•.  90?  =  the  greater, 
and  50?  =  the  less ; 

.'.   (90?  +  50?  =)  140?  =  140, 

and  0?  =  10; 
•*•  the  debts  are  90  and  50  pounds. 


46.  A  Gentleman  employed  two  labourers  at  different  times, 
one  for  3  shillings,  and  the  other  for  5  shillings  a  day. 
Now  the  number  of  days  added  together  was  40 ;  and  they 
each  received  the  same  sum.  How  many  days  was  each 
employed  ? 
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Let  X  =  the  number  of  days  the  second  was  employed ; 
•%  40  —  d?  =  the  number  the  first  was  employed ; 
/,  50?  =  the  sum  received  by  the  second, 
and  3 .  (40  —  ar)  =  the  sum  received  by  the  first ; 

/.  5J?  =  3  .  (40  —  a?) ; 
by  transposition,  so?  =  120, 

and  ^  =  15; 
/.  the  second  was  employed  15,  and  the  first  25  days. 


47.  Some  persons  agreed  to  give  sixpence  each  to  a  waterman 
for  carrying  them  from  London  to  Gravesend;  but  with 
this  condition,  that  for  every  other  person  taken  in  by  the 
way,  three  pence  should  be  abated  in  their  joint  fare.  Now 
the  waterman  took  in  three  more  than  a  fourth  part  of  the 
number  of  the  first  passengers,  in  consideration  of  which 
he  took  of  them  but  five  pence  each.  How  many  persons 
were  there  at  first? 

Let  40?  =  the  number  of  passengers  at  first; 
then  07  +  3  =  the  number  taken  in, 
and  30?  4-  9  =  the  sum  deducted  fi"om  their  joint  fare ; 

.%  240?  —  (30?  +  9)  =  200? ; 
by  transposition,  0?  =  9 ; 
consequently  there  were  36  passengers. 


48.    In  a  mixture  of  wine  and  cyder,  half  of  the  whole  +  25 
gallons  was  wine,  and  one-third  of  the  whole  —  5  gallons 
was  cyder.     How  many  gallons  were  there  of  each  ? 
Let  60?  =  the  number  of  gallons  in  all ; 
.•.  30?  4-  25  =  the  nxmiber  of  gallons  of  wine, 
and  20?  —  5  =  the  number  of  gallons  of  cyder ; 
.'.  60?  =  30?  H-  25  +  20?  —  5 ; 
by  transposition,  0?  =  20 ; 
consequently  there  were  85  gallons  of  wine,  and  35  of  cyder. 
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49* .  A  and  B  engaged  in  trade^  A  with  £240^  and  B  with  £96. 
A  lost  twice  as  much  as  B ;  and  upon  settling  their  accounts 
it  appeared  that  A  had  three  times  as  much  remaining  as 
B.     How  much  did  each  lose  ? 

Let  X  =  what  B  lost; 

.-.  96  —  ^  =  what  he  had  remaining ; 

then  20?  =  what  A  lost, 

and  240  »  20?  =  what  he  had  remaining ; 

/,  240  —  20?  =  3 .  (96  —  0?) 

by  transposition,  0?  =  48  ; 

/.  A  lost  £96y  and  B  lost  £48. 


50.  Four  places  are  situated  in  the  order  of  the  four  letters 
Af  By  Cy  D.  The  distance  from  ^  to  Z)  is  34  miles,  the 
distance  from  A  to  B  i  distance  from  C  to  Z) : :  2  ;  3,  and 
one-fourth  of  the  distance  from  Ato  B  added  to  half  the 
distance  from  C  to  Z)  is  three  times  the  distance  from  B 
to  C.     What  are  the  respective  distances  ? 

Let  20?  =  the  distance  from  Ato  By 
,\  3X  =  the  distance  from  C  to  D, 


,  /O?        30?       \ 

and  (-  -h  —  =  )2o?  =  3.jBC; 


3  ' 


and  (20?  4-  30?  H-  -.o?  =  j =  34; 


.'.  -  =  2,  and  X  =  Qi 
3        '  ' 


whence  AB  =  12,  jBC=  4,  and  CD  =  18. 
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51.  A  Field  of  wheat  and  oats  which  contained  20  acres  was 
put  out  to  a  labourer  to  reap  for  six  guineas^  the  wheat 
at  7  shillings  an  acre,  and  the  oats  at  5  shillings.  Now  the 
labourer  falling  ill,  reaped  only  the  wheat.  How  much 
money  ought  he  to  receive  according  to  the  bargain  ? 

Let  X  =  the  number  of  acres  of  wheat ; 
then  20  —  4?  =  the  number  of  acres  of  oats ; 

and  7x  =  the  price  of  reaping  the  wheat  (in  shillings), 
and  100  —  5^  =  the  price  of  reaping  the  oats ; 

.".   7x  H-  100  —  54?  =  126; 
by  transposition,  2  a?  =  26, 

and  a?  =  13; 
.*.  he  ought  to  receive  J64.  11*. 


52.  A  General  having  lost  a  battle,  found  that  he  had  only 
half  his  army  +  3600  men  left,  fit  for  action  5  one-eighth 
of  his  men  +  6OO  being  wounded,  and  the  rest,  which 
were  one-fifth  of  the  whole  army,  either  slain,  taken 
prisoners,  or  missing.  Of  how  many  men  did  his  army 
consist? 

Let  X  =  the  number  required ; 

.*.  -  +  3600  =  the  number  fit  for  service : 

2 

X 

-  +    600  =  the  number  wounded, 

8 

X 

and  -  =  the  number  missing ; 

0i/%  ^Wi  f1f% 

,\  a?  =  -  H-  3600  H h  600  -h  - ; 

by  transposition, =  4200, 

8  5 

and  (150?  —  sx  ==)  7x  s=  168000, 

and  X  =  24000. 

M 
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53.  Three  men,  A,  By  and  C,  entered  into  partnership ;  A  paid 
in  as  much  as  B,  and  one-third  o(  C;  B  paid  in  as  much 
as  Cy  and  one- third  of  A ;  and  C  paid  in  £io,  and  one- 
third  o(  A.    What  did  each  man  contribute  to  the  stock? 

Let  3<2?  =  the  sum  A  contributed ; 

.'.   io  +  a?= C 

and  10  +  20?= B 

10  -h  a? 

3         ' 

Off*  IQ 

by  transposition,  —  =  lo  H y 

and  2x  =  40 ; 

/.    X  =  20. 

and  the  sums  contributed  were  £60,  £50,  and  £30,  by  Ay  By  C, 
respectively. 


54.  It  is  required  to  divide  the  number  91  into  two  such  parts 
that  the  greater  being  divided  by  their  difference,  the 
quotient  may  be  7* 

Let  X  =  the  greater ; 
.•.  91  —  ^  =  the  less, 

and  =  7 ; 

20?  — 91 

/,   X  =  140?  —  637  ; 
by  transposition,  637  =  130?; 
and  /.  49  =  0?; 
.'.  the  parts  are  49  and  42. 


55.  From  each  of  16  coins  an  artist  filed  the  worth  of  half 
a  crown,  and  then  offered  them  in  payment  for  their 
original  value :  but  being  detected,  the  pieces  were  found 
to  be  really  worth  no  more  than  8  guineas.  What  was 
their  original  value  ? 
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Let  X  =  the  number  of  sixpences  each  was  worth ; 
.'.  a?  —  5  =  the  number  each  was  worth  after  filing ; 

/.    16  .  (.r  —  5)  =  336. 
by  transposition^  16^  =  416, 

and     07  =r  26  =  13  shillings. 


56.  A  and  B  made  a  joint  stock  of  .€833,  which,  aft«r  a  suc- 
cessful speculation,  produced  a  clear  gain  of  .€i53.  Of  this 
B  had  .€15  more  than  A,  What  did  each  person  contribute 
to  the  stock  ? 

Let  0?  =  the  sum  brought  in  by  5 ; 
then  833  :  X  :\  153  :  -B^s  eain  =  —  ; 

.-.  ^'s  gam  =  —  -  45, 

,  9d?       907 

and 1 45  =  153 ; 

49       49 

180? 

by  transposition,  ^  193 ; 

49  X   198 
.-.    X  = ^ =  49  X   11  =  639, 

whence,  B  brought  in  £s^9,  and  A  £294. 


57.  Sold  a  quantity  of  tobacco  for  19  shillings,  part  at  1  shil- 
ling a  pound,  and  the  rest  at  15  pence.  Now  the  first 
part  was  to  the  latter  : :  ^  :  -^.  How  much  was  sold 
of  each? 

Since  ^  :  «- : :  9  : 8, 

Let  9.2?  =  the  number  of  lbs.  of  the  former; 
/.  80?  =  the  number  of  lbs.  of  the  latter ; 
/,  90?  =  the  number  of  shillings  the  first  sold  for, 
and  80?  X  ^=  ioo?s=  the  number  of  shillings  the  second  sold  for. 

M  2 
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.\  {\ox  +  gx  =)  19^  =  19, 

and  jr  ^  1 ; 
•'•  there  were  9  lbs.  at  i  shilling,  and  8  lbs.  at  15  pence. 


58*  A  Gentleman  gave  in  charity  £46 ;  a  part  thereof  in  equal 
portions  to  5  poor  men,  and  the  rest  in  equal  portions  to 
7  poor  women.  Now  a  man  and  a  woman  had  between 
them  Jks.  What  was  given  to  the  men,  and  what  to  the 
women  ? 

Let  5  a?  =  the  number  of  pounds  the  men  received; 
.*.  46  —  50:  =  the  number  the  women  received; 

/.  a?  =  the  sum  one  man  received, 
and  8  —  a?  =  the  sum  one  woman  received ; 

.•.   56  —  7a?  =  46  —  5^; 
by  transposition,  2  a?  =  10, 

and  a?  =  5 ; 
/.  the  men  received  £25,  and  the  women  £21. 


69.  Suppose  that  for  every  10  sheep  a  farmer  kept,  he  should 
plough  an  acre  of  land,  and  be  allowed  one  acre  of  pasture 
for  every  4  sheep.  How  many  sheep  may  that  person 
keep  who  farms  700  acres  ? 

Let  a?  =  the  number  of  sheep  required ; 

4* 
then  10  :  a? : :  1  :  the  number  of  acres  ploughed  =  — , 

a? 
and     4  :  a? : :  1  :  the  number  of  acres  of  pasture  =  - ; 

a?       a? 

10       4  * 

and  (2a?  -h  5a?  =)  7a?  =  20  x  700  ; 

/.  a?  =  20  X  100  =  2000. 


I 

j 
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60.  A  person  being  asked  the  hour,  answered  that  it  was 
between  five  and  six ;  and  the  hour  and  minute-hands  were 
together.     What  was  the  time  ? 

Let  X  =  the  time  past  5 ; 

then  since  the  minute-hand  goes  12  times  round,  whilst  the 
hour-hand  goes^  once,  we  have  this  proportion, 

12 :  1  ::  5  +  ^  :  a?, 

and  [Alg.  180.)  ii  :  i  ::  5  :  a?; 

.'.     1107  =  5, 

and  a?  =  VV  =  27' .  l6-iV"- 


61.  Divide  the  number  49  into  two  such  parts  that  the  greater 
increased  by  6  may  be  to  the  less  diminished  by  11  as 
9  to  2. 

Let  X  =  the  greater ; 
/.   49  —  0?  =  the  less, 

and  a?  +  6:38  —  07::9:2; 

.-.  (Alg.  177. 179.)  0?  -h  6  :  44 ::  9  :  11, 

and  {Alg.  18C.)  a?  -h  6  :    4  : :  9  :   i ; 
.-.   J?  4-  6  =  36, 
and  ^  s=  30 ; 
/.  the  parts  are  30  and  19- 


62.  A,  By  and  C  make  a  joint  stock ;  A  puts  in  £60  less  than 
J5,  and  .€(58  more  than  C ;  and  the  sum  of  the  shares  of  A 
and  B  is  to  the  sum  of  the  shares  of  jB  and  C  as  5  to  4. 
What  did  each  put  in  ? 

Let  X  =  what  A  put  in ; 
.-.  07  4-  60  =  what  B  put  in, 
and  0?  —  68  =  what  C  put  in  5 
then  2a?  -h  60  :  20?  —  8  : :  6  :  4, 
and  {Alg.  184.)  0?  +  30  ;    a?  —  4  : :  5  :  4 ; 
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/.  {Alg.  180.)  34  :  07  —  4  : :  1  ;  4 ; 

.•.   136  =  a?  —  4, 

and  ^  =  140 ; 
.•.  they  put  in  £i40,  £200,  and  £72  respectively. 


63.  It  is  required  to  divide  the  number  34  into  two  such  parts, 
that  the  difference  between  the  greater  and  18,  shall  be  to 
the  difference  between  18  and  the  less  : :  2  :  3. 

Let  X  =  the  greater ; 
/.   34  —  0?  =  the  less, 
and  a?  —  18  :  07  —  16  : :  2  :   3 ; 
/.   {Alg,  177.  180.)  <r  —  18   :   2:12  :    1 ; 

.*,   07  —  18  =  4, 
and  0?  =  22 ; 
/.   the  parts  are  ^22  and  12. 


64.  A  Bookseller  sells  two  books,  one  containing  100  sheets 
for  ip  shillings,  the  other  containing  50  sheets^  for  6  shil- 
lings, each  being  bound  at  the  same  price.  What  was 
that  price  ? 

Let  X  =  the  price ; 

then  10  —  0? :  6  —  0? : :  100  :  50  : :  2  :  1 ; 
.'.  [Alg,  180.)  4  :  6  —  a? : :  1  :  1 ; 

/.   4  =  6  —  07 ; 
by  transposition,  o?  =  2. 


65.  A  man  wished  to  inclose  a  piece  of  ground  with  palisadoes, 
and  found  that  if  he  set  them  a  foot  asunder,  he  should 
have  too  few  by  150 ;  but  if  he  set  them  a  yard  asunder,  he 
should  have  too  many  by  70.     How  many  had  he  ? 
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Let  X  =  the  number ; 

then  J?  —  70  :  ^  4-  150  : :  i  ;  3, 
and  {Alg.  181.)  a?  —  70  :       220     ::  1  :  2, 

or  ^  —  70  :  no  ::  1 :  1; 

.-.  a?—  70=110, 
and  07=180. 


66.  A  Footman,  who  contracted  'for  £s  a  year,  and  a  livery 
suit,  was  turned  away  at  the  end  of  7  months,  and  received 
only  £2.  3s.  4d.  and  his  livery.     What  was  its  value  ? 

Let  X  =  its  value,  in  pounds ; 


then 


12 : 7 ::  (s  +  a? :  —  4-  a? ::  ]  48  +  6^  :  13  +  6x; 
.-.  {Alff.  ISO.)  6  :  7  ::  35  :  13  4-  6a?, 

aid  1  :  7  ::  7  :  13  4-  6a?; 

.-.    13  4-  6a?  =  49; 
by  transposition,  6x  =  36, 

and    x  =  6. 


67.  What  number  is  that  to  which  if  1,  5,  and  13,  be  severally 
added,  the  first  sum  shall  be  to  the  second,  as  the  second 
to  the  third  ? 

Let  a?  =  the  number  required ; 
then  a?4-i:a?4-5::a?4-5  :  a?4-i3; 

.-.  (Alff.  181.)  a?  4-  1  :     4     ::  a?  4-  5  :  8, 
and  alt**^  a?  4-  i  :  a?  -f  5  : :  4  :  8  : :  i  :  2; 
a?  4-  1  :  4  : :  1  :  1, 

a?  4-  1=4, 
and  a?  =  3. 


• » 
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68.  A  Landlord  let  his  farm  for  £10  a  year  in  money  and 
a  corn-rent.  When  com  sold  at  los.  a  bushel,  he  received 
at  the  rate  of  10  shillings  an  acre  for  his  land;  but  when 
it  sold  at  13^.  6d.  a  bushel,  13  shillings  an  acre.  Of  how 
many  bushels  did  the  corn-rent  consist? 

Let  X  =  the  number  of  bushels ; 
then  10^  +  200  =  the  annual  income  (in  shillings) 
and  /.  a?  +    20  =  the  number  of  acres ; 

also  in  the  second  case =  the  nimiber  of  acres  ; 

26  ' 

275?  +  400 
.". :: =  ^  +  20, 

and  27.27  4-  400  =  264?  +  520, 
by  transposition,  a?  =  120. 


69.  When  the  price  of  a  bushel  of  barley  wanted  but  3d.  to 
be  to  the  price  of  a  bushel  of  oats  as  8  to  5,  nine  bushels  of 
oats  were  received  as  an  equivalent  for  four  bushels  of 
barley,  and  7s.  6d.  in  money.  What  was  the  price  of  a 
bushel  of  each  ? 

Let  5^  =  the  price  of  a  bushel  of  oats ; 
,•.  8^  —  3  =  the  price  of  a  bushel  of  barley ; 

450?=  320?  —  12  4-  90; 

by  transposition,  130?  =  78, 

and  0?  =  6  ; 
/.  the  price  of  a  bushel  of  oats  =  sod. 
and  the  price  of  a  bushel  of  barley  =  45rf. 


70.  A  Countryman  had  two  flocks  of  shefep,  the  smaller 
consisting  entirely  of  ewes,  each  of  which  brought  him 
2  lambs.     On  counting  them  he  found  that  the  number 
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ol  lambs  was  equal  to  the  difference  between  the  two  flocks. 
If  all  his  sheep  had  been  ewes,  and  brought  forth  3  lambs 
apiece,  his  stock  would  have  been  432.  Required  the  num- 
ber in  each  flock. 

Let  X  =  the  number  in  the  less ; 
/.  2a?  =  the  number  of  lamDs  this  flock  produced  = 
the  difference  of  the  flocks, 
and  3a?  =  the  number  in  the  larger  flock; 

.'.  4a?  4-  3  X   4a?  =  4   X  40?  =  432, 

and  a?  =  27 ; 
.*.  27  and  81,  are  the  numbers  required. 


71.  A  Market-woman  bought  a  certain  number  of  eggs  at  two 
a  penny,  and  as  many  at  three  a  penny,  and  sold  them 
out  at  the  rate  of  five  for  two-pence ;  afler  which  she 
found  that  instead  of  making  her  money  again,  as  she 
expected,  she  lost  four-pence  by  them.  How  many  eggs  of 
each  sort  had  she  ? 

Let  X  =  the  number  required ; 
then  2  :  a?  : ;  1  :  the  price  of  a?  eggs  at  2  a  penny  =  - ;' 

in  the  same  way,  -  =.the  price  of  x  eggs  at  3  a  penny. 

4a? 
and  5  :  2a?  : :  2  :  the  price  at  which  she  sold  all,  =  —  ; 

4a?  XX 

5  2         3' 

and  24a?  +  120  =  (i5a?  +  10a?  =)  25a?: 
by  transposition,  a?.=  120. 


72.  A  man  and  his  wife  did  usually  drink  out  a  vessel  of  beer 
in  12  days :  but  when  the  man  was  out,  the  vessel  lasted 
the  woman  30  days.  In  how  many  days  would  the  man 
alone  drink  it  out  ? 
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Let  X  s=  the  number  of  days  required ; 
then  ^  :  12  : :  1  :  the  pail  drank  by  the  man 

J  12 

m  12  days  =  — , 

X 

and  30  :  12  : :  l  :  the  part  drank  by  the  woman 

12  2 

in  12  days  =  —  =  - : 
"^  30       5' 

12     .    2 

•'. h  -  =  1, 

X  S  ' 

and  60  +  2a?  =  6«2?, 
by  transposition,  6o  =  3^, 

and  20  =  X, 


73.    A  cistern  into  which  water  was  let  by  two  cocks  A  and  B, 
will  be  filled  by  them  both  running  together  in  12  ht)urs, 
^and  by  the  cock  A  alone  in  20  hours.     In  what  time  will  it 
be  filled  by  the  cock  B  alone  ? 

Let  X  =  the  number  of  hours; 
then  ^  :  12  ::  1  :  the  quantity  supplied  by  B 

in  12  hours  =  — . 

X 

In  the  same  way,  the  quantity  supplied  T)y  A 
in  12  hours  =  -; 

12         3 

/.  —  -h  -  =  1, 

X  5 

and  60  -f  3^  =  5^; 

» 

by  transposition,  6o  =  2^, 

and  30  =  X. 


producing  Simple  Eqaations,  171 

74.  The  hold  of  a  ship  contained  442  gallons  of  water.  This 
was  emptied  out  by  two  buckets,  the  greater  of  which, 
holding  twice  as  much  as  the  other,  was  emptied  twice  in 
three  minutes,  but  the  less  three  times  in  two  minutes ; 
and  the  whole  time  of  emptying  was  12  minutes.  Required 
the  size  of  each. 

Let  X  =  the  number  of  gallons  the  less  held ; 
.•.  2^  =  the  number  the  greater  held ; 
and  4a?  =  the  quantity  thrown  out  by  the  greater  in  3  minutes ; 
.'.  (3  ;  12  : : )  1  :  4  : ;  4^  :  the  quantity  thrown  out  in 

12  minutes  =  i6a?. 
In  the  same  manner  the  quantity  thrown  out  by  the  less  in 

12  minutes  =  18,2?; 

.".    (180?  4-  I6.r  =)  340?  =  442, 

and  0?  =  13  ; 
/.  the  less  held  ^3,  and  the  greater  26  gallons. 


75.  A  hare,  50  of  her  leaps  before  a  greyhound,  takes  4  leaps  to 
the  greyhound's  three;  but  two  of  the  grey hound^s. leaps 
are  as  much  as  three  of  the  hare's.  How  many  leaps  must 
the  greyhound  take  to  catch  the  hare  ? 

Let  30?  =  the  number  of  leaps  the  greyhound  must  take ; 

.'.  40?  =  the  number  the  hare  takes  in  the  same  time ; 

/.  40?  H-  50  =  the  whole  number  she  takes, 

and  2  :  3  : :  30?  :  40?  +  50 ; 

.-,  90?  =  80?  +  100; 

by  transposition,  0?  =  100, 

and  the  greyhound  must  take  300  leaps. 


76.  If  10  apples  cost  a  penny,  and  25  pears  cost  two^pence,  and 
I  buy  100  apples  and  pears  for  nine-pence  halfpenny,  how 
many  of  each  shall  I  have  ? 
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Let  a?  =  the  number  of.  apples ;  ^ 
.'.  100  —  ^  =  the  number  of  pears ; 

and  10  :  ^  : :  i  :  the  price  of  a?  apples  =  — . 
In  the  same  manner  the  price  of  the  pears  =  - 


25 


a*         200—2.2?         19 

.'.  —  + 


10  25  2   ' 

and  5^  4-  400  —  4a?  =  475 ; 
by  transposition^  a?  =  75 ; 
.•;  the  number  of  apples  is  75,  and  pears  25. 


77.  A  person  has  two  sorts  of  wine,  one  worth  20  pence  a 
quart,  and  the  other  12  pence;  from  which  he  would  mix  a 
quart  to  be  worth  14  pence.  How  much  of  each  must  he 
take? 

Let  a?  =  the  quantity  of  the  first,  the  whole  quart 
being  represented  by  unity ; 
.'.  1  —  a?  =  the  quantity  of  the  second ; 
also  20a?  =  the  value  of  the  first, 
and  12  —  12a?  =  the  value  of  the  second ; 

.".  20a?  +  12  —  12a?  =  14; 
and  by  transposition,  8«r  =  2 ; 


.-.  he  must  take  I  of  the  first,  and  f  of  the  second. 


78.  A  person  engaged  to  reap  a  field  of  35  acres,  consisting 
partly  of  wheat,  and  partly  of  rye.  For  every  acre  of  rye 
he  received  5  shillings;  and  what  he  received  for  an  acre 
of  wheat  augmented  by  one  shilling,  is  to  what  he  received 
for  an  acre  of  rye  as  7  to  3.  For  his  whole  labour  he 
received  £i3.  Required  the  number  of  acres  of  each 
sort. 
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Let  w  =  the  number  of  acres  of  wheat; 
/.  35  —  0?  =  the  number  of  acres  of  rye ; 
and  175  —  5  a?  =  the  price  of  reaping  them. 
Now  3  ;  7  : '.  5  ;  1  4-  the  price  of  reaping  an  acre  of 

wheat  =  — ; 
3  ' 

.'.  the  price  of  reaping  an  acre  of  wheat  =  — , 
and  the  price  of  reaping  all  the  wheat  = ; 


3 


32«r 

+  175  —  5a?  =  260, 


and  32a?  4-  625  —  ]5a?  =  780 ; 
by  transposition,  i7a?  =  255, 

and  a?  ==  15 ; 
/.  there  were  15  acres  of  wheat,  and  20  of  rye. 


79.  Two  pieces  of  cloth  of  equal  goodness,  but  of  different 
lengths,  were  bought,  the  one  for  £5,  the  other  for  j66.  10*. 
Now  if  the  lengths  of  both  pieces  were  increased  by  10, 
the  numbers  resulting  would  be  in  the  proportion  of  5  to  6. 
How  long  was  each  piece,  and  how  much  did  they  cost 
a  yard? 

Let  a?  =  the  number  of  10  shillings  that  each  yard  cost, 

then  — =  the  length  of  the  least, 
a? 

13 

and  —  =  the  length  of  the  longest ; 

a? 

1        10  13 

also  — h  10  :  — h  10  : :  5 :  6 ; 

a?  a? 
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/.  {Ala.  181.)  10 .  (-+  i)  :  -  ::  6  :  i, 

and  [Alg.  186.)  2  .  (-  +  ij  ;  -  ::  i  :  i ; 

a?+  1  _  3 

and  2.27  -f  2  =  3; 
by  transposition,  2a?  =  l, 

and  a?  =  - ; 
2' 

.•.  the  price  is  55,  and  the  lengths  are  20  and  26  yards, 


80.  A  General,  whose  horse  was  -}  of  his  foot,  after  a  de- 
feat found,  that  before  the  battle  -rV  —  120  of  his  foot, 
and  tV  +  120  of  his  horse  had  deserted ;  \  of  his  whole 
array  was  in  garrison ;  and  f  remained,  the  rest  being 
either  taken  prisoners  or  slain.  Now  300  +  the  number 
slain  =  \  the  foot  he  had  at  first.  Of  how  many  did  his 
whole  army  consist? 

Let  X  =  the  number  of  horse ; 

/.  3^  =  the  number  of  foot, 

and  40?  =  the  whole  army ; 

also 300  =  the  number  slain ; 

2 

.-. 120  H h   120  +  *J?  H 1 300  =  iX. 

4  12  2  2 

and  zx  +  X  -^  48a?  —  3600  =  48.2? ; 

by  transposition,  4  a?  =  3600, 

and  X  =  900 ; 

/.  the  whole  army  consisted  of  3600  men  j  viz.  900  horse,  and 
2700  foot. 
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81.  Two  persons  A  and  B  have  both  the  same  annual  income. 
A  lays  by  -J^th  of  his ;  but  B  by  spending  f  80  per  annum 
more  than  A^  at  the  end  of  4  years  finds  himself  £220  in 
debt.     What  did  each  receive  and  expend  annually? 

Let  5  J?  =  their  annual  income ; 

/.  457  =  A^s  annual  expenditure, 

and  407  +  80  =  B^s  annual  expenditure ; 

/.  (4a?  +  80  —  5^  =)  80  —  ^  =  the  debt  B  annually 


incurs ; 


/,  320  —  40?  =  220 ; 
by  transposition,  4^  =  100, 

and  a?  =  25 ; 
/.  their  annual  income  is  i6i25  ; 
A^s  annual  expenditure  is  <£ioo,  and  B^s  £i80. 


82.  A  person  at  play  won  twice  as  much  as  he  began  with,  and 
then  lost  16  shillings.  After  this  he  lost  four-fifths  of 
what  remained,  and  then  won  as  much  as  he  began  with, 
and  counting  his  money,  found  he  had  80  shillings.  What 
sum  did  he  begin  with  ? 

Let  X  =  the  number  of  shillings  he  began  with ; 

then  30?  =  the  sum  he  had,  after  winning  20?, 

and  3^  —  16  =  the  sum  remaining  after  the  next  loss. 

Now  since  he  lost  -  of  this, =  the  sum  remaining ; 

SX  —  16 

.-, h  ^  =  80, 

5 

and  30?  —  16  +  50?  =  400 ; 
by  transposition,  80?  =  416, 

and  07  =  52. 
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83.  Having  lost  one-third  of  my  money  at  play^  I  won  3  times 
as  much  as  I  had  lefl^  half  as  much  money  as  I  began 
with^  and  <£50;  and  then  found  I  had  as  much  above  £ioo, 
as  the  sum  I  began  with  was  below  jEioo.  What  sum  did 
I  begin  with  ? 

Let  6x  s=  the  number  of  pounds  required ; 
then  4^  =  the  sum  regaining  after  J  was  lost, 
and  \2x  +  307  +  50  =  the  sum  afterwards  won; 
/.  {\2x  +  3^  +  50  +  40?  =)  IQJ?  +  50  =  the  whole  sum  he  had, 

and  \ox  +  50  —  100  =  100  —  6a? ; 
by  transposition,  250?  =  1 50, 

and  ^  =  6 ; 
.'.  he  began  with  36  pounds. 


84.  A  and  B  began  to  pay  their  debts.  A^s  money  was  at  first 
two-thirds  of  5's;  but  after  A  had  paid  £\  less  than  two- 
thirds  of  his  money,  and  B  £\  more  than  seven-eighths  of 
his,  it  was  found  that  B  had  only  half  as  much  as  A  had 
left.     What  sum  had  each  at  first  ? 

Let  2  a?  and  34?  =  the  sums  A  and  B  had  respectively. 


25? 

then  after  payment,  A  had       +  l 


and  B  had i 

8 


»  remaining ; 


2X  3X 

/.-+.  =  --»; 

.•.  8.r  -f  12  =  9.2?  —  24; 

by  transposition,  36  =  x; 

.'.  A  had  £72,  and  B  had  .€i08. 
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85.  It  is  required  to  divide  the  number  36  into  three  such  parts, 
that  one-half  of  the  first,  one-third  of  the  second,  and  one- 
fourth  of  the  third  may  be  equal  to  each  other.  ^ 

Let  2x  =  the  first  part ; 
«\  ^  =  ^  part  of  the  second,  and  3^  =  the  second; 
also  x  =  ^  part  of  the  third,  and  .•.  4a?  =  the  third ; 
.•.  (2a?  +  35?  +  447  =)  go;  =  36. 

and  a?  =    4 ; 
.*.  the  parts  are  8,  12,  and  16. 


86.  Divide  the  number  116  into  four  such  parts,  that  if  the  first 
be  increased  by  5,  the  second  diminished  by  4,  the  third 
multiplied  by  3,  and  the  fourth  divided  by  2,  the  result  in 
each  case  shall  be  the  same. 

Let  a?  =  the  third ; 
.*.  3  a?  =  half  the  fourth, 
and  6a:  =  the  fourth ; 
whence  3  a?  +  4  =  the  second, 
and  3a?  —  3  =  the  first; 
.'.  3a?  —  5  +  3a?  +  4  +  a?  +  6a?  =  116 ; 
by  transposition,  I3a?  =  11 7, 

and  a?  :=  9 ; 
.*.  the  parts  are  22,  31,  9^  and  54. 


87.  A  Gentleman  had  some  of  his  horses  at  grass  at  3  shillings 
each  a  week,  and  the  rest  at  livery  stables  at  10  shillings 
each  a  week.  The  horses  in  the  stables  cost  him  twice  as 
much  a  week  as  the  horses  at  grass.  But  he  finds  that  if 
he  had  sent  3  horses  to  grass  out  of  the  stables,  the  expence 
of  the  stables  would  have  been  only  6  shillings  a  week  more 
than  the  grass.     How  many  horses  had  he  ? 

N 
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Let  X  as  the  number  of  horses  at  grass ; 
/.  3^  =  the  weekly  expense  of  these, 
and  6a?  == of  horses  in  stables ; 

/.  —  =  their  number; 

10  ' 

also  607  —  30  :=  the  expense  of  the  stables  after  3  horses  were 

sent  out  to  grass, 

and  3«v  +  9  =  the  expense  of  the  horses  at  grass,  when  3  more 

were  added ; 

.-.  6a?  —  30  (=  30?  +  9  +  6)  =*3a7  +  15; 
by  transposition,  3^  =  45 ; 

ando^ss  15; 
.%  there  were  15  at  grass,  and  9  in  the  stables. 


88.  A  Silversmith  received  in  payment  for  a  certain  weight  of 
wrought  plate,  the  price  of  which  was  i6io,  the  same  weight 
of  un wrought  plate,  and  £3,  15«.  besides.  At  another  time 
he  exchanged  12  oz.  of  wrought  plate  of  the  same  work- 
manship as  before  for  8  oz.  of  unwrought  (for  which  he 
allowed  the  same  price  as  before),  and  £2.  I6s.  in  money. 
What  was  the  price  of  wrought  plate  per  ounce,  and  the 
weight  of  the  first  sold  ? 

Let  X  =  the  number  of  ounces ; 
.*.  =  the  price  of  an  oz.  wrought, 

X 
125 

and =  the  price  of  an  oz.  unwrought ; 


2400         1000 

=  +  56 ; 

X  X 


u     ^  -i.-         ^400 

by  transposition, =  56. 

X 
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,  25 
and  —  =  1 : 

/.  a?  =  25  ; 

whence  there  were  25  ounces ;  and  the  price  was  8  shillings  per 
oz. 


89.  In  changing  a  bill  of  £85  into  guineas  and  shillings  (the 
number  of  shillings  being  J  number  of  guineas)  on  exami- 
nation they  all  proved  adulterated  below  the  standard 
value,  to  the  amount  in  the  whole  of  £s.  ss.  To  make  up 
the  deficiency,  nine  more  such  guineas  were  paid ;  and  four 
such  shillings  and  three  good  ones  returned.  Required  the 
number  and  average  value  of  the  guineas  and  shillings  paid 
at  first. 

£85  =  85*.  X  20  =  the  N<*.  of  shillings  +  4  x  21  x  N\  of  shillings 

=  85  X  the  number; 

.'.  the  number  of  shillings  =  20^ 

and  the  number  of  guineas  =  80 ; 

Let  X  =  the  value  of  an  adulterated  guinea ; 

J.  (i7oo  —  165  =)  1535  =  804?  +  20  X  value  of  an  adulte- 
rated shilling, 

and  /,  the  value  of  an  adulterated  shilling  = = 

307  —  I6x 

4 
/.   165  =  9^  —  3  —  307  +  16a?  ==  25^  —  310  ; 

by  transposition,  475  =  25  a?, 

and  19  =  x; 
/.  the  value  of  an  adulterated  guinea  =  19*.  and  the  value  of 

an  adidterated  shilling  = =  |  rs  9^. 

4 

n2 
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90.  Before  noon,  a  clock  which  is  too  fast,  and  points  to  after- 
noon time,  is  put  back  five  hours  and  forty  minutes ;  and  it 
is  observed  that  the  time  before  shown  is  to  the  true  time 
as  29  to  105.     Required  the  true  time. 

Let  X  =  the  time  the  clock  pointed  to ; 

then  a? :  a?  +  6  J  : :  29  :  105 ; 

19 

{Alg.  181.)  X  :  — ::  29  :  iQy 

and  a? :  -::  29  :  4; 
3 

whence  a?  =  —  =  2^  25' ; 

12  ' 

if    .'.  this  be  added  to  6^  20',  the  true  time  is  8**  45',  or  15' 

before  9. 


91.  The  crew  of  a  ship  consisted  of  her  complement  of  saUors 
and  a  number  of  soldiers.  Now  there  were  22  seamen  to 
every  3  guns  and  10  over.  Also  the  whole  number  of 
hands  was  5  times  the  number  of  soldiers  and  gun3 
together.  But  after  an  engagement,  in  which  the  slain 
were  one-fourth  of  the  survivors,  there  wanted  5,  to  be  13 
men  to  every  2  guns.  Required  the  number  of  guns, 
soldiers,  and  sailors. 

Let  347  =  the  number  of  guns ; 

then  22a?  +  10  =  the  number  of  seamen, 

and  since,  seamen  +  soldiers  =  5  .  soldiers  +150?; 

/.  the  number  of  soldiers  =  -J-  (22a?  -f  10  —  15^:)  = , 

4 


J  .V  1  ,  7^  +  10    .  ,  95a?  +  50 

and  the  complement  = h  22  a?  -f  10  = 

4  4 

J  xi_  •  /QS^  +  50\ 

and  the  survivors  were  f  ( j  =  19a?  +  10; 


9 
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30? 


•  • 


.  13  —  5  =  19a?  +  10; 


by  transposition,  -=  15, 

and  0?  =  30 ; 
.%  the  number  of  guns  =  90 ; 
the  number  of  seamen  =  30  x  22  +  lO  =  670, 

and  the  number  of  soldiers  = =  55. 


92.  A  Shepherd,  in  time  of  war,  was  plundered  by  a  party  of 
soldiers,  who  took  4  of  his  flock,  and  4  of  a  sheep ;  another 
party  took  from  him  ^  of  what  he  had  left,  and  ^  of  a 
sheep ;  then  a  third  party  took  |  of  what  now  remained, 
and  I  of  a  sheep.  After  which  he  had  but  25  sheep  left;. 
How  many  had  he  at  first  ? 

Let  X  =  the  number  he  had  at  first ; 

tU?  "4-  1 

then =  the  number  the  first  party  took  away, 

4 

3J?  ^~  1 

and  .'.  =  the  number  remaining. 

Now  the  second  party  took  away  J  of  these  +  J  of  a  sheep; 
.•.  there  remained 


(30?  —  i\        ,         3^—1        , 
—r-)-i — -e — i  = 


30?  —  3         0?  —  1 


6        "        2       ' 

then  the  third  party  took  away  half  of  these  +  J  of  a  sheep; 
/.  there  remained J  = ; 


4 


,          a?—  3 
whence =  25, 

4  ' 

and  0?  —  3  =  100 ; 
by  transposition,  x  =  103. 
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93.  A  man  being  at  play  lost  -f  of  his  money,  and  then  won 
3  shillings;  after  which  he  lost  -^  of  what  he  then  had, 
and  won  2  shillings;  lastly  he  lost  -f  of  what  he  then 
had ;  this  done  he  had  but'  12  shillings  left.  What  had  he 
at  first  ? 

Let  4  J7  =  the  number  of  shillings  required ; 

then  afl;er  the  first  loss  he  had  3^,  and  afterwards  30?  +  3  ; 

after  the  second  loss  he  had  -  .  (sx  +  3)  =2^  +  2,  and 

3 

afterwards  2^  +  4. 

12«P  "t*  24 

Having  lost  -f  of  this,  he  had  ^  .  (20?  +  4)  = , 

J        12a?  +  24 
and  /.  =  12, 

7  ^ 

and  12^  +  24  =  7  X  12 ; 
by  transposition,  i2;r  =  5  x  12, 

and  X  =  5; 
/•  he  had  at  first  20  shillings. 


4.  A  Trader  maintained  himself  for  3  years  at  the  expence  of 
£50  a  year ;  and  in  each  of  those  years  augmented  that 
part  of  his  stock  which  was  not  so  expended  by  ^  thereof. 
At  the  end  of  the  third  year  his  original  stock  was  doubled. 
What  was  that  stock  ? 

Let  X  =  the  number  of  pounds  required ; 

then  a?  —  50  =  the  sum  not  expended ;   and  with  this  he 
traded ; 

.•.  =  his  gain  the  first  year, 

4 

and  - .  (^  —  50)  =s  the  sum  he   had  at  the  end  of  the  first 
3    ^  ' 

year; 
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50  = =  the  sum  he  traded  with  the 

3  3 

second  year ; 

4     447—  350         16a?  —  1400 


'3*3  9 

of  the  second  year; 


=  the  sum  he  had  at  the  end 


J  16a?  —  1400                  I6a?  —  1850       ^,  ,      ^_ J  J      .,, 

and 50  = =  the  sum  he  traded  with 


9 

9 

the  third  year ; 

4 
3 

16a?  — 

• 

9 

1850        ^, 

=  the 

sum 

he  had  at  the 

year; 

whence  -  . 

3 

I6a? 

—  1850 

9 

=  2a?, 

and 

32a? 

—  3700 

=  27a?; 

by  transposition^  5  a? 

=  3700, 

and  a? 

=  740. 

95.  A  Merchant  buys  a  cask  of  brandy  for  £48,  and  sells  a 
quantity  exceeding  three-fourths  of  the  whole  by  2  gallons 
at  a  profit  of  £25  per  cent.  He  afterwards  sells  the  re- 
mainder at  such  a  price  as  to  clear  £60  per  cent,  by  the 
whole  transaction ;  and,  had  he  sold  the  whole  quantity  at 
the  latter  price,  he  would  have  gained  £175  per  cent.  Re- 
quired the  number  of  gallons  contained  in  the  cask. 

Let  4  a?  s=  the  number  of  gallons ; 

12 
then  —  =:  the  original  price  per  gallon  (in  pounds)^ 
a? 

-and  100  :  125  : ;  —  :  the  first  price  of  sale  =  — , 

a?  a? 

and  100  :  276  : ;  —  :  the  latter  price  of  sale  =  — ; 

a?  a? 
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.*.  {3x  +  2)  .  —  +  (a?  —  2) . 48  =  whole  gam  =  30  —  — ; 

,  36 

hence  loo  :  6o  ::  48  :  30 , 

s 

6 

or  5 :   3  : :   s  :   5  — , 

«r 

30 
.*.   24  =  25  —  —  ; 

X 

by  transposition^  —  =  i, 

and  .*.  07  =  30; 
and  the  number  required  =:  4o?  =  120  gallons. 


96*  Water  flows  uniformly  into  a  cistern,  capable  of  containing 
720  gallons,  through  a  pipe ;  and  at  the  same  time  is  dis- 
charged by  a  pump,  worked  by  three  men,  who  take  four 
strokes  in  a  minute;  but  this  not  being  suf&cient,  the 
cistern  becomes  full  in  6  hours ;  they  therefore  now  put  in 
another  pump,  of  such  power  that  the  quantity  discharged 
at  one  stroke  by  this  pump  is  to  the  quantity  discharged 
at  one  stroke  by  the  former  : :  2  :  3 ;  but  being  obliged  to 
detach  one  of  their  number  to  work  the  pump,  the  former 
pump  makes  only  lo  strokes  in  3  minutes,  and  the  latter  5 
strokes  in  two  minutes;  by  which  means  the  cistern  is 
emptied  in  12  hours.  How  much  water  was  discharged  by 
each  pump  at  one  stroke  ?  and  how  much  flowed  in  through 
the  pipe  in  one  minute  ? 

Let  30?  =  the  number  of  gallons  discharged  by  the  first 
pump  at  one  stroke ; 

.*.   2<z^  =  the  number  discharged  by  the  second, 

and  1207  =  the  quantity  discharged  by  the   first  in   one 
minute,  when  3  men  worked; 
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.".  6  X  60  X  12a?  =  the  quantity  discharged  in  six  hours ; 
/.  6  X  60  X  1237  +  720  =  720  .  (647  -h  i)  =  the  quantity  in- 
troduced through  the  pipe  in  that  time. 
Now  when  the  additional  pump  is  worked, 
loa?  =  quantity  discharged  by  the  first  in  one  minute; 
and  507  =  the  quantity  discharged  by  the  second  in  one  minute; 
.".    15^  X  12  X  60  =  the  whole  quantity  discharged  in  12  hours  ; 
/.   15a?  X  720  =  720  X  2  .  (6a7  +  1)  +  720; 
or  15a?  =  \2x  +  3; 
by  transposition,  3^7  =  3, 

and  07  =  1 ; 

.*•  the  first  discharged   3  gallons,  and  the  second  2,  at  one 

stroke;  and  the  quantity  introduced  by  the  pipe  in   one 

.     ,         720  X  (6a?  +1)  ^  „ 

mmute  = ^ =  2  x  7  =  14  gallons. 

6  X  60  ° 


^.  A  poor  man  with  a  wife  and  seven  children,  found  during 
a  scarcity  that  he  could  only  earn  sufficient  to  procure 
J  of  a  white  loaf  of  bread  per  day  for  each  of  his  family, 
himself  included.  He  therefore  applied  to  the  parish- 
officers  for  assistance,  by  whom  being  allowed  a  daily  sum 
=  i  his  earnings,  and  mixed  bread  being  made  by  order 
of  Parliament,  which  was  cheaper  than  white  in  the  pro- 
portion of  4  to  5,  he  was  now  enabled  to  procure  J  of  a 
mixed  loaf  per  day  for  each  of  the  family  (himself  still 
included)  and  had  \8.  7\d.  over.  Required  the  sum 
allowed  him  by  the  parish. 

Let  X  =  the  price  of  a  white  loaf  (in  pence) ; 
—  =  what  he  earned. 


4 


and  —  =  what  the  parish  allowed  him ; 
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also  —  s=s  the  price  of  a  mixed  loaf; 


12ar 


39  _  /9*  _i_  ^*  —  \27^ 


5 

and  96x  +  780  =  izsx ; 
by  transposition^  780  =  39^:, 

and  20  =  ^ ; 
whence  it  appears  that  he  earned  45  pence,  and  had  22|  J. 

allowed  him  by  the  parfclu 
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Examples  of  the  Solution  of  Problems  producing  Simple 
Equations  involving  two  unknown  Quantities. 

1.  After  A  had  won  four  shillings  of  By  he  had  only  half  as 
many  shillings  as  B  had  left.  But  had  B  won  six  shillings 
of  Ay  then  he  would  have  had  three  times  as  many  as  A 
would  have  had  left.     How  many  had  each  ? 

Let  X  =  the  number  of  shillings  A  had, 
and  y  =  the  number  B  had ; 

then  y  —  4  =  2^7  +  8, 
and  y  +  6  =  3^  —  18; 

.*.  by  subtraction^  lo  ==   a?  —  26,  . 
and  by  transposition,  36  =  Xy 
and  y  —  4  =  80 ;   .\  y  =  84 ;   .\  A  had  36,  and  B  S4. 


2.  A  person  bought  a  quantity  of  brandy  and  rum  for  £19.  as* 
and  gave  for  the  brandy  9  shillings,  and  rum  6  shillings  per 
bottle.  He  found  however  tiiat  he  could  have  bought  as 
many  bottles  of  rum  as  he  now  had  of  brandy,  and  as 
many  of  brandy  as  he  now  had  of  rum  for  <£i.  \zs.  less. 
How  much  was  bought? 

Let  X  =  the  number  of  bottles  of  brandy, 
and  y  =  the  number  of  bottles  of  rum ; 
then  9^  +    ^y  ^^  384, 
and  6^  +    9y  =  351 ; 

.'.  by  addition,  isx  +  I5y  =  735, 
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and  0?  4-    y  =   49. 
But  since  3^  +  2y  =  128^ 
and  2^  +  2^  =    98 ; 


/.  by  subtraction^  x=   30, 
and  y  =  49  —  ^  =    19 ; 
'.  he  bought  30  bottles  of  brandy,  and  19  of  rum. 


3.  What  fraction  is  that,  to  the  numerator  of  which  if  4  be 
added,  the  value  is  one-half,  but  if  7  be  added  to  the  deno- 
minator, its  value  is  one-fifth  ? 

Let  -  =  the  fraction  required ; 

then =  -,  and  .•.  2^  +  8  =  y ; 

y  2'  ^ 

also =  -,  and  /.  5d?  =  y  +  7 ; 

y+7      5' 


by  subtraction,  3^  —  8  =  7 ; 
by  transposition,  3^=15; 

and  X  =i  5; 
/.  y  =  2^  -f  8  =  18, 

5 

and  the  fraction  is  — • 

18 


4.    Find  two  numbers,  the  greater  of  which  shall  be  to  the  less 
as  their  sum  to  42,  and  as  their  difference  to  6. 

Let  w  and  y  =  the  numbers ; 

then  57 :  y  : :  a?  +  y  :  42, 

and  a;  :  y  ::  X  —  y  :  6. 

But  ratios  which  are  equal  to  the  same  ratio  are  equal  to  each 
other; 
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3; 


.-.  a?  +  y  :  42  : :  a?  —  y  :  6, 

alt*».  0?  -i-  y  :  ^  —  y  ::  (42  :  6  ::)  7 

.-.  (-4/^.  182.)  20?  :  2y ::  8  :  6, 

and  ^  :  y  : :  4 

3  ' 

and  4  :  3  : :  -  :  6 ; 

3 

/.  y  =  24, 

and  a?  =  —  =  32 : 
3  ' 

/•  the  numbers  are  32  and  24. 


i; 


5.    What  two  numbers  are  those,  whose  difference,  sum,  and 
product,  are  as  the  numbers  2,  3,  and  5,  respectively  ? 

Let  X  and  y  =  the  numbers ; 


then  a?  —  y  : 

a 

-l-y  ::  2  :  3; 

/.  2x  : 

2y    ::  s  :  i. 

or<r  : 

y     ::  5  :  i; 

also  X  -^  y  : 

xy    ::  3  :  5, 

'     or  6y  : 

xy    ::  3  :  5; 

.-.  2  : 

X     ::  I  :  5, 

and   .*. 

X 

=  10, 

and  y  = 

X 
5 

=  2; 

/.  the  numbers  are  lo  and  2. 


6.    A  and  B  playing  at  bowls,  says  ^  to  B,  If  you  will  give 
me  a  guinea,  I  will  bet  you  half  a  crown  to  eighteen 
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pence  on  each  game,  and  will  pky  36  games  together. 
B  won  his  guinea  back  again,  and  £\.  \7s.  besides.  How 
many  games  did  each  win  ? 

Let  X  =s  the  number  of  games  A  won, 
and  y  =  the  number  B  won ; 

.'.  y  +  ^  =  36, 
and  3y  H-  3a?  =  108 ; 
but  5y  —  3a?=  116; 

/.  by  addition,  sy  =  224, 

and  y  =  28  ; 
.-.  a?  =  36  —  y  =  8 ; 
.*•  A  won  8,  and  B  28  games. 


7.  A  person  exchanged  12  bushels  of  wheat  for  8  bushels  of 
barley,  and  £2.  16^.;  offering  at  the  same  time  to  sell  a 
certain  quantity  of  wheat  for  an  equal  quantity  of  barley, 
and  £3.  \bs.  in  money,  or  for  £10  in  money.  Required  the 
prices  of  the  wheat  and  barley  per  bushel. 

Let  X  =  the  price  of  wheat  per  bushel,  in  shillings, 

and  y  =  the  price  of  barley ; 

200 

then =  the  number  of  bushels  in  the  second  offer ; 

X  ' 

.'.    125?  =  8y  H-  56, 

J  200 

and X  y  =  125 ; 

X         ^ 

/.  8y  =  5a?, 
and  /.  12a?  =  50?  H-  56 ; 
by  transposition,  7  a?  =  56, 

and  a?  =  8 ; 
.-.  y  =  5; 
•*•  the  prices  of  wheat  and  barley  per  bushel  were  8  and  5  shil- 
lings, respectively. 
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8.  A  Vintner  sold  at  one  time  20  dozen  of  port  wine,  and 
30  of  sherry,  and  for  the  whole  received  i£i20;  and  at 
another  time  sold  30  dozen  of  port,  and  25  of  sherry  at 
the  same  prices  as  before,  and  for  the  whole  received 
£140.  What  was  the  price  of  a  dozen  of  each  sort  of 
wine? 

Let  X  =  the  price  of  a  dozen  of  port, 

and  y= of  sherry; 

/.  20^  H-  zoy  =  120,  or  2^  +  ay  =  12, 
and  30a?  +  25y  =  uo,  or  6a?  +  5y  =  28. 
Multiplying  the  first  equation  by  3, 

6ar  +  9y  =  36, 
but  6a?  +  5y  =  28; 


•  • 


/.  by  subtraction,  4y  =  8, 

and  y  =  2 ; 
whence  2a*  =  12  —  3y  =  12  —  6  =  6, 
and  <r  s=  3 ; 

the  prices  of  port  and  sherry  per  dozen  were  £z  and  £2 
respectively. 


9.  A  and  B  severally  cut  packs  of  cards,  so  as  to  cut  off  less 
than  they  left.  Now  the  number  of  cards  left  by  A  added 
to  the  number  cut  off  by  B  make  50 ;  also  the  number  of 
cards  left  by  both  exceed  the  number  cut  off,  by  64.  How 
many  did  each  cut  off? 

Let  X  =  the  number  cut  off  by  -4 ; 
.•.   52  —  a?  =  the  number  left  by  him. 

Let  y  =  the  number  cut  off  by  B\ 
.'.   52  —  y  =  the  number  left  by  him ; 
.*.  X  -k-  y  'ss^  the  whole  number  cut  off, 
and  104  —  (a?  +  y)  =  the  whole  number  left, 
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whence  104  —  2  •  (a?  +  y)  =  64 ; 
by  transposition^  2  .  (a?  H-  y)  =  40, 

and  a?  H-  y  =  20. 
Now  62  —  a?  +  y  =  50 ; 
.'.  by  transposition,  a?  —  y  =    2, 

but  5?  +  y  =  20 ; 


,'.  by  addition,  2^  =  22, 

and  ^=11; 

by  subtraction,  2y  =  18, 

andy=   9; 

/.   -4  cut  off  11,  and  B  9. 


10.  A  countryman,  being  employed  by  a  poulterer  to  drive 
a  flock  of  geese  and  turkeys  to  London,  in  order  to  dis- 
tinguish his  own  from  any  he  might  meet  on  the  road, 
pulled  3  feathers  out  of  the  tail  of  each  turkey,  and  one 
out  of  the  tail  of  each  goose,  and  upon  counting  them, 
found  that  the  number  of  turkeys*  feathers  exceeded  twice 
those  of  the  geese  by  15.  Having  bought  lo  geese  and 
sold  15  turkeys  by  the  way,  he  was  surprised  to  find, 
as  he  drove  them  into  the  poulterer's  yard,  that  the 
number  of  geese  exceeded  the  number  of  turkeys  in  the 
proportion  of  7  to  3.  Required  the  number  of  each  at 
first. 

Let  X  =  the  number  of  turkeys ; 
.%  35?  =  the  number  of  feathers  from  their  tails ; 
let    y  =  the  number  of  geese ;  and  .',  of  the  feathers, 

and  3^—  2y  =  15. 

Also  y  +  10  :  a?  —  15 : :  7  :  3 ; 

.'.   3y  -f  30  =  7^  —  105 ; 
by  transposition,  7a?  —  3y  =  135, 
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and  I4d?  —  6y  =  270 ; 
but  from  the  first  equation,  pa?  —  6y  =  45 ; 

/•  by  subtraction,  bw  =  225, 

and  <r  =  45 ; 

/.  2y  =  307  —  15  s=  135  —  15  =  120, 

and  y  =  60 ; 
.'.  there  were  45  turkeys,  and  60  geese. 


11.  A  Farmer  with  28  bushels  of  barley  at  2S.  Ad,  a  bushel, 
would  mix  rye  at  3  shillings  per  bushel,  and  wheat  at 
4  shillings  per  bushel,  so  that  the  whole  mixture  may  con- 
sist of  100  bushels,  and  be  worth  3s.  Ad.  per  bushel.  How 
many  bushels  of  rye,  and  how  many  of  wheat,  must  he  mix 
with  the  barley  ? 

Let  X  =  the  number  of  bushels  of  rye, 

and  y  =  the  nimiber  of  wheat ; 

then  the  value  of  the  barley  =  196  (four-pences), 

of  the  wheat  =  I2y, 

of  the  rye       =90?; 

.*.  196  +  9^  4"  I2y  =  1000  J 

by  transposition,  947  +  I2y  =  804, 

and  30?  +    4y  s  268. 

Now  a?  +  y  -i"  28  =  100, 

and  by  transposition,  a?  +  y  =   72 ; 

.'.  3ar  +  3y  =  216, 

but  30?  +  4y  =  268 ; 

.%  by  subtraction,  y  =  52, 
and  07  =  72  —  y  =  20. 
Hence  he  must  mix  20  bushels  of  rye,  and  52  of  wheat. 
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12.  A  and  B  speculate  with  diffisrent  sums;  A  gains  £i50,  B 
loses  £50^  and  now  ^'s  stock  is  to  JS's  as  3  to  2.  But  had 
A  lost  £50,  and  B  gained  £100,  then  A^s  stock  would  have 
been  to  JS's  as  5  to  9.    What  was  the  stock  of  each  ? 

Let  X  =  ^'s  stock, 

and  jr  =  ffs ; 
thenar  +  I50  :    y  — 50  ::  3  :  2; 

/.  2Jr  +  300  =3jr  —  150, 

and  by  transposition,  3y  ^  2 x  =  450 ; 

also  jp  —  50  :  y  -i-  100  ::  5  :  9; 

.•.  9*  —  450  =  5y  +  500  ; 

by  transposition,  9 jr  —  5y  =:  950 ; 

multiplying  this  equation  by  3,  and  that  found  aboYC  by  5, 

274P  —  I5y  =  2850, 
and  i5y  —  I04r=  2250 ; 


.*.  by  addition,  i7x  =  5100, 

and  X  =  300 ; 
/.  3y  =  2Jr  +  450  =  1050, 
and  y  =  350 ; 

/.  ^'s  was  <£300,  and  JPs  350. 


13.  A  Merchant  having  mixed  a  certain  number  of  gallons 
of  brandy  and  water,  found  that  if  he  had  mixed  6  gallons 
more  of  each,  he  would  have  put  into  the  mixture  7  gallons 
of  brandy  for  every  6  of  water ;  but  if  he  had  mixed  6  less 
of  each,  he  would  have  put  in  6  gallons  of  brandy  for  every 
5  of  water.     How  many  of  each  did  he  mix  ? 

Let  X  =  the  number  of  gallons  of  brandy, 
and  y  =  the  number  of  gallons  of  water; 
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then  0?  H-  6  , 

:  y  +  6  :: 

7  : 

6; 

/.   {Alff.  181. 

)^  +  6  : 

07  — 

y  ::  7  :  i, 

but  07  —  6 

:  y  -  6  : : 

6  : 

5, 

and  /.  0?  —  y 

:  07—6  :: 

I  : 

6, 

and  since  o?  +  6 

:  ^-y  :: 

7  : 

i; 

/.  ftr  (squaliy  <r  +  6 

;  07—6  :: 

7  : 

6, 

and  %x  ; 

:  12  ::  i3 

:  1. 

or  0?  ; 

:    6  : :  13 

•  1 

* 

• 

• 
•  • 

0?  =  78; 

whence  84  : 

:  y  +  6  : : 

7  : 

fl. 

or  12  , 

:  u-^^w 

1  : 

6; 

• 
• 

.  y  +  6  = 

72, 

and  y  = 

66; 

.'•  he  mixed  78  gallons 

J  of  brandy  with  66  of  water. 

14.  A  person  had  a  bag  of  money  worth  £93 ;  but  a  servant 
haying  robbed  him  of  one-sixth  of  his  moidores^  andl  three- 
fifths  of  his  guineas^  left  him  only  £54.  15^.  How  many 
moidores  and  guineas  had  he  at  first  ? 

^  Let  07  =  the  number  of  guineas^ 
and  y  =  the  number  of  moidores ; 


then 


45y 


1407 


__  +  _  =  366, 


and  .'.  75y  +  280?  =  3650; 
also  731^  -^     9y  =  620; 

.*.   36y  -i"   290?  =  2480; 

but  since  75y  +  28o?  =  3650; 

.•.  by  subtraction^  39y  =  1170, 

and  ^  =  30 ; 
also  7x  =  620  —  9y  =  620  —  270  =  350 ; 

/,  07  =  50; 
.*.  he  had  60  guineas^  and  30  moidores. 

o2 


' 
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m 

15.  A  Vintner  bought  6  do;&en  of  port  wine  and  3  dozen  of 
white  for  12  guineas ;  but  the  price  of  each  afterwards 
falling  a  shilling  per  bottle,  he  had  20  bottles  of  port^  and 
3  dozen  and  8  bottles  of  white  more,  for  the  same  sum. 
What  was  the  price  of  each  at  first  ? 

Let  a;  =  the  price  of  the  porti  ,    ^-     „       ,  .„.      . 

^  i.'f   f  P^  bottle  (m  shillings) J 

then  72X  +  36y  =  252  =  92x  +  8oy  —  172, 
and  .•.  by  transposition,  20a?  +  44y  =  172, 

or  50?  H-  uy  =  43. 
Now,  since  72a?  +  36y  =  252  5 
.".  2a?  +  y  =  7, 
and  22a?  +  iiy  =  77, 
but  5x  +  iiy  =  43; 

.'.  by  subtraction,  I7a?  =  34, 

and  a?  =  2 ; 
whence  y=7  —  2a?  =  7  —  4  =  3; 
/.  the  price  of  port  was  3s,  and  of  white  2s,  per  bottle. 


16.  A  rectangular  bowling-green  having  been  measured,  it  was 
observed,  that  if  it  were  5  feet  broader,  and  4  feet  longer, 
it  would  contain  116  feet  more:  but  if  it  were  4  feet 
broader,  and  5  feet  longer,  it  would  contain  113  feet  more. 
Required  the  length  and  breadth. 

Let  a?  =  the  number  of  feet  in  length, 

and  y  =  the  number  of  feet  in  breadth ; 

then  (a?  +  4)  .  (y  -H  5)  =  a-y  -H  5a?  +v4y  -f  20  =  116  +  xy, 

and  .•.  6a?  +  4y  =  96 ; 

also  (a?  +  5)  .  (y  +  4)  =  a?y  +  4a?  +  5y  +  20  =  113  -f  a?y; 

.-.  4a?  +  5y  =  93; 

multiplying  the  former  equation  by  4,  and  the  latter  by  5^ 
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and  20a?  -f  25y  =  465 ; 

by  subtraction^  gy  =  si, 

andy  =  9; 

.*.  40?  =  93  —  5y  =  93  —  45  =  48, 

and  0?  =  12 ; 
/.  the  length  was  12,  and  the  breadth  9  feet. 


17.  Find  two  numbers  in  the  proportion  of  5  to  7,  to  which  two 
other  required  numbers  in  the  proportion  of  3  to  5  being 
respectively  added,  the  sums  shall  be  in  the  proportion  of 
9  to  13 ;  and  the  difference  of  those  sums  =  16. 

Let  5  a?  and  7  a?  =  the  two  first  numbers, 
and  3y  and  5y  =  the  others ; 

then  50?  -f  3y  :  70?  +  5y  ::  9  :   13; 

/.  60?  -i-  3y  :  20?  +  2y  ::  9  :  4 ; 

or  50?  +  3y  :    0?  +    y  ::  9  :  2, 

and  100?  +  6y  =  90?  +  9y ; 

by  transposition,  0?  =  3y ; 

but  20?  +  2y  =  16 ; 

.'.  (6y  +  2y  =)  8y  =  16; 

•••  y  =  2, 

and  0?  =  6 ; 

whence,  the  two  first  numbers  are  30  and  42 ;  the  two  others,  6 
and  10. 


18.  A  Merchant  finds  that  if  he  mixes  sherry  and  brandy  in 
quantities  which  are  in  the  proportion  of  2  to  1,  he  can  sell 
the  mixture  at  78  shillings  a  dozen ;  but  if  the  proportion 
be  as  7  to  2,  he  must  sell  it  at  79  shillings  a  dozen.  Re- 
quired the  price  of  each  liquor. 
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Let  a?  =  the  price  of  the  sherry") 

y  =5  the  price  of  the  brandy/  ^  ' 

then  2a?  +    y  =  3  X  78  =  234, 
and  7^  +  2y  =  9  X  79  =  7ii ; 
but    the    first   equation")  ^ 

being  multiplied  by  2,  j  ' 

.*.  by  subtraction,  3w  =  243, 

and  07  =  81; 
whence,  y  =  234  —  20?  ==  234  —  162  =  72 ; 
/•  the  price  of  the  sherry  was  sis.,  and  of  the  brandy  72s, 


19.  A  Corn-factor  mixes  wheat-flour,  which  costs  him  10  shil- 
lings a  bushel,  with  barley-flour,  which  costs  him  4  shil- 
lings a  bushel,  in  such  proportion,  as  to  gain  43^  per  cent., 
by  selling  the  mixture  at  1 1  shillings  a  bushel.  Required 
the  proportion. 

Let  the  proportion  be  a?  :  y ; 
then  100^  +  4y  =  the  cost  of  0?  +  y  bushels, 
and  lid?  +  ny  =  the  selling  price; 

A  0?  -i"  7y  =  the  gain ; 
whence, 

loa?  +  4y  :  x  -riy  ::  100  :  43f ::  400  :  175  ::  16  :  7, 
and  bx  •\-  2y  :  0?  -h  7y  : :  8  :  7 ; 

.%  35a?  -I-  uy  =  80?  -h  66y; 
by  transposition,  270?  =  42y, 

and  90?=:  uy; 

.•.  X  :  y  ::  14  :  9, 

and    .•.    he  must  mix   14   bushels   of  wheat-flour  with   9  of 
barley. 


20.    A  number  consisting  of  2  digits  when  divided  by  4,  gives 
a  certain  quotient  and  a  remainder  of  3;   when  divided 
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by  9  gives  another  quotient  and  a  remainder  of  8.  Now 
the  vdbie  of  the  digit  on  the  left  hand  is  equal  the  quotient 
which  was  got  when  the  number  was  divided  by  9 ;  and  the 
other  digit  is  equal  -f^th  of  the  quotient  got  when  the  num- 
ber was  divided  by  4,     Required  the  number. 

Let  X  and  y  =  the  digits  in  order ; 

then  100?  +  y  =  the  number, 

^  J  100?  -f  y  8 

and =  0?  +  - ;     • 

9  9' 

V.  100?  +  y  =  90?  -f  8  ; 

by  transposition,  o?  +  y  =  8 ; 

,      100?  -f  y^  .  3 
also — ^  =  -  +  17y  ; 

4  4 

.".  100?  H-  y  s=  3  +  68y; 
by  transposition,  lOo?  —  67y  =  3 ; 
but  from  the  preceding  equation,  lOo?  +  loy  =  fto; 

/.  by  subtraction,  77y  =  77, 

and  y  =  1 ; 
/.  0?  =  8  —  y  =  7, 
and  the  number  required  is  7i. 


21.  A  man  and  his  wife  could  drink  a  barrel  of  beer  in  15  days. 
After  drinking  together  6  days,  the  woman  alone  drank  the 
remainder  in  30  days.  In  what  time  would  either  alone 
drink  a  barrel  ? 

Let  0?  =  the  number  of  days  in   which   the  man   could 
drink  it, 

and  y  =  the  number  in  which  the  woman  could  drink  it ; 

^,  15  15 

then 1 =1, 

0?        y 
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J  6    .    6    .30 
and  -  H =  i, 

^     y     y 

6    .    36 
or  -  +  —  =  1 ; 

hence  from  the  first  equation,  -  -f-  -  =  — , 

^  X      y       16' 

from  the  last.  -  H —  =  - , 

X      y      t 

/.  by  subtraction.  -  = =  —  =  — , 

•^  '  y       6        15        30        10 ' 

and  /,  y  =  50 ; 

a?'"i5^y~T5~50       Tio* 
and  /.  X  =  21t\; 

/•  the  man  would  drink  it  in  2l-fV  days^  and  the  woman  in 
50  days. 


22.    A  purse  holds  19  crowns  and  6  guineas.     Now  4  crowns 

63 


17 

and  5  guineas  fill  —  of  it.     How  many  will  it' hold  of 


each? 

Let  X  =  the  number  of  crowns, 
and  y  =  the  number  of  guineas ; 

then  ^  :   1  : :  4  :  the  space  occupied  by  4  crowns  =  -  . 

X 

5 
In  the  same  way,  the  space  occupied  by  5  guineas  =  — ; 

4         6  _    17 

X      y       63 ' 

and h  -  =  1. 

X       y 
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The  first  equation  being  multiplied  by   6^    and   the   second 
by  5, 

24  30  _  34 

J    96    ,    30 

and  —  H =  5  ; 

a?        y 


.'.  by  subtraction,  —  =  6 =  — ; 

•^  '   X  21  21  ' 

•  •    *V  ^—  21^ 

y  ""  63         21  ""  63  ' 
/.    y  =z  63', 

•'•  the  purse  would  hold  21  crowns^  or  63  guineas. 


23.  Some  smugglers  discovered  a  cave,  which  would  exactly 
hold  the  cargo  of  their  boat,  viz.  13  bales  of  cotton,  and 
33  casks  of  rum.  Whilst  they  were  unloading,  a  custom- 
house cutter  coming  in  sight,  they  sailed  away  with  9  casks 
and  five  bales,  leaving  the  cave  two-thirds  full.  How 
many  bales  or  casks  would  it  hold? 

Let  X  =  the  number  of  bales, 

and  y  =  the  number  of  casks ; 

^v        13    .    33 

then  —  H =  1, 

X        y 

J   s    ,    9       1 
and  -  +  —  =  -. 

X       y      3 
Multiplying  the  first  equation  by  3,  and  the  second  by  ii^ 

^y.       39  ^  99       , 
then =  3, 

a?        y 


202  Edpamples  of  the  Solution  of  Problems 


andii  +  ^^ii; 
a?         y         3  ' 


.'.  by  subtraction.  —  =  - ; 

and  07  s=  24 ; 

^,91515  31 

consequently  -  = = =  —  =  -; 

^  "^y3a?3         24  24         8 

and  y  s=  72 ; 
and  /.  the  cave  would  hold  24  bales,  or  72  casks. 


24.  Round  two  wheels,  whose  circumferences  are  as  5  to  3,  two 
ropes  are  wrapped,  whose  difference  exceeds  the  differ- 
ence of  the  circumferences  by  280  yards.  Now  the  lai^r 
rope  applied  to  the  larger  wheel  wraps  round  it  a  certain 
number  of  times,  greater  by  12  than  tiie  smaller  round  the 
smaller  wheel ;  and  if  the  larger  wheel  turns  round  3  times 
as  quick  as  the  other,  the  ropes  will  be  discharged  at  the 
same  time.  Required  the  lengths  of  the  ropes  and  the 
.circumferences  of  the  wheels. 

Let  5x  and  307  =  the   circumferences   of  the   wheels   (in 
yards); 

then  20?  +  280  =  the  difference  of  the  ropes, 
and  (i507  :   so?  ::)  6  :   i  ::  the  length  of  the  longer  string  : 

the  length  of  the  shorter. 

Let  .'.  5y  and  y  =  the  lengths  of  the  ropes  (in  yards) ; 
then  4y  =  20?  -H  280, 

and  -^  =  -^  -f  12  : 

50?        30?  ' 

or  by  transposition,  —  =  12 ; 

30? 
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/.  Ay  =  720?, 

and  .".  720?  =  2a?  +  280; 

by  transposition,  70o?  =  280, 

and  0?  =  4 ; 

.-.  y  =  72; 

the  circumferences  of  the  wheels  are  20  and  12  yards,  and 
the  length  of  the  strings  360  and  72  yards. 


25.  Three  guineas  were  to  be  raised  on  two  estates,  to  be 
charged  proportionably  to  their  values.  Of  this  sum,  ^'s 
estate,  which  was  4  acres  more  than  jB^s,  but  worse  by 
2  shillings  an  acre,  paid  £1.  \ss.  But  had  A  possessed 
6  acres  more,  and  B^%  land  been  worth  3  shillings  an  acre 
less,  it  would  have  paid  £2.  ss.  Required  the  values  of 
the  estates. 

Let  X  =  the  number  of  acres  B  had ; 
then  0?  -f  4  =  the  number  A  had. 

Let  y  =  the  value  of  an  acre  of  A^s  land ; 
/.  y  -f  2  =  the  value  of  an  acre  of  5's, 

and  (0?  +  4) .  y  :  0? .  (y  +  2) : :  35  :  28  : :  5  :  4 ; 

.'.  Axy  +  i6y  =  5o?y  +  100?, 
and  xy  =  \6y  —  100?. 

Again,  (0?  +  10) .  y  :  0? .  (y  —  1) ::  45  :  is  ::  5  :  2; 

.'.  2o?y  -f  2oy  =  5o?y  —  50?, 
and  by  transposition,  3o?y  =  20y  +  5o?, 
whence  48y  —  30o?  =  20y  +  5o? ; 
by  transposition,  28y  =  35o?, 

and  4y  =  5o?, 
which  value  substituted  in  the  first  equation,  gives 

xy  =  200?  —  100?  =  100?; 
and  .'.  y  ==  10, 
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whence  a?  =  —  =  8 ; 

5 

.•.  the  value  of  -4*8  estate  =  (x  +  4)  .  y  =  120  =  i66;  and  the 
vale  of  5*8  =  a? .  (y  +  2)  =  96  =  £4.  16«. 


26.  A  coach  set  out  from  Cambridge  to  London  with  a  certain 
number  of  passengers,  4  more  being  on  the  outside  than 
within.  Seven  outside  passengers  could  travel  at  2  shil- 
lings less  expense  than  4  inside.  The  fare  of  the  whole 
amounted  to  £9*  But  at  the  end  of  half  the  journey, 
it  took  up  3  more  outside  and  one  more  inside  passen- 
gers ;  in  consequence  of  which  the  fare  of  the  whole  be- 
came increased  in  the  proportion  of  17  to  15.  Required 
the  number  of  passengers,  and  the  fare  of  the  inside  and 
outside. 

Let  X  =  the  number  of  inside  ") 
.".  a?  +  4  =  the  number  of  outside  J  ©     > 

and  y  s  the  fare  of  an  outside  passenger ; 

.'.  — =  the  fare  of  an  inside  passenger, 

and  *—^^~ h  y  •  (^  +  4)  =  180. 

3V        7V  ~t*  2 

Also  -^  H — =  the  fare  of  the  passengers  taken  up  half 

2  o 


r.^^      i9y  +  2^ 
way  =— ^^ — ; 


i9y  +  2 


8 


180  1:2:    15, 


19y +  2 

or— ^- —  :  12   ::  2  :  1; 

8         "^  ' 

and  i9y  +  2  =  192; 


1 
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.*.  by  transposition,  19^==  i90, 

and  y  =  10; 

,\  from  the  first  equation,  — h  lo  .  (a?  +  4)  =  iso ; 

4 

by  transposition,  28^  s=  140, 

and  ^  =  5 ; 

.*.  there  were  5  inside,  and  9  outside  passengers, 

and  the  fares  were  is  and  10  shillings,  respectively. 


27.  In  one  of  the  comers  of  a  rectangular  garden  there  is  a 
fish-pond,  whose  area  is  one-ninth  part  of  the  whole 
garden;  the  periphery  of  the  garden  exceeding  that  of 
the  fish-pond  by  200  yards.  Also  if  the  greater  side  be 
increased  by  3  yards,  and  the  other  by  5  yards,  the  garden 
will  be  enlarged  by  645  square  yards.  The  fish-pond 
is  a  rectangle  about  the  same  diameter  with  the  garden. 
Required  the  periphery  of  the  garden,  and  the  length  of 
each  side. 

Let  X  =  the  length  of  the  lesser  side, 
and  y  =  the  length  of  the  greater ; 

.'.  -  and  -  ==  the  lengths  of  the  lesser  and  greater  sides  of 

the  fish-pond,  {Eucl.  B.  vi.  Prop.  24.) 

Also  2  .  (^  +  y)  =  the  periphery  of  the  garden ; 

and  —^ =^  =  the  periphery  of  the  fish-pond ; 

.-.  2  .  (a?  +  y)  —  -  .  (a?  +  y)  =  200, 

or-,  (d?  4-  y)  =  100; 

/.  ^  +  y  =  150. 
Also  (y  +  3)  .  (.3?  -f  5)  =  a?y  +  645 ; 
/.  by  transposition,  30?  +  5y  =  630, 
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but  from  the  former  equation^  sor  +  3y  =  450 ; 


.'.  by  subtraction^  2y  =  iso^ 

andy  =  90; 
/.  ;r  =  150  —  y  =  60 ; 
and   •'.  the  periphery  =  300  yards,  and  the  sides  are  60  and 
90  yards. 


28.  A  and  B  each  bought  jSsoo  into  the  stocks,  A  into  the 
three  per  cents.,  and  B  into  the  fours.  These  stocks 
were  at  such  a  price  that  B  received  one  pound  interest 
more  than  A.  When  afterwards  each  of  the  stocks  rose 
10  per  cent.,  they  sold  out  their  money,  and  A  found 
himself  £i0  richer  than  B.  Required  the  prices  of  the 
stocks. 

Let  X  =  the  price  of  the  three  per  cents., 

and  y  =  the  price  of  the  fours ; 

.,    .   .        .       900 
.'.  ar  ;  300  : :  3  :  A's  mterest  =  — , 

X 

and  y  :  300  : :  4  :  £'s  interest  = 


y  ' 


900  _    1200 

+  I  — 


X  y 

Again,  x  :  ;r  +  lO  : :  300  :  what  A  received  when  selling 

300  .  (ay  +  10)  ^ 


X 


J  .    , ,                      „        .    J  300  .  (y  -h  10) 
and  m  the  same  way  B  received ^ '- ; 

300  .  (^  +  lo)  __  300  .  (y  +  10) 

. .  ^^^  "f*  10, 

X  y 

J  .300  .300 

and  30  H =  30  H h  1 ; 

X  y  ' 

300         300 

X         y         ' 
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J   900        ,      ^  /9OO        .  \   1200    ^  XI.       /J       X 

and 1-  4  =  f h  1  =  ) from  the  first  equation ; 

,       ,  ...  300 

.'.  by  transposition^  4  = , 

and  y  =  75 ; 

300   _ 
•  •    ^"~"~"  ^~*  o*' 
X 

and  consequently^  ^  =  60 ; 
.'.  the  prices  of  the  stocks  were  60  and  75  per  cent. 


29*  £500  was  to  be  lent  out  at  simple  interest  in  two  separate 
sums^  the  smaller  at  2  per  cent,  more  than  the  other.  The 
interest  of  the  greater  sum  was  afterwards  increased,  and 
that  of  the  smaller  sum  diminished  by  1  per  cent.  By 
this,  the  interest  of  the  whole  was  augmented  by  one- 
fourth  of  the  former  value.  But  if  the  interest  of  the 
greater  sum  had  been  so  increased,  without  any  diminution 
of  the  less,  the  interest  of  the  whole  would  have  been 
increased  one-third.  What  were  the  sums  and  the  rate 
per  cent,  of  each? 

Let  X  =  the  less  sum ; 
/.  600  —  0?  =  the  greater ; 
let  y  +  1  =  the  interest  of  the  less ; 
/,  y  —  1  =  the  interest  of  the  greater, 

100  100  50  ^ 

former  interest, 
and  — ^  -h — — -~  =  6y  =  the  second  interest; 


100  100 


5    /a?    .  \ 
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X 

and  /.  4y  = h  5y  —  5 ; 

50 

X 

by  transposition^  y  =  5 . 

Again,  the  third  interest  =  ''^^'^  +  ^^-'^-V  = 

^       '  100  100 

or 1-  i5y  == i-  2oy  —  20; 

100  ^         100  *  ' 

by  transposition,  i  20 =  1 20 =s  sy  =  25 

£rom  the  former  equation ; 

X  __ 

•  •     "^"~  ^""  o« 

20 

and  ^  =  100 ; 

X 

also  y+is=6 =  4; 

^  50  ' 

•\  the  sums  were  100  and  400  pounds, 

and  the  rates  of  interest  £4  and  £2,  respectively. 


SECTION  VIII. 


Examples  of  the  Solution  of  Problems  producing  pure 

Equations. 

I.  What  two  numbers  are  those^  whose  sum  is  to  the  greater 
as  10  to  7 ;  and  whose  sum  multiplied  by  the  less  produces 
270? 

Let  1007  =  their  sum ; 

,\  *jx  =  the  greater  number^ 

and  zx  ==  the  less ; 

whence  304?*  =  270, 

and  ^  =  9 ; 

•*•  OS  ^  it  3^ 

and  the  numbers  are  ±  21  and  ±  9« 


2.    There  are  two  numbers  in  the  proportion  of  4  to  5^  the  dif- 
ference of  whose  squares  is  81.     What  are  those  numbers  ? 

Let  407  and  507  =  the  numbers  \ 
then  (2507*  —  1607*  =)  go?"  =  si  5 

/.  07*  =  g, 
and  07  =  ±  3^ 
and  the  numbers  are  ±  12  and  ±  15. 


3.    What  two  numbers  are  those,  whose  difference  is  to  the 
greater  as  2  to  9>  and  the  difference  of  whose  squares  is 

128? 

p 


210  Examples  of  the  Solution  of  Problems 

Let  207  =  their  difference; 

/.  gx  =  the  greater, 
and  7x  =  the  less ; 

.*.   (814?*  —  49a?*  =)  32^*  =  128, 

and  ^*  =  4 ; 

»  9  *V  ^^  31  2, 

and  the  numbers  are  ±  18  and  ±  H. 


4.  A  Mercer  bought  a  piece  of  silk  for  £i6.  4«. ;  and  the  num- 
ber of  shillings  which  he  paid  for  a  yard  was  to  the  number 
of  yards  as  4  :  9.  How  many  yards  did  he  buy,  and  what 
was  the  price  of  a  yard  ? 

Let  4^  =  the  number  of  shillings  he  paid  for  a  yard ; 
.-.  gx  =  the  number  of  yards, 
and  36a?*  =  (the  price  of  the  whole  =)  324 ; 

.-.  a?*  =  9, 

and  /.  a?  =  ±  3 ; 

consequently  there  were  27  yards,  at  12*,  per  yard. 


5.  It  is  required  to  divide  the  number  18  into  two  such  parts^ 
that  the  squares  of  those  parts  may  be  in  the  proportion  of 
25  to  16. 

Let  X  =  the  greater  part ; 

then  18  —  a?  =  the  less ; 

.'.  a?*  :  (i8  —  a?)* ::  26  :  i6, 

and  {Alff.  188.)  x  :   18  —  ^  : :  5  ;  4 ; 

.'.  a?  :  18 ::  5  :  9, 

and  X  :     2  : :  5  :  1 ; 
.•.  a?  =  10, 
and  the  parts  are  10  and  8. 
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'  .  •12  3 

6.    Find  three  i        '^ers   in   the  proportion   of  -, -,  and  -; 

«     3  4 

the.  sum  ot'  whose  squares  is  724. 

Reducing  the  fractions  to  a  common  denominator^  the 
required  numbers  will  evidently  be  in  the  proportion  of  6,  8, 
and  9; 

let  /.  ^Xy  sxy  and  9^^  represent  the  numbers ; 

then  (36a?*  +  64a?'  +  sia?*  =)  isia?'  =  724  j 

/.  a?*  =  4, 

and  a?  =  ±  2, 

and  consequently,  the  numbers  are  ±  12^  ±  16,  and  ±  is. 


7.  It  is  required  to  divide  the  number  14  into  two  such  parts 
that  the  quotient  of  the  greater  part  divided  by  the  less, 
may  be  to  the  quotient  of  the  less  divided  by  the  greater  as 
16  :  9. 

Let  a?  =  the  greater  part ; 

.".  14  —  a?  =  the  less. 


and 

14  — a? 

14 

• 
• 

—  a? 
a? 

•  • 

•  • 

16 

• 
• 

9; 

or  ar*  : 

(14- 

-xy 

•  • 

a  • 

16 

• 

9; 

'.  {Alg.  188.)  a?  : 

14- 

-a? 

•  • 

4 

• 

3, 

and  a?  : 

14 : : 

4  : 

7J 

. .  a?  • 

2:: 

4  : 

1, 

and  a?  =  8 ; 
.'.  the  parts  are  8  and  6. 


8.    What  two  numbers  are  those  whose  difference  is  to  the  less 
as  4  to  3 ;  and  their  product  multiplied  by  the  less  is  equal 

to  504? 

p3 
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Let  AX  =  the  difference ; 
then  3x  =  the  less, 
and  7x  =  the  greater; 
whence  63  a?*  =  504, 
or  J?*  =  8 ; 

m   •     X    ^S    2  ; 

and  the  numbers  are  u  and  6. 


9.    What  two  numbers  are  as  5  to  4,  the  sum  of  whose  cubes  is 

5103? 

Let  hx  and  ax  =  the  nmnbers ; 

.'.  (l25a?*  +  644?*  =)  189^  =  6103, 

and  J?*  =  27 ; 

*  »  X  ^—  3, 

and  the  numbers  are  15  and  12. 


10.  A  number  of  boys  set  out  to  rob  an  orchard,  each  carrying 
as  many  bags  as  there  were  boys  in  all,  and  each  bag 
capable  of  containing  4  times  as  many  apples  as  there  were 
boys.  They  filled  their  bags,  and  found  the  number  of 
apples  was  29 16.     How  many  boys  were  there  ? 

Let  X  =  the  number  of  boys ; 

then  a?*  =  the  number  of  bags, 

and  4^  =  the  number  of  apples ; 

/.  457*  =  2916, 

and  a^  =  729 ; 

.%  4?  =  9 ; 

/.  there  were  9  boys. 
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II.  A  person  bought  for  one  crown  as  many  pounds  of  sugar  as 
were  equal  to  half  the  number  of  crowns  he  laid  out.  In 
selling  the  sugar  he  received  for  every  25  lbs.  as  many 
crowns  as  the  whole  had  cost  him ;  and  he  received  on  the 
whole  20  crowns.  How  many  crowns  did  he  lay  out^  and 
what  did  he  give  for  a  pound  ? 

Let  X  =  the  number  of  crowns  he  laid  out ; 
/.  -  =  the  number  of  lbs.  for  one  crown, 

2 

and  —  =s  the  number  of  lbs.  in  all. 

2 

and  —  =  the  selling  price  of  one  lb. ; 

a^       X 

.'.  —  X  —  =  20, 

2  25  ' 

and  a^  =t  looo ; 
whence  ^  =  10 ; 
/•  he  laid  out  lo  crowns^  and  gave  one  shilling  for  a  lb. 


12.  A  detachment  from  an  army  was  marching  in  regular 
column  with  5  men  more  in  depth  than  in  front;  but  upon 
the  enemy  coming  in  sight,  the  front  was  increased  by  845 
men ;  and  by  this  movement  the  detachment  was  drawn  up 
in  five  lines.     Required  the  number  of  men. 

Let  X  =  the  number  in  front ; 
.%  0?  +  5  =  the  number  in  depths 

and  a;*  -f  5^  =  50?  +  4226, 

.-.  a^  s  4225, 

and  a?  =  ±  65  ; 

.•.  the  number  of  men  =  5a?  +  4225  =  4550,  the  negative  value 
not  answering  the  conditions  of  the  problem. 
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13.  A  number  of  shillings  were  placed  at  equal  distances  on  a 
table  so  as  to  form  the  sides  of  an  equilateral  triangle ;  then 
from  the  middle  of  each  side  a  number  of  shillings,  equal  to 
the  square  root  of  the  number  in  the  side  were  taken,  and 
placed  upon  the  corner  shilling  opposite  to  that  side;  it 
then  appeared  that  the  number  on  each  side  was  to  the 
number  previously  upon  it,  as  5  to  4.  Required  the  num- 
ber of  shillings  on  one  side  at  first. 

Let  a?'  =  the  number ; 

then  0?'  +  ^  :  a?* : :  5  :  4, 
and  ^  :  a?* : :  1  ;  4 ; 
.%  a?*  =  40?, 
and  X  =  4; 
whence  a?*  =  16  =  the  number  required. 


14.  A  certain  sum  of  money  is  divided  every  week  among  the 
resident  members  of  a  corporation.  It  happened  one  week 
that  the  number  resident  was  the  square  root  of  the  num- 
ber of  pounds  to  be  divided.  Two  men,  however,  coming 
into  residence  the  week  afler,  diminished  the  dividend  of 
each  of  the  former  individuals  £i.  6s,  sd.  What  was  the 
sum  to  be  divided? 

Let  d?*  =  the  number  of  pounds ; 

then  X  =  the  number  of  men  resident,  and  also  =  the  sum  each 
received. 

Hence,  a? = ; 

'  3  07-1-2 

t    .     2  8  , 

or  X  +  -X =  0?  ; 

'       3  3  ' 

2  8 

by  transposition,  -a?  =  -, 

and  0?  =  4 ; 
/.  07'  =  16  SB  the  sum  required. 
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15.  Two  partners  A  and  B  dividing  their  gain  {£60.),  B  took 
£20 ;  ^'s  money  continued  in  trade  4  months,  and  if  the 
number  50  be  divided  by  A^s  money,  the  quotient  will  give 
the  number  of  months  that  B^&  money,  which  was  iCioo, 
continued  in  trade.  What  was  A^s  money,  and  how  long 
did  ffs  money  continue  in  trade  ? 

Suppose  A^s  money  was  a?  pounds ; 

50 

.'.  —  =  the  number  of  months  B^s  money  was  in  trade, 
and  since  B  gained  £20,  A  gained  £40 ; 

5000 

/.  4a?  :  —  : :  2  :  1 ; 

2500 

or  4?  :  —  : :  1  :  1 ; 

/.  a?*  =  2500, 

and  a?  =  ±  50 ; 

•'.  A^s  money  was  £50,  and  B^s  money  was  one  month  in 
trade. 


16.  Two  workmen  A  and  B  were  engaged  to  work  for  a  certain 
number  of  days  at  different  rates.  At  the  end  of  the  time, 
A  who  had  played  4  of  those  days,  had  75  shillings  to  re- 
ceive ;  but  B  who  had  played  7  of  those  days,  received  only 
48  shillings.  Now  had  B  only  played  4  days,  and  A  played 
7  days,  they  would  have  received  exactly  alike.  For  how 
many  days  were  they  engaged ;  how  many  did  each  work, 
and  what  had  each  per  day  ? 

Let  a?  =  the  number   of   days   for  which   they  were 
engaged ; 

/.  a?  —  4  =  the  number  A  worked, 

and  a?  —  7  =  the  number  B  worked, 
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75 
and  =  the  number  of  shillings  A  received /icr  day, 

48 

and  =  the  number  of  shillings  jB  received  j^a^  day ; 

75  .  (ar  —  7)  _  48  .  (j?  —  4) 
a?—  4  ^  —  7 

and  25  .  (^  —  7)*  =  16  .  (a?  —  4)* ; 

.-.  5 .  (a?  —  7)  =  ±  4 .  (a?  —  4) ; 

17 
/.  a?  =  19,  or-~; 

3 

and  .'•  they  were  engaged  to  work  19  days, 

and  A  worked  15,  and  B  12  days, 

and  A  received  5  shillings,  and  jB  4  shillings  j9^  day. 


17-  Two  Travellers  A  and  B  set  out  to  meet  each  other,  A 
leaving  the  town  C  at  the  same  time  that  B  left  D.  They 
travelled  the  direct  road  CD,  and  on  meeting  it  appeared 
that  A  had  travelled  18  miles  more  than  B;  and  that  A 
could  have  gone  jB's  journey  in  15^  days,  but  jB  would 
have  been  28  days  in  performing  A^s  journey.  What  was 
the  distance  between  C  and  D? 

Let  X  =  the  number  of  miles  A  has  travelled ; 
.'.  0?  —  18  =  the  number  B  has  travelled, 
and  0?— 18  :  X  ::  16|-  :  the  number  of  days  A  travelled 

6307 
4  .  (0?  —  18)  ' 

also  0?  :  a?  —  18  ::  28  :  the  number  of  days  jB  travelled 

_  28  .  (or  —  18) 


X 


28  .  (0?  —  18)  _  63X         ^ 

X  4  .  (a?  —  18)  * 
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or  16  .  (j?  —  18)*  =  94?*; 

.".    4  .  (^  —  18)    =  ±  34?, 

and  X  =  72,  or  lOf ; 
whence  A  travelled  72,  and  B  54  miles ; 
and  /.  the  whole  distance  CD  126  miles. 


18.  A  and  B  lay  out  some  money  on  speculation.  A  disposes 
of  his  bargain  for  jSii,  and  gains  as  much  per  cent,  as 
B  lays  out ;  jB's  gain  is  £36,  and  it  appears  that  A  gains 
four  times  as  much  per  cent,  as  B.  Required  the  capital 
of  each. 

Let  44?  =  5's  capital,  and  .'.  u4's  gain/?er  cent. ; 
then  X  =  ff%  gain/?er  cent., 
and  100  :  44? : :  4? :  36 ; 

/.    44?*  =  36  X    100, 

and  4?*  =   9  X  100 ; 

.'.  ar  =  ±  30, 

and  .*•  jB's  capital  =  120, 

J                              «         .^  ,       11  X  10 
and  220  :  100  : :  11  :  A^%  capital  = =  6. 


19-  The  Captain  of  a  privateer  descrying  a  trading  vessel 
7  miles  ahead,  sailed  20  miles  in  direct  pursuit  of  her,  and 
then  observing  the  trader  steering  in  a  direction  perpen- 
dicular to  her  former  course,  changed  his  own  course 
so  as  to  overtake  her  without  making  another  tack.  On 
comparing  their  reckonings  it  was  found,  that  the  privateer 
had  run  at  the  rate  of  10  knots  in  an  hour,  and  the  trading 
vessel  at  the  rate  of  8  knots  in  the  same  time.  Required 
the  distance  sailed  by  the  privateer. 
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Let  Af  By  be  the   original   places   of  the   privateer  and 
trader,  E  the  point  of   concourse,  D  the  place  where  the 

A  B  DO 


E 
captain  changed  his  course,  C  E  being  perpendicular  to  -4  C. 
.45  =  7, -4D  =  20, 

Now  (lo  :  8  : : )  6  :  4  : :   the  velocity  of  the  privateer 
:   the  velocity  of  the  trader 

::  AD  :  BC::  20  :  BC; 

5 

/.  D  C  =  16  —  jB  D  =  16  —  13  =  3, 
andD£  ;   CEy.s  :  4.    hetCE  =  x; 

/•  v/  {9  -f  a^')  :  a? : :  5  :  4, . 

and  9  +  a?'     :  a?*  ::  25   :   16; 

.'•  9  :  a?' ::  9  :  165 

/,  a?*  =  16,  and  a?  =  ±  4, 
and  /.  DE  =:  5,  and  AD  +  DE^25., 


20.  A  Vintner  draws  a  certain  quantity  of  wine  out  of  a  full 
vessel  that  holds  256  gallons;  and  then  filling  the  vessel 
with  water,  draws  off  the  same  quantity  of  liquor  as  before, 
and  so  on,  for  four  draughts,  when  there  were  only  81 
gallons  of  pure  wine  left.  How  much  wine  did  he  draw 
each  time  ? 

Let  X  =  the  number  of  gallons  drawn  the  first  time ; 
.'.   256  —  a?  =  the  quantity  of  wine  left, 
and  256  :   256  —  ^  ::  0?  ;   the  quantity   of  wine  drawn   the 
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J  ^.  X  ,  (256  —  X) 

second  time  =  — ^ — ; 

256         ' 

X .  (256  —  X)        (256  —  0?)*        ^, 

/•   256  —  0? ^ — =  ^^ T— ^  =  the 

256  256 

quantity  left  after  the  second  draught. 
In  the  same  way,  (-^ — - — j    •  x  =  the  quantity  drawn 
the  third  time, 

and  ^         ,    ^  =  the  quantity  left. 


and  ( 1   •  X  and  ^         , — ^  =  the  quantities  drawn 

\      256     /  li^»  ^ 

and  left  the  fourth  time ; 

,  (256  —  XY 

whence     . — -  =81, 

256  I* 
and  266  —  0?  =  256|l  X  3  =  64  X  3  =  192; 

/.  by  transposition,  64  =  x, 
and  the  quantities  drawn  off  each  time  were  64,  48,  36,  and 
27  gallons. 


21.    What  two  numbers  are  those,  whose  difference  multiplied 
by  the  greater  produces  40,  and  by  the  less  15  ? 

Let  X  =  the  greater, 
and  y  =  the  less ; 
/,    07*  —  o?y  =  40, 
and  xy  ^  y^  =  15; 

.*.  by  subtraction,  a?*  —  2o?y  +  y*  =  25, 

and  0?  —  y  =  ±  5 ; 
/,  from  the  first  equation,  ±  5«p  =  40, 

and  J7  =  ±  8 ; 


220  Examples  of  the  Solution  of  Problems 

and  from  the  second  equation,  ±  5y  =  15, 

and  y  =s  +  3 ; 

/•  the  numbers  are  ±  8,  and  +  3. 


22.    What  two  numbers  are  those,  whose  difference  multiplied 
by  the  less  produces  42,  and  by  their  sum  133  ? 

Let  X  =  the  greater, 
and  y  =?  the  less ; 

/.   (a?  —  y)  .  y  =  42, 
and  (a?  —  y)  •  (j?  +  y)  =  i33 ; 

/.  by  subtraction,  (^  —  y)  .  d?  =  91,  subtracting  the  first  equa^ 
tion  from  this,  (^  —  y)  •  (ar  —  y)  =  49 ; 

or  {x  —  yy  =  49 ; 
/.  x-^y^  ±7; 
whence  ±7y  ss  42, 
and  y  =s  ±  6, 
and  a?==±7  +  y=d:i3, 
/.  the  numbers  are  ±  13,  and  ±  6. 


23.  In  a  mixture  of  rum  and  brandy,  the  difference  between 
the  quantities  of  each  is  to  the  quantity  of  brandy  as  100 
is  to  the  number  of  gallons  of  rum ;  and  the  same  differ- 
ence is  to  the  quantity  of  rum  as  4  to  the  number  of 
gallons  of  brandy.     How  many  gallons  are  there  of  each  ? 

Let  X  =  the  number  of  gallons  of  rum, 
and  y  =  the  number  of  gallons  of  brandy ; 

/.  5?  —  y  :  y  : :  100  :  a?, 
and  X  :  X  —  y  ::  y    :  4 ; 

/.  ex  eeqtMlif  x  :  y ::  25y  :  x, 

and  x'  =  25y* ; 
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.*•  0?  =  ±  5y^  the  negative  value  not  answering  the  conditions 
of  the  problem. 

Now  from  the  second  proportion  5y  :  4y  ::  y  :  4 ; 

or  5  :    1  : :  y  :  1 ; 
.-.  y  =  6, 

and  a?  =  25  ; 
/.  there  are  25  gallons  of  rum^  and  5  of  brandy. 


24.  What  two  numbers  are  those^  whose  difference  being  mul- 
tiplied hj  the  greater^  and  the  product  divided  by  the  less^ 
quotes  24 ;  but  if  their  difference  be  multiplied  by  the  less^ 
and  the  product  divided  by  the  greater^  the  quotient  is  6  ? 

Let  ^  =  the  greater^ 
and  y  =  the  less ; 

then  (a?  —  y)  .  -  =  24, 
and(«-y).|  =  6} 


ar* 


dividing  the  first  equation  by  the  second,  — j-  ss  4 ; 

.*.   -  =  ±  2 ; 

y 

or  0?  =  ±  2y, 
and  •*•  in  the  first  case,  (^  —  y  =)  y  =s  i^,  and  «r  =  24 ; 
but  ifa?=  —  2y5  —  3yx  — 2  =  24; 
.*.  y  =  4,  and  a?  =  —  a. 


25.  It  is  required  to  find  two  numbers  such,  that  the  pro- 
duct of  the  greater  and  square  root  of  the  less  may  be 
equal  to  48,  and  the  product  of  the  less  and  square  root 
of  the  greater  may  be  36. 
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Let  x^  and  y*  be  the  two  numbers ; 
/.  ^y  =  48,  and  xy*  =  36 ; 


48         , 

.36 

4 

or  -  = 

X 

3 

y' 

.'.  y  = 

ZX 
4   ' 

.              3a?* 

hence = 

4 

48, 

and  a^  = 

■■  64; 

•  •    X  ^ 

'4* 

and  consequently,  y  =  3 ; 

/.  the  numbers  are  16,  and  9. 


26.  Find  two  numbers  such,  that  the  square  of  the  greater 
multiplied  by  the  less  may  be  equal  to  448,  and  the  square 
of  the  less  multiplied  by  the  greater  may  be  392. 

Let  X  =  the  greater,  and  y  =  the  less ; 

then  a?*y  =  448,  and  xy*  =  392 ; 

448       ,  .  392 

/.  =  {xy  =) , 

X       ^  ^        y 


8_  7 
X      y 


or  -  =  -  5 


8y 

•  •     ^  —     y  » 

and  consequently,  -^  =  392, 

y* 

or  -^  =  49 ; 

7 

.\  y*  =  343,  and  y  ^7y 

•*•    X  ^  8  J 

/.  the  numbers  are  8,  and  7* 
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27.  A  and  B  carried  100  eggs  between  them  to  market^  and 
each  received  the  same  sum.  If  A  had  carried  as  many 
as  By  he  would  have  received  18  pence  for  them^  and  if  B 
had  taken  only  as  many  as  A,  he  would  have  received  only 
8  pence.     How  many  had  each  ? 

Let  X  =  the  number  A  had^ 
and  y  ==  the  number  B  had ; 

18 

then  —  =  the  price  of  one  egg  of  -4's  (in  pence), 

and  -  =  the  price  of  one  of  jB's  ; 

180?  _8y 

y        x' 

and  90?*  =  4y* ; 
•I   30?  =  ±  2y,  the  negative  value  of  which  will  not  answer  the 
conditions  of  the  problem. 

Now  (0?  +  y  =)  0?  H =  100; 

/.   (20?  +  30?  =)  50?  =  200, 
and  0?  =  40 ; 
and  /•  y  =;  60. 


28.  What  two  numbers  are  those,  which  being  both  multiplied 
by  27  the  first  product  is  a  square,  and  the  second  the  root 
of  that  square :  but  being  both  multiplied  by  3,  the  first 
product  is  a  cube,  and  the  second  the  root  of  tiiat  cube  ? 

Let  0?  and  y  be  the  numbers ; 
then  v^  (270?)  =  27y, 
and  /.  0?  =  27  y'  5 
also  ^  (30?)  =  3y, 
and  .'.  0?  =  gy* ; 
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whence  9y*  =  27y*, 
and  y  =  3 ; 

.•.    X  =  27 y*  =  243  ; 

.%  the  numbers  are  243,.  and  3. 


29*  It  is  required  to  find  the  three  sides  of  a  right-angled 
triangle  from  the  following  data.  The  number  of  square 
feet  in  the  area  is  equal  to  the  number  of  feet  in  the  hypo- 
thenuse  +  the  sum  in  the  other  two  sides ;  and  the  square 
described  upon  the  hypothenuse  is  less  than  the  square 
described  upon  a  line  equal  in  length  to  the  two  sides, 
by  half  the  product  of  the  numbers  representing  the  base 
and  area. 

Let  X  =  the  number  of  feet  in  the  altitude, 

and  y  =  the  number  in  the  base ; 
.•.  \/{x^  +  y*)  =  *he  number  in  the  hypothenuse,  {EucL  B.  i. 
p-  47.) 

and  —  =  the  area: 
2  * 

/.   \xy  =  y/  (ar«  +  y')  -|.  a?  +  y ; 

also  a?'  +  y'  =  [{x  +  y)'  —  Ixy*  =  }  j?*  +  2a?y  +  y*  —  \xy* ; 

.'.  by  transposition,  J^y*  =  2xy, 

and  y  =  8 ; 

hence  from  the  first  equation,  40?  =  v^  (^*  +  64)  -h  a?  +  8, 

and  by  transposition,  3o?  —  s  ==  v^  (o?*  +  64) ; 

.*.   90?'  —  480?  H-  64  =  0?'  +  64, 

and  80^'  =  480?; 

whence  the  hypothenuse  =  v^  (64  +  36)  s=:  lo ; 
.*.  the  sides  are  6,  8,  and  lo  feet,  respectively. 


30.    A  Farmer  has  2  cubical  stacks  of  hay.    The  side  of  one  is 
3  yards  longer  than  the  side  of  the  other;  and  the  dif- 
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ference  of  their  contents  is  117  sqlid  yards.    Required  the 
side  of  each. 

Let  X  =  the  side  of  the  greater, 

and  y  =  the  side  of  the  less ; 

/•  a?*  —  y»  =  117, 

and  0?  —  y  =^  3 ; 

cubing  the  latter  equation,  x*  —  za^y  -|-  zxy^  —  y"  =  27 ; 

but  a?*  —  y*=sll7; 

- —  ^ 

.'.  by  subtraction,  sor'y  —  zxy*  =  90, 

and  ^y .  (a?  —  y)  =  30, 

or  zxy  ss  30 ; 
/,  xy  =  JO. 

Now  0?'  —  2xy  +  y*  s=  9, 

and  4a7y  =40; 

.'.  by  addition,  a?  +  2xy  +  y*  =  49, 
and  X  '\-  y  ^:^  ±.7i 
but  a?  —  y  =  3 ; 

/.  by  addition,  2x  =  10,  or  —  4 ; 

.'•  a?  =    5,  or  —  2, 
and  by  subtraction,  2y  =    4,  or  —  10 ; 

.•,  y  =s   2,  or  —  5, 
and  the  sides  of  the  stacks  are  5,  and  2  yards,  respectively. 


31.  When  a  parish  was  enclosed,  the  allotment  of  one  of  the 
proprietors  consisted  of  two  pieces  of  ground;  one  of 
which  was  in  the  form  of  a  right-angled  triangle;  the 
other  was  a  rectangle,  one  of  the  sides  of  which  was 
equal  to  the  hypothenuse  of  the  triangle,  the  other,  to 
half  the  greater  side ;  but  wishing  to  have  his  land  in  one 

Q 
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piece,  he  exchanged  his  allotments  for  a  square  piece  of 
ground  of  equal  area,  one  side  of  which  equalled  the  greater 
of  the  sides  of  the  triangle  which  contained  the  right  angle. 
By  this  exchange  he  found  that  he  had  saved  ten  poles  of 
railing.  What  are  the  respective  areas  of  the  triangle  and 
rectangle ;  and  what  is  the  length  of  each  of  their  sides? 

Let  20?  s=  the  greater  side  of  the  triangle, 

and  y  =  the  less ; 

.'.  v/  (4a^  H-  y')  =  the  hypothenuse;  and  also  the  greater  side 
of  the  rectangle^ 

and  X  =  the  less  side  of  the  rectangle ; 
/.  xy  =  the  area  of  the  triangle, 
and  J?  v^  (4^'  +  y*)  =  the  area  of  the  rectangle ; 

.-.  4a?'  =^xy  -\'  xs/  (4^'  +  y\ 
or  4^  —  y  =  v/  (4^*  +  y') ; 
also  80?  +  10  =  24?  +  y  +  v^  (40?*  H-  y*)  H-  20?  H-  2  v/  (40?*  +  y'), 
or  40?  +  10  =  y  -f  3  v^  (40?'  -f  y") ;  in  which  equation   substi- 
tuting the  value  of  ^Z  (4^*  +  y')  found  above; 

.'.  40?  4-  10  =  y  H-  3  (4^  —  y)  =  120?  —  2y ; 
.'.  by  transposition^  2y  =  80?  —  10, 

and  y  =  40?  —  5; 
.'.  from  the  first  equation^  6  =  v^  J40?'  +  (40?  —  5)*}, 
and  25  =  40?*  H-  I60?*  —  400?  +  25 ; 
by  transposition,  400?  =  200?' ; 

•  *•  2       i^       0?, 

and  y  =  40?—  6  =  3; 

.*.  the  sides  of  the  triangle  are  3,  4,  and  5 ;  the  sides  of  the 
rectangle  are  2^  and  5;  and  the  areas  of  the  triangle  and 
rectangle  are  6,  and  lo^  respectively. 


SECTION  IX. 


Examples  of  the  Solution  of  Problems  producing  Adfected 

Quadratic  Eqttations, 

1.  A  Merchant  sold  a  quantity  of  brandy  for  £39^  and 
gained  as  much  per  cent,  as  the  brandy  cost  him.  What 
was  the  price  of  the  brandy  ? 

Let  ^  =  the  price  of  the  brandy ; 

then  100  ;  0? : :  a?  :  the  gain  = , 

°  100 

a^ 
and  /.  =  39  —  a?, 

100 

or  ar*  =  3900  —  100a? ; 
by  transposition^  x*  +  looa?  =  3900, 

completing  the  square^  x*  +  looa?  +  6o|*  =  3900  +  2500 

=  6400 ; 
extracting  the  root,  or  +  50  ss  h^  so ; 
.%  X  =s  30,  or  —  130 ; 
•%  the  price  was  £30. 


2*  There  are  two  numbers  whose  difference  is  9>  and  their  sum 
multiplied  by  the  greater  produces  266.  What  are  those 
numbers  ? 

Let  X  =  the  greater ; 
/•  a?  —  9  =  the  less, 
and  X  .  {2x  —  9)  =  266 ; 
,        9         _  266 


2         2  ' 


q2 
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,   ..        ^,  s        9       .    81         266     ,    81         2209 

completing  the  square^  or a?  +       = ^  T  ^  ""«" ' 

extracting  the  root,  x =  ±  — ; 

/.  a?==  14,  or ; 

2 

37 
/.  a?  —  9  =  5,  or , 

2 
and  both  values  answer  the  conditions  of  the  problem. 


3,  It  is  required  to  find  two  numbers,  the  first  of  which  may 
be  to  the  second  as  the  second  is  to  16 ;  and  the  sum  of  the 
squares  of  the  numbers  may  be  equal  to  225. 

Let  X  =  the  first  number; 

.'.  \/  {\^x)  =  the  second, 

and  X*  +  160?  =  225 ; 

completing  the  square,  o?"  +  i64?  +  64  =  225  +  64  =  289 ; 

extracting  the  root,  a?  +  8  =  ±  17 ; 

.-.  4?=  9,  or  —  25; 

but  as  this  latter  value  of  x  makes  the  second  number  an 
impossible  quantity,  9  is  the  only  value  of  x  which  answers  the 
conditions,  and  therefore  the  numbers  are  9  and  12. 


4.  Bought  two  sorts  of  linen  for  6  crowns.  An  ell  of  the  finer 
cost  as  many  shillings  as  there  were  ells  of  the  finer.  Also 
28  ells  of  the  coarser  (which  was  the  whole  quantity)  were 
at  such  a  price  that  8  ells  cost  as  many  shillings  as  1  ell  of 
the  finer.  How  many  ells  were  there  of  the  finer,  and  what 
was  the  value  of  each  piece  ? 

Let  X  =  the  number  of  ells  of  the  finer ; 
/.  x^  =  the  price  of  the  finer  (in  shillings). 
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and  8  :  28  ::  4?  :  the  price  of  the  coarser  =  — i 

-   .%  47*  H =  30: 

2 

7  49  49         529 

completing  the  square.  a?*  +  -a?H =30H = ; 

^        °  ^        '  2  16  16         16  ' 

extracting  the  root,  a?  H —  =  ±  — , 

and  ^  =  4,  or , 

'  2  ' 

and  /•  the  price  of  the  finer  =:  16  shillings,  and  of  the  coarser  == 

14  shillings. 


5.  Two  partners  A  and  B  gained  £i8  by  trade.  A's  money 
was  in  trade  12  months,  and  he  received  for  his  principal 
and  gain  £26.  Also  JB's  money,  which  was  £30,  was  in 
trade  16  months.     What  money  did  A  put  into  trade? 

Let  07  =  the  number  of  pounds  he  put  in ; 

.*.  26  ^  07  =  the  number  he  gained, 

and  12a?  +  16  X  30  :  120? : :  is  :  26  —  0?; 
/.  0?  +  40  :  07 ; :  is  ;  26  —  07, 

and  180?  =  1040  —  140?  —  a:^; 
by  transposition,  0?'  +  320?  =»  1040; 

completing  the  square,  a^  4-  32o?  -f  lej*  =  1040  +  256 
=  1296; 

extracting  the  root,  0?  +  16  ===  ±  36 ; 

/,  0?  =  20,  or  —  52, 

and  consequently  A  put  £20  into  trade. 


6.    A  person  bought  some  sheep  for  £72;   and  found  that 
if  he  had  bought  6  more  for  the  same  money,  he  would 
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have  paid  £i  less  for  each.     How  many  did  he  buy,  and 
what  was  the  price  of  each  ? 

Let  X  =  the  number  of  sheep  bought; 
then  —  =  the  price  of  one  (in  pounds)^ 

and  =  the  price  of  one,  if  he  had  bought  6  more ; 

72       .  72 

+  1  =  — 5 


< 

/.  72 J?  +  ^'  +  6^  =  72X  +432; 
/•  d?*  +  €a?  S53  432 ; 

completing  the  square,  ^H-6j?+ 9  =  441; 
extracting  the  root,  a?  +  3  =  ±  21, 

and  X  =  18,  or  —  24, 

72 
and  •',  he  bought  is,  and  the  price  of  one  =  — 

18 

=  4  pounds. 


7.  The  plate  of  a  looking-glass  is  is  inches  by  12,  and  is 
to  be  framed  with  a  frame  of  equal  width,  whose  area  is  to 
be  equal  to  that  of  the  glass.  SLequired  the  width  of  the 
frame. 

The  area  of  the  glass  =  12  x  18  =  216. 

Let  X  =  the  width  of  the  frame  (in  inches) ; 

then  the  area  of  the  frame  =  (18  4-  2x) .  (12  +  2x)  —  216, 

and  .'•  (18  4-  2x) ,  (12  +  2x)  —  216  =  216, 

or  4x^  +  6OX  =  216, 

and  X*  -h  15^  =  54; 


completing  the  square,  a?'  4-  I5a?  H — 


'  226  441 


=  54  + 


9 
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extracting  the  root,  a?  H =  ±  — ; 

/.  0?  s=  3,  or  —  18, 
and  .*.  the  width  must  be  3  inches. 


8.  There  are  two  square  buildings,  that  are  paved  with  stones, 
a  foot  square  each.  '  The  side  of  one  building  exceeds  that 
of  the  other  by  12  feet,  and  both  their  pavements  taken 
together  contain  2120  stones.  What  are  the  lengths  of 
them  separately  ? 

Let  a?  and  ^  4-  12  =  the  number  of  feet  in  the  sides  of 
each ; 

/.  a^  and  (^  +  12)'  =  the  number  of  stones  in  the  squares, 

and  a?*  +  a?'  -h  24^  +  144  =  2120; 

by  transposition,  2^7*  +  24d?  =  1976, 

or  ^*  4-  1207  =  9885 

completing  the  square,  x\  +  124?  +  36  =  988  -f  36  =  1024 ; 

extracting  the  root,  a?  4-  6  =  ±  32 ; 

.%  4?  =  26,  or  —  38, 

whence-  the  lengths  are  26,  and  38  feet,  respectively. 


9.  A  labourer  dug  two  trenches,  one  of  which  was  6  yards 
longer  than  the  other,  for  £17.  \6s.  and  the  digging  of  each 
of  them  cost  as  many  shillings  per  yard  as  there  were  yards 
in  its  length.     What  was  the  length  of  each  ? 

Let  07  and  07  +  6  =  the  number  of  yards  in  each ; 
/.  07*  4-  (0?  +  6)*  =  356  shillings, 
or  207*  4-  120?  4-  36  =  356 ; 
by  transposition,  20?*  4-  120?  =  320; 

or  0?*  4-  6a?  =  160; 
completing  the  square,  a^  4-  607  +  9  =  169; 
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extracting  the  root,  jr  +  3  =  +  13^ 

and  X  =  10,  or  —  16 ; 
/.  the  lengths  were  lo,  and  16  yards. 


10.  A  company  at  a  tavern  had  £s.  iss.  to  pay ;  but  before  the 
bQl  was  paid,  two  of  them  sneaked  off,  when  those  who 
remained  had  each  lo  shillings  more  to  pay.  How  many 
were  in  the  company  at  first? 

Let  X  =s  the  number ; 

175 
then  -: —  =  the  number  of  shillings  each  had  to  pay  at  first, 

175 

and =  the   number   each  had  to  pay,  after  two  had 


175  175 

10  = =  175  X 

a?  — 2  X 


sneaked  off; 

\a?— 2      xj* 

and  /•  10. 5? . (a?  —  2)  =  175  X  2, 

or  d?*  —  20?  ==  35 ; 

completing  the  square,  ^  —  2^  -h  i  =  36 ; 

extracting  the  root,  ^  —  i  =  ±  6, 

and  .'.  07  =  7,  or  —  5 ; 
consequently  there  were  7  at  first. 


11.  A  grazier  bought  as  many  sheep  as  cost  him  £6o;  out  of 
which  he  reserved  15,  and  sold  the  remainder  for  £54, 
gaining  2  shillings  a  head  by  them.  How  many  sheep  did 
he  buy,  and  what  was  the  price  of  each  ? 

Let  X  =  the  number ; 

='  the  price  of  each  in  poimds. 


X 


and(^-i5).(f  H--i^)  =  54; 
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or  (a?  —  15)  .  (600  +  0?)  =  5404?, 

and  a^  +  585ar  —  9000  =  540^ ; 

by  transposition,  a^  +  45a?  =  9000 ; 


45 
completing  the  square,  4?*  +  46a?  H 


5=  9000  4- 


2025 


38025 
9 


extracting  the  root,  a?  H =  ± , 

and  X  =  75,  or  —  120 ; 
and  /.  the  number  bought  was  75, 

and  the  price  =  -£  =  16  shillings. 


12.  A  and  B  set  out  from  two  towns  which  were  at  the  dis- 
tance of  247  miles,  and  travelled  the  direct  road  till  they 
met.  A  went  9  miles  a  day ;  and  the  number  of  days,  at 
the  end  of  which  they  met,  was  greater  by  3  than  the  num- 
ber of  miles  which  B  went  in  a  day.  How  many  miles  did 
each  go  ? 

Let  w  =  the  number  of  days  they  travelled ; 

/.  gx  =  the  number  of  miles  A  went, 

and  247  —  90?  =  the  number  B  went, 

and ss  the  number  jB  went  per  day  5 

_  247  —  9^   • 

•*.  X  "~*  3  —  — ^— ^— ^ 

X  ' 

and  a?'  —  30?  =  247  —  9a?; 
by  transposition,  a?'  -f  6  a?  =  247 ; 
completing  the  square,  a?'  +  60?  +  9  =  256, 
extracting  the  root,  a?  -f  3  =  ±  16, 

and  a?  =  13,  or  —  19, 
and  .'.  A  went  117,  and  B  130  miles. 
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13.  A  person  bought  two  pieces  of  doth  of  different  sorts; 
whereof  the  finer  cost  4  shillings  a  yard  more  than  the 
other;  for  the  finer  he  paid  j6i8;  but  the  coarser,  which 
exceeded  the  finer  in  length  by  2  yards,  cost  only  £i6. 
How  many  yards  were  there  in  each  piece,  and  what  was 
the  price  of  a  yard  of  each  ? 

Let  X  s=  the  number  of  yards  of  the  finer ; 

/.  ^  4-  2  =  the  number  of  yards  of  the  coarser, 

IS 

and  —  =  the  price  of  a  yard  of  the  finer  (in  pounds) ; 
also =  the  price  of  a  yard  of  the  coarser ; 

*P  ~r  2 

18  1^        I     ^ 

"•    "3  > 


•  • 


X         X+2         5 

and  90^  4-  180  =  80a?  -f  a?'  +  2^; 

by  transposition,  «^  —  8^  =  180; 

completing  the  square,  a?'  —  8a?  +  16  =  180  4-16  =  196; 

extracting  the  root,  a?  —  4  =s  ±  14  ;. 

/.  X  =  18,  or  —  10, 

consequently,  there  were  18  yards  of  the  finer,  and  20  of  the 
coarser;  and  the  prices  were  £1,  and  16  shillings,  respectively. 


14.  A  set  out  from  C  towards  D,  and  travelled  7  miles  a  day. 
After  he  had  gone  32  miles,  B  set  out  from  D  towards  C, 
and  went  every  day  -^ih  of  the  whole  journey ;  and  after 
he  had  travelled  as  many  days  as  he  went  miles  in  one  day, 
he  met  A.     Required  the  distance  of  the  places  C  and  D. 

Suppose  the  distance  was  x  miles ; 

X 

,\  —  =  the  number  of  miles  B  travelled  per  day ;  and  also 
=  the  number  of  days  he  travelled  before  he  met  A. 
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361  19  ' 

eP*  1  2  cP 

by  transposition, =  —  32 ; 

cp'  12«P 

completing  the  square,  •— h  36  =?  36  —  32  =  4 ; 

extracting  the  root, 6  =  ±  2 ; 

•P 
/.  —  =  8,  or  4, 
19 

and  ^  =  152,  or  76,  both  which  values  answer  the  conditions  of 
the  problem.  The  distance  therefore  of  C  from  D  was  152,  or 
76  miles. 


1 5.  A  and  B  sold  130  ells  of  silk,  (of  which  40  ells  were  A\  and 
90  jB's,)  for  42  crowns.  Now  A  sold  for  a  crown  one-third 
of  an  ell  more  than  B  did.  How  many  ells  did  each  sell 
for  9  crown  ? 


Let  w  =  the  number  B  soldi 

/.  0?  +  -  =  the  number  A  sold  I 
3  J 


for  a  crown. 


go 

and  ^  ;  90  : :  1  :  the  price  of  90  ells  =  — , 

«P 


and  ^  +  -  :  40  : :  1  :  the  price  of  40  ells  =: 


120 


3  ^  3^  4-   I 

90  120 

.'.  42  = h 


X         3X  •{■  l' 


15     .  20 

or  7  = h 


X       30?  4-  1 ' 
whence,  215?*  +  7^  =  45a?  +  15  +  20^; 
by  transposition,  210?*  —  584?  =  15, 
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J     .        58  15 

and  or x  =  — : 

21  21  ' 


— .ii  -u  fiL—  ^^^^ 

-21+^-^«' 


completing  the  square^  a?' .x  -\ 

extracting  the  root,  x =  ±  — ; 

5 
/,  0?  =  3,  or : 

'  21 

whence^  B  sold  3  ells,  and  A  3^,  for  a  crown* 


16.  Three  Merchants,  Ay  B,  and  C,  made  a  joint  stock,  by 
which  they  gained  a  sum  less  than  that  stock  by  £80.  .^'s 
share  of  the  gain  was  £6o;  and  his  contribution  to  the 
stock  was  £i7  more  than  J3's.  Also  B  and  C  together  con- 
tributed jS325.     How  much  did  each  contribute  ? 

Let  X  =  the  number  of  pounds  that  A  contributed ; 
/.  a?  —  17  =  the  number  that  B  contributed, 
and  325  —  (a?  —  17)  =  342  —  ^  =  the  number  that  C  contributed; 

/.  325  +  a?  =  the  whole  stock, 
and  325  +  ^  —  80  =  245  +  ^  =  the  whole  gain ; 

.-.  325  -f  X  :  x': :  245  +  ^  :  60, 

and  X*  4-  245a?  =  60^  +  19500; 
by  transposition,  ^  +  I85a?  =  19500; 


completing  the  square,  x^  4-  I85a?  +  — 


s 

=  19500 


34225         112225 

+  — : —  =  — : — 


^       *•        *u  *         .    ^85  .     335 

extractmg  the  root,  x  H =  ± , 
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and  X  =  75,  or  —  260 ;     » 

/.  the  stocks  of  A^  B,  and  C  were   75,  58,  and   267  pounds, 
re^ectively. 


17.  The  joint  stock  of  2  partners  A  and  B  was  £416.  -4's  money 
was  in  trade  9  months,  and  JB's  6  'months :  when  they 
shared  stock  and  gain,  A  received  £228,  and  B  i£252.  What 
was  each  man^s  stock  ? 

Let  X  =  ^^s  stock ; 
/.  228  —  a?  =  his  gain ; 
also  416  —  a?  =  J5'8  stock ; 
and  07  —  164  =  his  gain ; 

and  /.  64  =  the  whole  gain,  . 

and  ga?  +  6 .  (416  —  x)  :  gx  : :  64  :  228  —  a?; 

or  3a?  +  2  .  (416  —  x)  :  3^  : :  64  :  228  —  a?; 

/.   192a?  =  (a?  +  832)  .  (228  —  a?)  =  189696  —  604a?  —  ^*; 
by  transposition,  x^  +  796a?  =  1 89696 ; 


completing  the  square,  a^  +  796^  4-  398 1*=  I89696 

+  158404  =  348100; 

extracting  the  root,  a?  +  398  =  ±  690 ; 

and  X  =  192,  or  —  988  j 
.*.  the  stocks  were  £192,  and  £224. 


18.  A  body  of  men  were  formed  into  a  hollow  square,  three 
deep,  when  it  was  observed,  that  with  the  addition  of  25 
to  their  number,  a  solid  square  might  be  formed,  of  which 
the  number  of  men  in  each  side  would  be  greater  by  22 
than  the  square  root  of  the  number  of  men  in  each  side 
of  the  hollow  square.  Required  the  number  of  men  in  the 
hollow  square. 

Let  X  =  the  number  of  men  in  a  side  of  the  hollow 
square ; 
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,\  or*  —  (x  —  6)'  s=  the  wbok  mimber  of  men, 
and  X*  —  (jr  —  6)'  +  25  =s  {x\  +  m)*, 
or  12  jr  •—  36  +  25  =  X  +  44  j4  +  484  ; 
/•  by  transposition,  iijr  —  44jri  :=  495, 

or  jr  —  4x1  =  45 ; 
completing  the  square,  x  —  4x1  +  4  =  49; 
extracting  the  root,  xJ  —  2  =  db  7  ; 
/.  xi  =  9,  or  —  5, 
and  X  ss  81,  or  25, 
and  /•  the  whole  nnmber  =  936. 


19.  A  Mercer  bought  a  number  of  pieces  of  two  different  kinds 
of  silk  for  4^92.  3*.  There  were  as  many  pieces  bought  of 
each  kind,  and  as  many  shilUngs  paid  per  yard  for  them,  as 
a  piece  of  that  kind  contained  yards.  Now  2  pieces,  one  of 
each  kind,  together  measured  19  yards.  How  many  yards 
were  there  in  each  ? 

Let  X  =  the  number  of  yards  in  one  piece ;  and  /.  =  the 
number  of  pieces,  and  also  the  number  of  shiUings  per  yard ; 

.'.  19  —  ^  =  the  number  in  the  other, 

and  X*,  and  (19  —  a?)*  =:  the  whole  prices  of  each  kind ; 

.'.  X*  -f  (19  —  x)'  =  1843, 
or  57^*  —  1083X  4-  6589  =  1843; 

by  transposition,  57x*  —  I083x  =  —  5016 ; 
or  X*  —  19^  =  —  88  ; 


completing  the  square,  x*  —  I9x  +  — 


361        9 

88  =-; 

4         4' 


extracting  the  root,  x =  ±  -  • 

.•.  X  =  1 1,  or  8 ; 
/.  19  —  X  =  8,  or  11, 
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both  which  values  answer  the  conditions  of  the  problem ; 
/.  there  were  li  yards  in  one^  and  8  in  the  other. 


20.  A  square  court-yard  has  a  rectangular  gravel-walk  round 
it.  The  side  of  the  court  wants  2  yards  of  being  6  times 
the  breadth  of  the  gravel-walk ;  and  the  number  of  square 
yards  in  the  walk  exceeds  the  number  of  yards  in  the 
periphery  of  the  court  by  92.  Required  the  area  of  the 
court. 

Let  X  =  the  breadth  of  the  walk  (in  yards), 
,•.  6^  —  2  =  the  side  of  the  court, 
and  4^  —  2  =  the  side  of  the  interior  square  ; 
.•.  {Qx  —  2)*  —  (40?  —  2)*  =  the  area  of  the  walk, 
and  200?*  —  sa?  —  92  =  4  x  (6a?  —  2) ; 
by  transposition,  20a?'  —  32  a?  =  84 ; 

,         8  21 

6  6  ' 

,   ..        .,  ,        8  16         21         16         121 

completimzr  the  square,  x x  ■\ = = ; 

*^         ^  H         ^  6  26.  5  25  25    ' 

extracting  the  root,  x =  ±  — ; 

7 
.*,  0?  =  3,  or  —  7 , 

5 

and  (6;p  —  2)*  =  Te^*  ==  256,  the  area  required. 


21.  A  Merchant  bought  S4  gallons  of  Cogniac  brandy,  and 
a  certain  quantity  of  British.  For  the  former  he  gave  half 
as  many  shillings  per  gallon  as  there  were  gallons  of 
British,  and  for  the  latter  4  shillings  per  gallon  less.  He 
sold  the  mixture  at  10  shillings  per  gallon,  and  lost 
£28.  16^.  by  his  bargain.  Required  the  price  of  the 
Cogniac,  and  the  number  of  gallons  of  British. 
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Let  2  J?  =  the  number  of  gallons  of  British ; 

.*.   X  =  the  number  of  shillings  one  gallon  of  Cogniac 
cost, 

and  S4X  =  the  price  of  all  the  Cogniac ; 

also  J?  —  4  s=  the  number  of  shillings  one  gallon  of  British 
cost, 

and  20?*  —  8^  =  the  price  of  all  the  British ; 

/.   2a?*  —  Sa?  +  54a?  =  10  .  (54  +  2X)  +  576  J" 

by  transposition,  2a?*  +  26a?  =  iii6, 
or  a?*  +  13a?  =  558 ; 


completing  the  square,  a?*  4-  13  a?  H 

169       2041 


1 

=  558  + 


extracting  the  root,  a?  +  —  =  ±  —  , 

2  2 

and  a?  =  18,  or  —  31 ; 

.*•  he  bought  36  gallons  of  British :  the  Cogniac  cost  18  shil- 
lings/?er  gallon, 

and  /•  the  whole  price  =  £48.  12^. 


22»  During  the  time  that  the  shadow  on  a  sun-dial,  which 
shows  true  time,  moves  from  one  o'clock  to  five,  a  clock, 
which  fs  toQ  fast  a  certain  number  of  hours  and  minutes, 
strikes  a  number  of  strokes  =  that  number  of  hours  and 
minutes,  and  it  is  observed  that  the  number  of  minutes  is 
less  by  4i  than  the  square  of  the  number  which  the 
clock  strikes  at  the  last  time  of  striking.  The  clock  does 
not  strike  twelve  during  the  time.  How  much  is  it  too 
fast? 

Let  X  =  the  number  of  hours  too  fast ; 

then  the  clock  strikes  (,r  -f  2)  4-  (a?  -f  3)  -f  (a?  4-  4) 

-f  (a?  -f  5)  times  =  4a?  +  14, 
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and  the  number  of  minutes  ==  ^  +  lOo?  +  25  —  41  = 
d?*  +  loa?  —  16; 

/.  ar  +  a?*  +  lOJ?  —  16  =  4d?  +  U; 
by  transposition^  ^  +  7^  =  30 ; 


completing  the  square^  ^  +  7^  +  - 


-.  30  +  ii  =  2^- 
4         4  ' 


7  13 

extracting  the  root,  ar  +  -  =  ±  — ; 

/.  a?  =s  3.  or  ^  10. 
and  the  number  of  minutes  =  23 ; 
/•  the  clock  is  too  fast  3  hours  and  23  minutes. 


23.  A  Vintner  sold  7  dozen  of  sherry  and  12  dozen  of  claret  for 
£50.  He  sold  3  dozen  more  of  sherry  for  £10  than  he  did 
of  claret  for  £6.     Required  the  price  of  each. 

Let  w  s  the  price  of  a  dozen  of  sherry  (in  pounds] ; 

•*•    ar  :  10  ::  1   :  the  number    of   dozens  of  sherry  for 

£10, =i^, 

and 3  = =  the  number  of  dozens  of  claret 

for  £6; 
10  —  3a? 


X 


:  1  : :  6  :  the  price  of  a  dozen  of  claret  = 


6a? 


10  —  3a? ' 


^      .       72a? 

•••'*  + irri^  =  "^^ 

and  70a?  —  2137*  +  72a?  =  600  —  i6oa?  5 
by  transposition^  2920^  ~  21a?'  =  5oo, 
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.        29«  500 

or  df* .  a?  = ; 

21  31 


completing  the  square. 


.   292    .  146 
or .X  H 

21       21 


31316    500    10816 


81 1*     21    17] 


s  y 


. ^        .,      ,       146    ^  104 

extracting  tae  root,  x =  ± , 

"*"©  ^  21  21    ' 

J  250 

and  ^  =  2«  or : 

'  21    ' 

.*•  the  price  of  a  dozen  of  sherry  was  £2,  and  the  price  of  a 

6x 

dozen  of  claret  = =  £3. 

10  —  3X 


24*  A  and  B  hired  a  pasture  into  which  A  put  4  horses, 
and  B  as  many  as  cost  him  18  shillings  a  week.  After- 
wards B  put  in  two  additional  horses,  and  found  that  he 
must  pay  20  shillings  a  week*  At  what  rate  was  the 
pasture  hired? 

Let  X  =  the  number  of  ffs  horses  at  first ; 

then  —  SB  the  pay  of  each  per  Meek  (in  shillings) ; 
*v 

/.  —  =  what  A  paid, 

72 
and  — h  18  ts  the  price  of  the  pasture ; 

also  ^  -I-   6  =  the  whole  number  of  horses  in  the  second 
case; 

72 

.'.  ar  4-  6  : 0?  +  2  ::  — h  is :  20  ::  72  +  isx  :  20^; 

.'.   20a?'  -f  120a?  =  180?*  -f  1080?  -f  144  ; 

by  transposition,  20?*  +  12a?  s=  144, 
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or  a?*  +  6ar  =  72 ; 
completing  the  square,  3?*  + 6^ +  9  =  72 +  9  =  81; 
extracting  the  root,  ^  +  3  =s  ±  9, 

and  ^  =  6,  or  —  12; 

72 
.".  B  had  6  horses  in  the  pasture  at  first,  and h  is  =  30 

shillings,/?^  week,  was  the  price  of  the  pasture. 


25.  An  Upholsterer  has  two  square  carpets  divided  into  square 
yards  by  the  Unes  of  the  pattern.  Now  he  observes,  that 
if  he  subtracts  from  the  number  of  squares  in  the  smaller 
carpet,  the  number  of  yards  in  the  side  of  the  other,  the 
square  of  the  remainder  will  exceed  the  difference  of  the 
number  of  squares  in  the  smaller  carpet,  and  the  number 
of  yards  in  its  side,  by  88.  Also  the  difference  of  the 
lengths  of  the  sides  of  the  carpets  is  6  feet.  Required  the 
size  of  each  carpet. 

Let  ^  =  the  number  of  yards  in  a  side  of  the  less ; 
/.  0?  4-  2  s=  the  number  in  a  side  of  the  greater, 

and  (^'  —  a?  —  2)*  =  a?'  —  a?  -f  88  =  a?*  —  a?  —  2  +  90; 
by  transposition,  (j?*  —  a?  —  2)'  —  (a?*  —  a?  —  2)  =  90 ; 

completing  the  square,  (a?*  —  a?  —  2)*  —  (^"  —  a?  —  2)  +  J 

.    I        361 
=  90  +  --—; 

extracting  the  root,  a?*  —  «r  —  2 =  ±  — , 

and  0?*  —  ^  =  12,  or  —  7,  the  former  of  which  only  will  give  a 
possible  value  of  a?;  and  .*. 

completing  the  square,  a?*  —  a7  +  -=i2  +  -  =  — ; 

extracting  the  root,  x =  ±  -, 

r2 
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and  a?  =  4,  or  —  3 ; 

consequently  the   carpets    contain    16    and   36   sq 
respectively, 


yardSj 


26.  A  Man  playing  at  hazard  won  at  the  first  throw  as 
much  money  as  he  had  in  his  pocket;  at  the  second 
throw  he  won  5  shillings  more  than  the  square  root  of 
what  he  then  had ;  at  the  third  throw  he  won  the  square 
of  all  he  then  had ;  and  then  he  had  £u2.  16«.  What  had 
he  at  first  ? 

Let  X  =  the  number  of  shillings  he  had  at  first ; 

.•.  2  a?  =  the  number  he  had  after  the  first  throw, 

\/2x  +  5  =  the  number  won  the  second  throw, 

and  2x  +  v/2a?  +  5  =  the  number  he   had  after  the  second 
throw; 

also  (2a?  +  v/2a?  4-  5)'  =  the  number  won  the  third  throw; 

.'.   (2a?  4-  \/2^  +  ^y  +  (2^  +  \/2X  +  5)  =  2256  ; 

completing  the  square, 

(2a?  +  v/ii  +  5)'  +  (2a?  +  s/Ilx  +  s)  +  7 

4 

I        9025 

«=  2256  4-  -  =  ' ; 

4  4 

\  95 

extracting  the  root,  2a?  +  \/2x  +  5  4-  -  =  ±  — ; 

2  2 

/,  2a?  4-  \/2^  =  42,  or  —  53,  the  latter  of  which  gives  impos- 
sible values  of  a?,  and  /.  2a?  4-  y/^  =  42,  to  answer  the  con- 
ditions of  the  problem ; 

completing  the  square,  2  a?  4-  \/^  4-  -  =  42  H —  = ; 

—        1  13 

extracting  the  root,  v/2a?  4-  -  =  ±  — ; 
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/.  \/25  =  6,  or  —  7, 
and  2^  =  36^  or  49 ; 

49 
/,  ^  =  18,  or  — ; 

'  2  ' 

and  consequently  he  began  with  18  shillings. 


27.  What  number  is  that,  which  being  divided  by  the  product 
of  its  two  digits,  the  quotient  is  two^  and  if  27  be  added  to 
it,  the  digits  will  be  inverted  ? 

Let  x  and  y  be  the  digits ; 

/.  10^  +  y  =  the  number, 

J  10^  +  y 

and -^  =  2: 

sy 

.•.  lOd?  +  y  =  2 j?y ; 

also  loar  -f  y  -f  27  =  loy  +  x; 

by  transposition,  9^  +  27  =  9y, 

or  a?  +    3  =  y  5 

which  value  of  y  being  substituted  in  the  first  equation, 

loa?  -H  0?  4-  3  =  2^ .  (d?  +  3), 

or  11a?  -f  3  =  2a?*  +  6«a?; 

by  transposition,  20?*  —  5^  =  3, 

^5  3 

or  ^ .  a?  =  - : 

2  2' 

,   ..        ,,  .         6        ,     26         3    ,    26         49 

completme  the  square,  or a?  +  —  =  — =  — -: 

^        ^  ^        '  2  16        2        16        16' 

extracting  the  root,  x =  ±  - ; 

and  a?  =  3,  or ,  the  first  of  which  only  answers  the  con- 

ditions ;  /•  y  =  6,  and  the  number  is  36. 
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28,  There  are  three  numbers^  the  difference  of  whose  differences 
is  8;  their  sum  is  41 ;  and  the  sum  of  their  squares  699* 
What  are  the  numbers  ? 

Let  J?  =  the  second  number, 
and  y  =  the  difference  of  the  second  and  the  least ; 
/.  ^  —  y,  ^j  and  ^  -f  y  -f  8  are  the  numbers, 
and  their  sum  =  3^  +  <  «=  41  • 
by  transposition,  3^  =  33, 

and  ^  =  11; 
.\  (11  —  yY  -h  121  +  (19  -f  yY  =  699; 
or  603  +  I6y  +  2y*  s=  699, 
by  transposition,  2y"  -f  i6y  =  96, 

andy"  -h    8y  =  48; 
completing  the  square,  y'  +    sy  +  16  =s  64 ; 
extracting  the  root,  y  +    4  =  ±  8, 

and  y  =  4,  or  —  12,  both  whidi  values  answer  the  conditions; 
and  the  numbers  are  7p  li,  and  23. 


29.  There  are  three  numbers,  the  difference  of  whose  differences 
is  5  ;  their  sum  is  44 ;  and  continual  product  is  1950.  What 
are  the  numbers  ? 

Let  X  s=  the  second  number, 

and  y  =  the  difference  of  the  aeoood  and  the  least ; 

/.  the  numbers  are  «  —  y,  4?,  a?  -f  y  4-  5, 

and  (^  —  y  +  ^  +  ^  +  y  +  6  =)  3a?  +  5  ==  44 ; 

by  transposition,  30?  =  39, 

and  ^  =  13 ; 

/.  (13  —  y) .  13  .  (18  +  y)  =  1950, 

and  (13  —  y) .  (18  -h  y)  =^  16O, 

or  234  —  6y  —  y'  sss  150 ; 

.*.  y'  +  6y  =  84 ; 
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1  ^.       -Li.                     «    .           .95              .    25        361 
completing  the  square^  y   +  5y  +  —  =  84  +  —  = ; 

4  4  4 

extracting  the  root,  y  +  -  =  rt  —  > 

and  y  =  T,  or  -^  12,  both  which  values  answer  the  conditions ; 
/.  the  numbers  are  6, 13,  and  25. 


30.  There  were  two  rows  of  counters,  of  which  the  upper 
row  exceeded  the  lower  by  one.  A  certain  number 
having  been  taken  from  the  upper  row,  and  as  many  as 
then  remained  from  the  lower  row,  it  was  found  that  the 
square  of  the  number  remaining  in  the  lower  row,  added 
to  the  square  root  of  that  number,  is  equal  to  72  divided 
by  the  excess  of  the  number  taken  from  the  upper  row 
above  unity.  Required  the  number  of  counters  taken  from 
the  upper  row* 

Let  ^  +  1  =  the  uumber  in  the  upper  row ; 
/.  X  =  the  number  in  the  lower ; 
y  4-  1  =  the  number  taken  from  the  upper  row ; 
/.  0?  —  y  =  the  remainder  in  the  upper  row, 
and  y  =  the  remainder  in  the  lower  row ; 

.-.y'  +  v/y-y, 

andy*  +  yl  ^72; 
completing  the  square,  y*  +  yl  +  -»72  +-  =  — -  5 

4  4  4 

1  17 

extracting  the  root,  yJ  4-  -  =5^  ±  — ; 

/.  yl  =  8,  or  —  9, 
and  y*  SB  64,  or  81 ; 

/.  y  s=  4,  or  v^^sii  the  latter  of  which  is  excluded  by  the 
nature  of  the  question. 
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« 

31.  A  Ghrooer  sold  so  pounds  of  mace,  and  lOO  pounds  of  cloTes 
for  £65 ;  but  he  sold  6o  pounds  more  of  cloves  for  i£20, 
than  he  did  of  mace  for  £io.  What  was  the  price  of  a 
pound  of  each  ? 

Let  X  s  the  price  of  a  pound  of  mace  (in  pounds)^ 

and  y  =  the  price  of  a  lb.  of  cloves ; 

then  ^  :  10  ::  1  :  the  number  of  lbs.  of  mace  for  £io  ^  — . 

X 
20 

In  the  same  way  —  =  the  number  of  lbs.  of  cloves  for  £20 ; 

^  y 

20     ^    .  10 

y  x' 

2      ^  .    I      6^+1 

or-  =  6  +  -  = , 

y  XX 

2X 


and  /•  y  = 


6a?  +  1 
Again,  soo?  +  looy  =  65, 
or  I6x  +    20y  =  13 ; 

•••  ^^^  +  i^TT  =  "' 

and  960?*  +  560?  =  780?  +13; 
by  transposition,  96a?'  —  22x  =  13, 


and  x^  — 

22 

--T.X 

96 

= 

13 
96' 

pic 

itii 

ig  the  square,  a^  — 

22 
96 

.X 

13 

1369 

96 

■" 

96  •' 

22  111         121 

completing  the  square,  ^  ""  ^ -^  +  "rr  =  =7?  + 


extracting  the  root,  x =  ±  — ; 

and  /.  a?  =  -,  or ,  which  last  does  not 

2  48 


answer  the  conditions  5  and  y  sc  -, 
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/•  the  price  of  a  pound  of  mace  is  lo  shillings^  and  of  a  pound 
of  cloves  is  6  shillings. 


32.  A  and  B  engage  to  reap  a  field  for  £4.  io«. ;  and  as  A 
alone  could  reap  it  in  9  days^  they  promise  to  complete  it 
in  6  days.  They  found  however  that  they  were  obliged  to 
call  in  C,  an  inferior  workman^  to  assist  them  for  the  two 
last  days^  in  consequence  of  which  B  received  3s.  9d.  less 
than  he  otherwise  would  have  done.  In  what  time  could 
B  or  C  alone  reap  the  field  ? 

Let  «2?  =  the  number  of  days  in  which  B  could  reap  the  fields 
and  y  =  the  number  in  which  C  could  itap  it ; 

then  -  +  -  :  -  : :  90  :  the  number  of  shillings  B  would  have 

.      J  810 

received  5= 


9  +  ^^ 

and  -  X  90  = =  the  number  he  did  receive ; 

810  _  460^  _  03-.  i£ 


•  • 


or 


9  +  ^    ^  4  ^ 

54     30    1 


9-f  a?    ^  ""  4' 
/,  216a?  —  1080  —  120a?  =  9^  +  ^ ; 

by  transposition^  w^  —  87^  =  —  108O; 

completing  the  square^  a^  —  87a?  + = 

4  4 

3249 
1080  = : 

4     ' 

extracting  the  root,  a? =  ±  — , 

and  0?  =s  72,  or  15. 
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5         6         3 

Let  w  =  15.  then  -  H h  -  =  i ; 

by  transposition^  -=i =  -• 

/.  y  =  18  the  number  of  days  in 
which  C  could  reap  the  field.  The  other  value  of  ^  is  exduded 
by  the  nature  of  the  question. 


33.  Throwing  out  the  three  court  cards  from  a  suit  of  spades^ 
and  placing  the  remainder  in  two  heaps^  I  find  the  sum  of 
the  pips  in  the  smaller  heap  is  to  the  sum  in  the  greater^ 
as  the  number  of  cards  in  the  greater  heap  'is  to  the 
number  of  cards  in  the  smaller.  But  if  I  add  the  seventh 
card  to  the  smaller  heap^  the  difference  of  the  number  of 
pips  in  the  two  heaps  is  equal  the  square  of  the  number  of 
cai*ds  in  the  smaller.  Required  the  number  of  pips  and 
cards  in  each. 

The  whole  number  of  cards  =  lo, 
and  the  whob  number  of  pips  as  65. 
If  .'.  a?  =  the  number  of  cards  in  the  larger  heap  ; 
10  —  d?  =  the  number  in  the  smaller^ 
and  if  y  =  the  number  of  pips  in  the  smaller ; 
55  —  y  =  the  number  in  the  lar^r ; 

/.  y  :  55  —  y : :  ^  :  10  —  «?, 

and  {Jiff.  179.)  y  ;  55 : :  ^  :  lo ; 

ory  :  11 ::  ^  :  2; 

/.  2y  =  no?. 

Again^  after  the  change^  y  •}•  7  =z  the  number  of  pips  in  the 
smaller  heap^ 

and  55  —  y  —  7=5=48  —  y=:  the  number  of  pips  in  the  hunger 
heap^ 

and  /.  their  diffea*ence  3=  gy  ^  41  =  (11  —  a?)% 


producing  Affected  Quadratic  Equations.  251 

and  by  substituting  for   2y  its  value,  iia?  —  41  =  (ii  —  xy 
=  121  —  22a?  +  ar% 

and  .'.  by  transposition,  a?*  —  33  a?  =  —  162  j 

1  4.-       Ai.  -J  .    /33V        1089         ^  441 

pleting  the  square,  ar  —  33^?  +  f — j  =a 162  = ; 


com 


33  21 

extracting  the  root,  a? =  ±  — , 

and  ^  =  6,  or  27 ;  but  27  being  inconsistent  with  the  nature  of 
the  problem,  the  number  of  cards  in  the  larger  heap  =  6,  and 
•*•  the  number  in  the  smaller  heap  =  4 ;  and  the  number  of  pips 

in  the  smaller  = =  33,  and  /,  the  number  in  the  greater 

A 

heap  3=  22. 


34.  The  fore-wheel  of  a  carriage  makes  6  revolutions  more  than 
the  hind-wheel  in  going  120  yards ;  but  if  the  periphery  of 
each  wheel  be  increased  one  yard,  it  will  make  only  4 
revolutions  more  than  the  hind-wheel  in  the  same  space. 
Required  the  circumference  of  each. 

Let  X  =  the  number  of  yards  in  the  circumference  of  the 
larger, 

and  y  =  the  number  in  the  circumference  of  the  less ; 

,,       120        120 
then = 6, 

X  y         ' 

or  2oy  =  20a?  —  xy ; 
•*•  by  transposition,  xy  s=  20a?  —  2oy. 
.     .       120         120 

or  30.  (y  +  1)  =  (^  +  1) .  (29  —  y), 
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or  30y  +  30  =  29a?  +  29  —  a?y  —  y ; 
by  transposition^  j?y  =  29^  —  l  —  siy, 
and  /.  29a?  —  1  —  aiy  ==  20a?  —  20y ; 
by  transposition^  9^  =  iiy  +  i, 

9       ' 
/.  by  substitution,  — =  — 20y, 

or  iiy*  +  y  =  220y  +  20  —  isoy  =  4oy  +  20; 

,       39  20 

.•.  y .y  =  — ; 

^       11   ^      11  ' 

completmg  the  square,  y*^—.y-{-  ^—j  =  _-  + 

20  2401 


11  (22) 


a  9 


extracting  the  root,  y =  ±  — : 

^  ^22  22 ' 

.%  y  =  4,  or-— 5 

•*.  the  number  of  yards  in  the  circumference  of  the  less  =  4 
and  the  number  in  the  circumference  of  the  greater 

iiy+  1 

— —  -  ■  -•  ss  5« 

9 


35.  On  the  late  jubilee,  a  gentleman  treated  his  tenantry  at  the 
following  rate.  He  allowed  for  each  poor  child  a  certain 
number  of  sixpences,  for  each  poor  woman  sixpence  more, 
and  for  each  poor  man  sixpence  still  in  addition.  The 
number  of  women  was  one-fourth  greater  than  the  number 
of  men ;  the  number  of  children  was  equal  to  twice  the 
square  of  the  difference  between  the  numbers  of  men  and 
women;   and  the  whole  expence  was  £s.  2S.     But  had 


producing  Adfected  Quadratic  Equations.  263 

each  child  been  allowed  as  much  as  each  woman^  the 
expence  on  their  account  added  to  nine  times  the  difference 
of  what  the  men  and  women  cost^  would  have  been  £4.  I8s. 
Required  the  number  of  men^  women,  and  children^  and 
the  allotment  to  each. 

Let  40?  =  the  number  of  men ; 

/.  547  =  the  number  of  women, 
and  20!^  =  the  number  of  children. 

Let  y  =  the  number  of  sixpences  each  child  had; 
,\  y  -{•  is=i  the  number  each  woman  had ; 
and  y  +  2  =s  the  number  each  man  had ; 

/.  2a^y  +       9a?y     +     I3a?  =  324 ; 
also  2a^y  +  24?*  +  9a?y  —  27^  =  196 ; 

.'.  by  subtraction,  2a?*  — •  40a?  =  —  128, 

and  ^*  — •  20a?  =  —  64 ; 

completing  the  square,  a?'  —  20a?  -f  30p  =  100  —  64  =  36 ; 

extracting  the  root,  ^  —  10  =  ±  6, 

and  07  =  16,  or  4,  the  former  of  which  will  not  answer  the  con- 
ditions of  the  problem ;  /.  the  number  of  men  was  16,  of 
women  20,  and  of  children  32. 

Also  32y  +  36y  +  52  =  324, 

or  68y  =  272  ; 

/.  y  =  4 ; 

/•  each  child  had  2  shillings,  each  woman  2^.  6d.,  and  each 
man  3s. 


36.  A  and  B  were  going  to  market,  the  first  with  cucumbers, 
and  the  second  with  three  times  as  many  eggs ;  and  they 
find  that  if  B  gave  all  his  eggs  for  the  cucumbers,  A  would 
lose  10  pence,  according  to  the  rate  at  which  they  were 
then    selling.      A    therefore    reserves    two-fifths    of  his 
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cucumbers;  by  which  B  would  lose  sixpence^  according  to 
the  same  rate.  But  B,  selling  the  cucumbers  at  sixpence 
apiece^  gains  upon  the  whole  the  price  of  six  eggs.  Re- 
quired  the  number  of  eggs  and  cucumbers,  and  their 
price. 

Let  0?  =  the  number  of  cucumbers, 
and  y  =  the  price  of  one ; 
/,  3^  =  the  number  of  e^s, 

and  — =  the  price  of  one  egg; 

also  "Xy  =  jry  —  16, 

or  zxy  =  5xy  —  so ; 
/.  2^y  =  80, 
and  07^  =  40 ; 

,      3   ^         /              \       2 .  (xy  —  lo) 
also  - .  6ar  —  {xy  —  lo)  =  — ^—^ ', 

5  X 

or  — ar  —  30a?  =  60, 
and  9X*  — •  75a?  =  150; 


25 

completing  the  square,  9  a?'  —  75^  H 

1225 


*        8625    . 
= h  150 


25  35 

extracting  the  root,  3a? =  ±  — , 

and  3a?  =  30,  or  —  5,  the  latter  of  which  is  excluded  by  the 
nature  of  the  problem;   .*.  x  =  10, 

J  40 

and  y  =  —  =  4. 
^        X 

Hence  the  number  of  eggs  was  30,  and  of  cucumbers  lo ; 
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/•    the  price  of  a  cucumber  was  4  pence^  and  of  an  egg 

a?y  —  10 
= -iL^^  =  1  penny. 


37.  A  person  bought  a  certain  number  of  larks  and  sparrows 
for  6  shillings.  He  gave  as  many  pence  per  dozen  for  larks 
as  there  were  sparrows,  and  as  many  pence  per  score  for 
sparrows  as  there  were  larks.  If  he  had  bought  lo  more  of 
each,  (the  price  of  larks  remaining  the  same,)  and  had 
given  as  much  per  dozen  for  sparrows  as  he  gave  per  score 
for  larks,  they  would  have  cost  £i.  58.  5d.  Required  the 
number  of  each. 

Let  Of  =  the  number  of  larks,  and  .*.  =  the  number  of 
pence  per  score  for  sparrows, 

y  ss  the  number  of  sparrows,  and  /.  =  the  number  of 
pence  per  dozen  for  larks ; 

\12         20/15  ^ 

and  J7y  =  15  X  36  =  540. 
Again,  if  a?  +  io  =  the  number  of  larks, 

and  y  +  10  =  the  number  of  sparrows ; 

.V      .V        .       n.x.   11                ^  +  10      Spy  +  \oy 
then  the  price  of  the  larks  =  y  x =  — ^ 

^  ^  12  12 

12      ' 

and  the  j^nceper  dozen  of  sparrows  =  -^  x  20  =  — ; 


-  .         n  m  oV*  +  50V 

.•.  the  pnce  of  the  sparrows  =  -^ -^ 

J  54  +  y  .   5  .  (y*  H-  loy) 

and  — -^-^  X  10  +  — ^^—^ — ^  =  305, 

12  3  X   12  ' 

and  (54  +  y)  30  -f  6 .  (y*  +  loy)  =  36  x  305, 
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or  y"  +  I6y  +  324  =  36  x  61  =  2196 ; 

by  transposition^  y*  +  i6y  =  1872 ; 

completing  the  square^  y*  +  I6y  +  64  ==  1872  +  64  =  1936; 

extracting  the  root,  y  +    8  =  ±  44 ; 

/.  y  =  36,  or  —  52,  the  latter  of  which  will  not  answer  the 
conditions  of  the  problem, 

J           15  X  36 
and  X  = =  15 ; 

y 

.\  he  bought  15  larks,  and  36  sparrows. 


38.  A  Poulterer  bought  a  certain  number  of  ducks  and  18 
turkeys  for  £s.  \Q8. ;  each  turkey  costing  within  one  shil- 
ling as  much  as  three  ducks.  He  afterwards  bought  as 
many  ducks  and  5  over,  and  20  turkeys,  giving  one  shil- 
ling a  piece  more  for  each  duck  and  turkey  than  before; 
and  finds  that  the  value  of  his  former  purchase  is  to  the 
value  of  the  present  one  : :  2  :  3.  Required  the  number  of 
ducks,  and  the  prices  of  the  ducks  and  turkeys  at  the  first 
purchase. 

Let  X  =  the  number  of  ducks  required, 

and  y  b=  the  price  of  a  duck ; 

/.  3y  —  1  =  the  price  of  a  turkey, 

and  wy  -f  54y  —  18  =  i  w, 

or  ^y  +  54y  =  128. 

Now  at  the  second  purchase,  ^  +  5  =  the  number  of  ducks, 
y  +  1,  and  3y  =  the  price  of  a  duck  and  turkey,  respectively; 

.•.  no  :  a?y  +  a?  +  65y  +  5  : :  2  :  3, 
or  55  :  a?y  +  4?  +  65y  +  5  : :  1:3; 
/.  a?y  +  a?  +  65y  -f  6  =  165, 
and  a?y  -f  a?  +  65y  =  160; 
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but  xy  +  54y  ==  128; 


/,  by  subtraction^  a?  +  iiy  =  32,1 

or  0?  =  32  —  \\y^  which  being  substituted  in  the  first  equa- 
tion^ 

32y—  ny*  +  54^=  i28, 

or  iiy'  —  86y  =  —  128, 

,     ,        86  128 

and  V •  y  = ; 

^       11    ^  11  ' 

completing  the  square,  y' T '  ^      TT    " 

128  441 


1849 

T2r 


11  821   ' 

extracting  the  root,  y =  ±  — , 

and  y  =:  —  ^  or  2,  the  former  of  which  makes  x 

negative,  and  /.  the  price  of  a  duck  is  2  shillings,  and  the 
price  of  a  turkey  =  5  shiUings.  Also  the  number  of  ducks 
=  32—  iiy  =  10. 


39.  There  are  three  towns  Aj  B,  and  C;  the  road  from  B 
to  A  forming  a  right  angle  with  that  from  £  to  C  Now 
a  person  has  to  go  fix>m  B  to  A^  but  after  travelling  a 
certain  distance  towards  Ay  he  crosses  over  by  the  nearest 
way  to  the  road  which  leads  from  C  to  Ay  and  when  on 
this  road  he  is  3  miles  from  A  and  7  from  C.  He  then 
proceeds  to  A,  and  when  arrived  .there  he  finds  that  he 
has  gone  a  distance,  equal  to  one-fourth  of  the  distance 
fi:x>m  BU>  C,  more  than  he  would  have  done,  had  he  gone 
the  direct  road  from  Bio  A.  Required  the  distance  of  B 
firom  A  and  C. 

B 
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Ijet  BC ^  X,  B A  zsz  y,  AC  =z  10, 


and  since  the  shortest  path  from  a  given  point  to  a  given 
straight  line  is  a  perpendicular  drawn  from  that  point,  draw 
ED  perpendicidar  to  AC;  E  being  the  point  where  he  leaves 
the  road  BA ;  /.  D  is  the  point  where  he  enters  the  road  CA ; 
/.  CD  =  7,  and  DA  =  3. 

By  similar  A's  BA  :  CA  ::  DA  :  AE, 

ory  :  10  ::  3  :  AE  =  —, 

y 

and  BA  :  BC ::  DA  :  DE, 

ory  :  X  ::  z:  DE  =      ; 

y 

3d?    .  30    .   a? 

.*.  —  +  3  =  —  +  -, 

y  y     4 

or  3 .  (ar  +  y)  =  30  +  --xy, 

4 

and  2xy  —  24 .  (a?  +  y)  =  —  240 ; 
but  a?'  +  y*  ss  100 ; 

/.  by  addition^  x*  +  2xy  +  y'  —  24 .  (^  +  y)  =  —  140 ; 
completing  the  square,  (^  +  y)*  —  24 .  (a?  +  y)  +  144  = 

144  —  140  =  4 ; 

extracting  the  root,  d?  +  y—  12  =  ±2; 
/.  0?  +  y  =  14,  or  10,  the  former  of  which  only 
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answers  the  conditions^  /•  a?*  +  2ary  +  y*  =  196, 

but  2x^  H-  2y*  =  200 ; 


/•  by  subtraction^  a?*  —  2xy  +  y*  a=  4, 

whence  a?  —  y  =  ±  2, 
but  a?  +  y  =  14 ; 


/.  by  addition,  2X  =•  16,  or  123 
and  by  subtraction,  2y  =  12,  or  16 ; 
/,  a?  =  8,  or  6, 
and  y  S3S  6,  or  8 ; 

/•  the  distance  of  B  from  C  is  8,  or  6  miles,  and  from  A  is  6,  or 
8  miles. 


40.    In  a  garden  is  a  square  bowling-green,  a  side  of  which  is 

30  yards,  and  near  to  it  is  a  rectangular  grass-plot.    The 

number  of  square  yards  in  the  area  of  the  grass-plot  is 

192 
a  mean  proportional  between  —- >  and  the  number  of 

square  yards  contained  in  the  grass-plot  and  bowling-green 
together.  Also  the  number  of  square  yards  contained  in 
the  square  described  on  the  diameter  of  the  grass-plot  is 
a  mean  proportional  between  10,  and  the  number  of  square 
yards  contained  in  the  aforesaid  square  increased  by  the 
number  contained  in  the  bowling-green.  Required  the 
area  and  sides  of  the  grass-plot. 

Let  w  and  y  =  the  number  of  yards  in  the  sides ; 
/.  wy  c=  the  area, 

,   192 

and  —  :  xy  ::  xy  :  xy  •\-  900; 

/  5^ 

-    ,         192  .    172800 

s3 
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,       .  ...  ,   ,        192  172800 

by  transposition^  ary  ■' xy  =  -  - — ; 


completing  the  square^  ary' z— ^y  +  r- 


172800         96 
79  79 

13660416 

— 11      y 
791 


X      X-       41,  *  ^         .3696 

extracting  the  root,  a?y  —  —  =  ±  — -  ; 

/•  ^y  =  48,  or ,  the  former  of  which  only  answers 

the  conditions  of  the  problem. 

Again,  10  :  a?"  +  y* : :  ^'  +  y' :  a?"  +  y"  +  900; 
.'.  (^  +  yy  =  10.  (a?*  +  y*)  +  9000; 

by  transposition,  (a?*  +  y*)'  —  lO .  (a?*  +  y*)  =  9000 ; 
completing  the  square,  {a^  +  y')*  •—  10 .  (i?*  H-  y*)  + 
25  =  9025 ; 

extracting  the  root,  a?*  +  y'  —  5  =  95 ; 
.'•  a?*  +  y'  =  100,  or  —  90,  the  latter  of  which  will  not  answer 
the  conditions ; 

but,  2xy  =5  96; 

.'.  by  addition,  x*  -f  2a?y  +  y*  =  196,  and  a?  +  y  =  ±  u ; 
by  subtraction,  a?*  —  2a?y  +  y*  =  4,     and  a?  —  y  =  db  2 ; 

.*.  by  addition,  24?  =  ±  16,  or  ±  12 ; 

.'.  a?  =  ±    8,  or  ±  6 ; 
by  subtraction,  2y  =  ±  12,  or  ±  16  ; 

.••  y  =  ±    6,  or  ±  8 ; 
but  the  positive  values  will  only  answer  the  conditions,  and  the 
area  is  4S  square  yards. 


41.    A  rectangular  vat,  3  feet  deep,  when  filled  to  the  depth 
of  2  feet,  holds  less  than  when  completely  filled  by  a 
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number  of  cubic  feet  equal  to  24,  together  with  half  the 
number  of  feet  in  the  perimeter  of  the  base.  It  is  also 
observed,  that  the  length  of  a  pole,  which  reaches  from  one 
of  the  comers  of  the  top  to  the  opposite  comer  of  the  bot- 
tom of  the  vat,  is  equal  to  one-eighth  of  the  number  of  feet 
in  the  square  inscribed  on  the  diagonal  of  the  bottom. 
Required  the  dimensions  of  the  vat. 

Let  w  and  y  be  the  number  of  feet  in  the  sides  of  the  base ; 
then  (30?^  —  2xy  =)  a?y  =  24  +  a?  +  y, 

and  v/ (9  + a?"  +  y')  =i.(a?'  +  y'); 

.-.  a?»  +  y'  -  8  v/(9  +  ^  +  y*)  =  0, 

and  (9  +  a?*  +  y*)  —  8  v^ (9  +  ^  +  y*)  =  9; 

completing  the  square,  (9  +  a?*  +  y')  —  8  y^  (9  +  4?*  +  y*) 
+  16  =  25 ; 

extracting  the  root,  \/  (9  +  «^  +  y*)  —  4  =  ±.  5, 

and  v^  (9  +  a?*  +  y')  =  9,  or  —  1 ; 

.-.  9  +  ^'  +  y'  =  81,  or  1 J 

by  transposition,  a?*  +  y*  =  72,  or  —  8,  the  latter  of  which  is 
impossible ; 

but  2ary  =  48  +  2  .  (j?  +  y) ; 


.•.  by  addition,  x^  +  2a?y  +  y*  =  120  +  2  .  (a?  +  y) ; 
by  transposition,  (a?  +  y)*  —  2 .  (^  +  y)  =  1205 
completing  the  square,  (a?  +  y)*  —  2 .  (a?  +  y)  +  i  =  121 ; 
extracting  the  root,  a?  +  y  —  1  =  ±  11, 

and  0?  +  y  =  13,  or  —  10,  the  latter  of  which  is  impossible; 

/.  «•  +  2xy  +  y'  =  144 ; 
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but  Axy  SB  144  ; 


/.  by  subtraction^  a?"  —  2* y  +  y'  =  o, 

and  X  — y  =  0; 
but  ar  +  y  =  12; 


/•  by  addition,  2x  ^=s  12, 
and  X  =  6 ; 
.\  y  =  ^  =  6^  and  the  base  is  a  square  whose  side  is  6  feet. 


42.  A  person  bought  two  cubical  stacks  of  hay  for  £41,  each  of 
which  cost  as  many  shillings  per  solid  yard  as  there  were 
yards  in  a  side  of  the  other,  and  the  greater  stood  on  more 
ground  than  the  less  by  9  square  yards.  What  was  the 
price  of  each  ? 

Let  w  =  the  number  of  yards  in  a  side  of  the  larger, 

and  y  ==  the  number  in  a  side  of  the  less ; 
then  w*  and  y*  =  the  number  of  solid  yards  in  the  stacks, 
and  a^,  and  y*  =  the  number  of  square  yards  in  their  bases ; 

.".  a?*  -.  y*  =  9, 
and  47*y  +  y* j?  =  820 ; 

/.  df  +  y*  = , 

^y 


820  i' 

and  X*  +  2ar*y*  +  y*  =  -^^ ; 
but  a?*  —  2^y'  +  y*  =  81 ; 


820  r 

/•  by  subtraction,  4ar*y*  =    4  [  —  81, 

.    4         820l'        8i3^y* 

or  a?*y*  = * ^2 

^4  4     ' 
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81        .   •        820"* 


by  transposition^  x*y*  H •  a?*y*  «=  — |  =  4io|'  =  168IOO; 

81  81  r 

completing  the  square^  a?*y*  H .a?*y'  +  — j  =  ids  100 


6561  _  10764961 


64  64         ' 

extracting  the  root,  a?*y'  +  —  ==  ±  -— - ; 

8  8 

/.  a?»y'  =  400,  or ,  the  latter  of  which  is  impossible; 

4 

.*.  xy  s=  ±,  20,  the  positive  value  only  answering  the  conditions 
of  the  problem ; 

J     ,    .      ,        820         820 

and  jr  +  y'  =s s= as  41 ; 

'  ^        a-y        20  ' 

but  2afy  =  40 ; 


/.  by  addition,  a?*  +  2a?y  +  y"  =  81,  and  a?  +  y  =  ±  9, 
and  by  subtraction,  ^  —  2afy.+  y"=3i;  /.  a?  —  y^iij 

/.  by  addition,  2a?  =  ±  10,  or  ±  8, 
and  0?  =  ±   5,  or  ±  4  5 
by  subtraction,  2y  =  ±   8,  or  ±  10, 

and  y  =  ±   4,  or  ±  6 ; 
/•  the  prices  were  £25,  and  £i6. 


43.  A  and  B  put  out  different  sums  to  interest,  amounting 
together  to  £200.  B^s  rate  of  interest  was  £1  per  cent, 
inore  than  A^s.  At  the  end  of  5  years,  f  s  accumulated 
simple  interest  wanted  but  £4  to  be  double  of  ^'s.  At 
the  end  of  10  years,  A*b  principal  and  interest  was  to  ^s 
as  5  :  8.  Required  the  separate  sums  put  out  by  each,  and 
the  rate  j>er  cent. 


2M  Example$  of  the  SokKtiom  of  ProbkmB 

Let  AX  =  A^%  money  ^  pounds) ; 

/.  4  •  (50  —  jr)  =  5*8  money; 

y  =  ^'s  rate  of  intereat; 

/.  y  +  I  =  ^8  rate  ; 

/.  -~  =  A^%  interest  after  5  years, 
and '-^^ i  s  B*8  interest  after  5  yean ; 

.    (50-ar).^4-  1)  dry 

5  +*-^-T' 

or  5oy  —  ;ry  +  50  —  dr  +  30=:  2«y; 

.-.  zxy  s=50y  +  70  —  x     .     .     .     (i). 

Again,  after  lo  years,  A'a  cafital  and  interest  s 

andgs  =  2.^^-^^-<y  +  "); 

.   2    lox  +  xy  (50-jr).(yH-u).. 

•  •  ^  •         _  .  ^  • , ,  5.8; 

d  5 

/.  SOX  +  84?y  =  26oy  —  5xy  +  2750  —  55a?; 
by  transposition,  uxy  =  25oy  +  2750  —  135^  .  (2) 
but  from  (i)  I6a?y  =  250y  +  350  —  5x; 


/.  by  subtraction,  2xy  =  i3oa?  —  2400    .    .    .     (3) 

multiplying  (1)  by  13,  and  (2)  by  3 ; 

.".  65oy  +  910  —  13a?  =  (39a?y  =)  75oy  +  8250  —  4054? ; 

by  transposition,  looy  =  392a?  —  7340, 
or  6oy  =  I96ar  —  3670,  which  being  multiplied  by  x, 
50xy  =  196a?"  —  3670a? ;  but  (3)  being  multiplied  by  25, 

50a?y  =  3250a?  —  60000; 

/.  196a?*  —  367oa?  =  3250a?  —  60000 ; 

by  transposition,  196  a?'  —  6920a?  =  —  60000 ; 
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1730 

completing  the  square,  196^  —  6920^  -i 

2992900    ^^^^^    62900 

60000  = ; 

49  49 

, ..    .,     .        1730    ^  230 

extracting  the  root,  14a? =  ± 5 

1500 

A  UX  =  280,  or  ——  ; 

7 

.%  a?  =  20 ; 

/.  A^B  money  =  4a?  =  80  pounds,  and  ^s  =  120  pounds, 

J  196  X  20  —  3670 

and  y  = =  5 : 

^  60  ' 

/•  A'b  rate  of  interest  was  5  per  cent,  and  B^b  6  per  cent. 


44.  When  the  price  of  brandy  was  three  times  the  price  of 
British  spirit,  a  merchant  made  two  mixtures  of  brandy 
and  British  spirit,  and  the  prices  per  gallon  were  in  the 
ratio  of  9  to  lo.  He  afterwards  mixed  twice  as  much 
brandy  with  the  same  quantity  of  British  spirit  in  each 
case,  and  the  relative  price  was  the  same  as  before.  Re- 
quired the  ratio  of  the  quantities  mixed. 

Suppose  at  first  a?  gallons  of  British  spirit  were  mixed  with 
one  gallon  of  brandy,  in  one  case ;  and  y  gallons  of  British 
spirit  with  one  gallon  of  brandy  in  the  other  case ;  then 


ar  +  3 

^  +  1 :  1 ::  ^  +  3  :  — —; 

•r  +  1 
andy  +  1  :  1  ::y  +  3  :  ^— 


the  relative  prices  of  the  first 
mixtures /?er  gallon  J 
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,  ^+3      y+3 

In  the  same  manner ;  ^ : :  9  :  10, 

ar  +  2      y  +  2  * 

and  /.  ary  +  a?  +  ay  -f  3  :  d?y  +  3^  +  y  +  3  ::  9  :  10, 
div^.  a?y  +  a^  +  3y  +  3  :  2a?  —  2y  : :  9:1; 
.'.  a?y  +  ^  +  3y  +  3  =  iso?  —  isy ; 
by  transposition^  xy  —  17a?  +  2iy+3s=0; 

also  a?y  +  2^  +  6y  +  12  :  ^y  +  6ar  +  2y  +  12  : :  9  :  10 j 
div*^  a?y  +  2^  +  6y  +  12  :  4d?  —  4y  : :  9  :  1 ; 

/.  ^y  +  2af  -f-  6y  +  12  =  36 j?  —  36y ; 
by  transposition^  xy  —  34^  +  42y  +  12  =  o; 

but  xy  —  I7x  4-  2iy  +    3  =  0; 

/.  by  subtraction,  Hx  —  2iy  —  9  =  0; 

also  2^y  —  34J?  +  42y  +  6  =  0, 
and  xy  —  34a?  +  42y  +  12  =  0; 

.'.  by  subtraction,  d?y  —  6  =  0, 

or  xy  =  6. 

17      ' 

and  21  y'  +  9y  "=  102, 

.3        34 
ory'  +  yy=yj 

1  i-       4.U  -1.3.9  34    ,       9  961 

completmg  the  square,  y>  +  -y  +  —  =  y  +  _  =  _. 

3  31 

extracting  the  root,  y  H =  ±  —  5 
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17 
.-.  y  =  2,  or-yj 

/.  the  first  mixtures  were  in  the  ratio  of  3  to  i^  and  2  to  i ; 
and  the  second  in  the  ratio  of  3  to  2^  and  of  equality. 


SECTION   X. 


Examples  of  the  Solution  of  Problems  in  Arithmetical  and 

Geometrical  Progressions. 

1.  A  PERSON  bought  7  books^  the  particular  prices  of  which 
(in  shillings)  were  in  arithmetical  progression.  The  price 
of  the  next  above  the  cheapest  was  s  shillings^  and  the 
price  of  the  dearest  23  shillings.  What  was  the  price  of 
each  book  ? 

Let  X  =  the  price  of  the  cheapest^ 

and  y  =  the  common  difference; 
then  ^  +  y  as  the  price  of  the  second  =  8, 
and  ^  +  6y  =  the  price  of  the  dearest  ss  23; 

.*•  by  subtraction^  by  s=  15, 

and  y  =  3 ; 

/.  47s=8— y  =  8  —  3  =  5^ 

and    .*.    the  prices   are   5,  8^  ii,  14^  \7y  20^  23  shillings^  re* 
spectivelj. 


2.  A  number  consists  of  3  digits^  which  are  in  arithmetical 
progression ;  and  this  number  divided  by  the  sum  of  its 
digits  is  equal  to  26 ;  but  if  198  be  added  to  it^  the  digits 
will  be  inverted.     Required  the  number. 

Let  X  -^  y^ 

X         \  represent  the  digits; 

^  +  y. 
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then  the  number  will    be  lOO  .  (a?  —  y)  +  loar  +  4?  +  y  = 
1110?  —  99y; 

or  370?  —  33y  =  26x, 
and  /•  by  transposition^  nor  =  33y^ 

and  X  =  3y. 

Again,  mo?  —  99y  +  198  =  100  .  (a?  +  y)  +  10a?  +  (0?  —  y)  ■= 
11107  +  99y; 

/.  by  transposition,  I98y  s=  193^ 

and  y  =  1 ; 
/.  ^  =  3y  =  3 ; 
.*«  the  digits  are  2,  3,  and  4,  and  the  number  =  234. 


3.  The  sum  of  j£i.  Ts,  wIls  to  be  raised  by  subscription  by 
three  persons  A,  By  and  C;  the  sums  to  be  subscribed 
by  them  respectively  forming  an  arithmetical  progression. 
But  C  dying  before  the  money  was  paid,  the  whole  fell 
to  A  and  B ;  and  Cs  share  was  raised  between  them  in 
the  proportion  of  3  :  2,  when  it  appeared  that  the  whole 
sum  subscribed  by  A  was  to  the  whole  sum  subscribed 
by  jB  : :  4  :  5.  Required  the  original  subscriptions  of  A, 
By  and  C. 

Let  0?  —  y,  0?,  0?  +  y>  be  the  respective  subscriptions  of  -4, 
By  and  C; 

then  307  =  27 ;  and  /.  07  =  9* 

Now  5   :   2  ::  (C*s  share  =)  9  +  y  :    the  part  paid  by  B 

3 

and  5  :  3  ::  9  +  y  :  the  part  paid  by  -4  =  - .  (9  +  y), 

0 
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3 

and  consequently^  A  paid  upon  the  whole  9  —  y  +  -  •  (9  +  y) 

5 

_  72  —  2y 

also  B  paid  upon  the  whole  9  +  -  (9  +  y)  =  — ^ — -  ; 

hence^  72  —  2y  :  63  -f-  2y  : :  4  :  5, 
and  {Alff,  179.)  135  :  63  +  2y  ::  9  : 5, 
and  {Alff.  186.)    15  :  63  -f-  2y  : :  1:5; 

/.   (21)63  +  2y  =  755 
by  transposition^  2y  =  12^ 

and  y  ss  6 ; 

/•  the  sums  to  be  subscribed  originally  were  3^   9^  and  15 
shillings. 


>  be  the  numbers ; 


4.  Four  numbers  are  in  arithmetical  progression.  The  sum 
of  their  squares  is  equal  to  276^  and  the  sum  of  the  num- 
bers themselves  is  equal  to  32.    What  are  the  numbers? 

Let  2y  ss  the  common  difference^ 

and  a?  +  3y' 
a?  +  y 
a?  —  y 

a?—  3yj 

then  their  sum  =  40?  s=  32, 

and  /•  «r  =  8 ; 

also  the  sum  of  their  squares  =  4^'  +  20y'  s=  276^  in  which 
substituting  the  value  of  w  found  above^ 

266  -h  2oy'  =  276 ; 

by  transposition^  2oy'  =  20; 

.'.  y'  =  i; 
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and  y  =  +  1 ; 
hence  the  numbers  are  1 1,  9,  7?  5. 


5.  The  sum  of  the  squares  of  the  extremes  of  four  numbers 
in  arithmetical  progression  is  200^  and  the  sum  of  the 
squares  of  the  means  is  136.    What  are  the  numbers  ? 

Supposing  as  before^  a?  +  3y,  ^  -h  y,  a?  —  y,  and  a?  —  sy, 
to  be  the  numbers; 

then  2a;?*  +  isy*  =  200, 
and  2a?'  -f-   2y*=  136; 


/.  by  subtraction^  i6y'  =  64, 

and  4y  =  ±  8 ; 
••.  y  =  ±  2 ; 
whence  ar"  =  68  —  y*  =  68  —  4  =  64, 
and  a?  =  ±  8, 
and  /•  the  numbers  are  ±  14,  ±  10,  ±  6,  ±  2. 


6.  The  sum  of  the  first  and  second  of  four  numbers  in  geo- 
metrical progression  is  15,  and  the  sum  of  the  third  and 
fourth  is  60.     Required  the  numbers. 

Let  s,  xy,  xy\  x%fy  be  the  numbers ; 
.".  X  -{•  wy^  16, 
and  a?y*  -h  a?y*  =  60, 

or  y* .  (a?  -h  xy)  =  60, 
or  I5y*  =  60; 
/.  y'  =  4, 
and  y  =  ±  2, 
and  (a?  +  2a?  =)  sa;  =  15 ; 
/.  a?  =  5, 
and  the  numbers  are  5,  10,  20,  40. 
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7.    The  sum  of  four  numbers  in  geometrical  progression  is 

equal  to  the  common  ratio  +  i ;  and  the  first  term  s  — . 

17 

Required  the  numbers. 

Let  07  =  the  common  ratio ; 

,%  the  numbers  are  — ,  — ,  — .  — ^ 
^^  17    17    17    17^ 

,  ^    ,  1  +  a?  +  a?*  +  a?"       (i  +  a?»)  .  (1  +  ar) 

and  i  +  a?  = =  ^ — ^ '. 

17  17 

1  +  «p* 
and  1  =  — ■ —  z 
17     ' 

.-.   17  =  1  +  «?•, 
and  16  =  a?* ; 
.'.    ±  4  =  a?, 

and  the  numbers  are  —-,  — .  — ,  — . 

17    17^  17'  17 


8.  A  regiment  of  militia  was  just  sufficient  to  form  an  equi- 
lateral wedge.  It  was  afterwards  doubled  by  the  supple- 
mentary^ but  was  still  found  to  want  385  men  to  complete 
a  square  containing  5  more  men  in  a  side^  than  in  a  side  of 
the  wedge.     How  many  did  the  regiment  at  first  contain  ? 

Let  X  ssz  the  number  of  men  in  a  side  of  the  wedge ; 

/,   {Alff,  212.)  (a?  +  i)  •  -  =  the  number  of  men  in  the  wedge; 

.•.   (a^  +  i)  .  ^  +  386  =  (a?  +  6)', 
or  ar*  -h  a?  +  385  =  a;*  +  loa?  +  25 ; 
.*.  by  transposition^  360  =  9X, 

and  40  ssa?; 
/•  the  number  of  men  =  820. 
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9.  After  Af  who  travelled  at  the  rate  of  4  miles  an  hour^  had 
been  set  out  two  hours  and  three-quarters,  B  set  out 
to  overtake  him,  and  in  order  thereto  went  four  miles 
and  a  half  the  first  hour,  four  and  three-quarters  the 
second,  five  the  third;  and  so  on,  gaining  a  quarter  of 
a  mile  every  hour.  In  how  many  hours  would  he  over- 
take A  ? 

Let  X  =  the  number  of  hours ; 

/.    {Alff.  212.)  (9  +  (a?  —  i)  - j  X  -  =  the  whole    number  of 

miles  he  travelled ; 
but  11  +  4^  =  the  whole  number  A  travelled; 

.-.  (9H-^(^-  l)).^=li  +  4^, 

or  9^  H =  22  +  8d?, 

and  by  transposition, 1 =  22 ; 

,  ^       , ,  a?'      3ar  .     9  .9        361 

completing  the  square,  —  + =22H =  — r- ; 

^        ®  ^        '4         4        16  16        16  ' 

extracting  the  root,  -  +  -  =  ±  — ; 

w                   11 
/.  -  =  4,  or ; 

2  '  2  ' 

/.  a^  =  8,  or  —  1 1 ; 

hence  in  8  hours  he  would  overtake  him.     —  11  not  answering 
the  conditions  of  the  problem. 


10.  The  base  of  a  right-angled  triangle  is  6,  and  the  sides  are 
in  arithmetical  progression ;  it  is  required  to  find  the  other 
two  sides. 

Let  6  -^  a^,  6y  and  6  +  ^  be  the  sides ; 

T 
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then  36  —  I3jr  +  jr*  +  36  ==  36  +  i2Jr  +  «* 
{Eud.  B.  I.  p.  48.) 

by  traiupositioii,  34  jt  «=  36, 
and  ^=s— ; 

.,       .,  9     12         J  15 

/•  toe  Bides  are  - ,  — .  and  —  • 

But  if  6  be  the  first  term  of  the  progression ;  let, 

6,  6  +  ^5  6  +  2ir  be  the  sides ; 

then  36  +  24d?  +  4«»  =  36  +  36  +  12^  +  JP*  ; 

by  transposition,  3:1^  +  12^  ==  36, 

or  jp*  +  4x  =  12  ; 

completing  the  square,  jr*  -h  4ir  +  4  ss  16 ; 

extracting  the  root,  ^  +  2  =  ±  4, 

and  JT  =  2,  or  —  6, 

and  the  sides  are  6,  8,  and  10 ;  or  0,  6,  and  ~  6. 

The  problem  is  not  properly  restricted;  the  algebraical  ex- 
pression, in  this  instance,  is  more  precise  than  the  language  in 
which  the  problem  is  stated. 


11.  A  and  B  set  out  fit>m  London  at  the  same  time,  to  go 
round  the  world  (23661  miles),  one  going  East,  the  other 
West.  A  goes  one  mile  the  first  day,  two  the  second, 
and  so  on.  B  goes  20  miles  a  day.  In  how  many  days 
will  they  meet;  and  how  many  miles  will  be  travelled 
by  each? 

Let  X  =  the  number  of  days ; 

then  {Alg.  212.)  (a?  +  1)  .  -  =  the  number  of  miles  A  goes, 

and  20J?  ?=  the  number  B  goes ; 

tXf        "^    iff 

.'. h  200?  =  23661, 
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=  47322  + 


and  ar*  •+•  41^  =  47322; 

41 

completing  the  square^  a?*  +  4ii?  H 

1681  _  190969 

4^4' 

/.  extracting  the  root,  x  -\ =  ± ; 

/.  a?  =  198,  or—  239; 
.\  they  travel  19s  days;  A  goes  19701,  and  B  3960  miles. 


12.  A  traveller  sets  out  for  a  certain  place,  and  travels  one 
mile  the  first  day,  two  the  second,  and  so  on.  In  5  days 
afterwards  another  sets  out,  and  travels  12  miles  a  day. 
How  long  and  how  far  must  he  travel  to  overtake  the 
first? 

Let  0?  =  the  number  of  days ; 

then  47  +  5  =  the  number  the  first  travels, 

and  .".  {Alg.  212.)  («  -f-  6)  . =  the  distance  he  travels^ 

and  120?  =  the  distance  the  second  travels ; 

.\  (a?  +  6)  . =  12^, 

and  or*  +  11^  +  30  ss  24ar; 

.*.  by  transposition,  a/*  —  I3a?  =  —  30 ; 

169        169  49 

completing  the  square,  ai^  —  130?  -i = 30  =  — ; 

44  4 

13  7 

extracting  the  root,  x ==  ±  -; 

and  or  =  3,  or  lo. 

/.  they  are  together  at  the  end  of  3,  and  10  days  after  the 
second  sets  out;  and  36  and  120  miles  is  the  distance  tra- 
velled. 

t2 
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13.  A  and  B,  165  miles  distant  from  each  other^  set  out  with 
a  design  to  meet ;  A  travels  one  mile  the  first  day^  two  the 
second,  three  the  third,  and  so  on  ;  B  travels  20  miles  the 
first  day,  is  the  second,  16  the  third,  and  so  on.  How  soon 
will  they  meet  ? 

Let  ^  =  the  number  of  days  required ; 

then  1  +  2  +  3+   .     .     .     .+d?=(i+a?).-  =  the  number 

of  miles  A  travelled. 

and  20  +  18  +     .     .     .     .     +  20  —  2ar  +  2  =  {42  —  2a?) .  -  = 

the  number  B  travelled ; 

.".  (43  —  a?) .  -  =  165, 
^  '2 

or  a?*  —  43a?  =  —  330 ; 

1  X-        xi_  ^  .     1849         1849  529 

completing  the  square,  or  —  43a?  + = 330  ^ ; 

43  23 

extracting  the  root,  a? =  ±  — ; 

.\  a?  =  10,  or  33. 

Hence  it  appears  that  they  meet  in  10  days.  On  the  10th 
day  B  travels  2  miles,  and  the  next  day  he  rests ;  the  following 
day  he  returns  2  miles ;  the  succeeding  day  4,  and  so  on,  in- 
creasing two  miles  every  day;  and  on  the  33d  day  he  again 
comes  up  with  A,  who  has  been  travelling  forward,  every  day^s 
journey  being  one  mile  longer  than  that  of  the  preceding  day. 


1 
14.    There  are  four  numbers  in  arithmetical  progression  whose  .1 

continual  product  is  168O,  and  common   difference   is   4. 

Required  the  numbers. 


>•! 


1 
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Let  ^  +  6,  a?  4-  2,  0?  —  2,  and  a?  —  6,  be  the  numbers ; 
then  (j?*  —  36) .  (j?*  —  4)  =  1680, 

or  X*  —  400?*  +  144  =  1680; 

.%  by  transposition,  or*  —  "400?*  =  1536 ; 

completing  the  square,  a?*  —  40o?'  +  400  =  1936, 

extracting  the  root,  a?*  —  20  =  ±  44 ; 

/.  a?»  =s  64,  or  —  24, 

and  0?  =  ±  8,  or  ±  2  \/  —  6, 

and  •'.  the  numbers  are  ±  14,  ±  10,  ±  6,  ±  2 ;  the  two  other 
values  of  x  being  impossible. 


15.    The  product  of  five  numbers  in  arithmetical  progression  is 
945,  and  their  sum  is  25.    Required  the  numbers. 

Let  0?  -f-  2y,  a?  4-  y,  a?,  a?  —  y,  0?  —  2y,  be  the  numbers ; 

then  507  =  25,  and  •*.  or  =  5 ; 
also,  0? .  (0?*  —  y*) .  (0?*  —  4y')  =  945,  or  dividing  by  a?  =  5, 

{x*  -  y") .  {x*  —  4y')  =  189, 
or  0?*  —  6o?*y'  +  4y*  =  189, 
and  4y*  —  I25y"  +  625  =  189  j 
by  transposition,  4y*  —  i25y*  =  —  436 ; 

,   ..        .,  4  ,    ,  .    lis]*       15625  '    8649 

completmg  the  square,  4y  —  I25y^+  —7-1  «= 436  = ; 

extracting  the  root,  2y* =  ±  — ; 

4  4 

.       109 
/.  2^  = ,  or  8 : 

2 
,         109 

.*.  y'  = ,  or  4 ; 
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and  the  numbers  are  9,  7,  5^  3,  i. 


16.  A  Gentleman  divided  £210  among  three  servants^  in 
geometrical  progression ;  the  first  had  JE90  more  than  the 
last.     How  mudi  had  each  ? 

Let  s^y  jpy,  X  =  the  number  of  pounds  each  had ; 

then  xy^  =  j?  +  90, 
and  a?  +  ^y  +  xtf  =  210 ; 
or  2^  +  a?y  +  90  =  210 ; 

by  transposition,  24?  +  ^y  ==  120. 

90 
Now  from  the  first  equation,  x  =   >_^    , 

and  firom  the  last  x  = 


y  +  2' 
120  90 


•  • 


or 


y  +  2      y'-i' 

4  3 

y  +  2     y'— i' 
/.  4y*  —  4  =  ay  +  6 ; 

by  transposition,  4y'  —  3y  =  10 ; 

9  9        169 

completing  the  square,  4y'—  3y  +  —  =  10  +  —  =  —  5 

3  13 

extracting  the  root,  2y =*  ±  — , 

and  2y  a=  4^  or ; 

and  .".  y  s=  2,  or ; 


tn  Arithmetical  and  Geometrical  Progresnons.        279 

whence  x  =  — --  =  30,  or  160, 

y  +  2        '  ' 

and  the  sums  are  i!io,  6o,  and  30  pounds. 


17.  Tlie  sum  of  three  numbers  in  geometrical  progression  is 
36 ;  and  the  mean  term  is  to  the  difference  of  the  extremes 
as  2  to  3.    Required  the  numbers. 

Let  -,  Xy  and  xy,  be  the  three  numbers ; 

y 
X 

•'.-+«?  +  a?y  =  35, 

and  X  :  xy : :  ?  :  3, 

1 
on  :  y  — ::  2  :  3; 

'     y 

.'.  3y-|=3, 
andy»-i  =  |.y5 
by  transposition,  y' .  y  a  i  • 

3  9  9         26 

completing  the  square,  »*— 3y+"J5^=*^  +  -j[6—  -Jg? 
extracting  the  root,  y =  ±  - ; 

/.  y  =  2,  or ,  which  last  does  not  answer  the  conditions ; 

(X  .  \7x 

-  +  ^+2»=  K—  =  35: 
2  /  2  * 

/.    X  as  10, 

and  the  numbers  are  5,  lo,  and  20. 
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18.  There  are  three  niimbers  in  geometrical  progression^  the 
greatest  of  which  exceeds  the  least  by  15.  Also  the  differ- 
ence of  the  squares  of  the  greatest  and  least  is  to  the  sum 
of  the  squares  of  all  the  three  numbers  as  5  :  7*  Required 
the  numbers. 

Let  s,  xy,  xy',  be  the  numbers ; 

then  xy*  —  a?  =  15, 
and  x'y*  —  x"  :  ar*y*  +  ^y*  +  a?* ::  6  :  7, 
ory*—  1  :  y*  +  y*  +  1  ::  5  :  7; 

.•.  y*  — 1  :  y*  +  2  ::  5  :  2, 

andy*—  1  —^•\'  5; 

by  transposition^  y* .  y*  =:  6 ; 

completing  the  square,  y*--.y>  +  —  =6  +  —  =  — ; 
extracting  the  root,  y»-^=±ii; 

/.  y*  =  4,  or ,  which  last  is  impossible, 

and  y  s=  ±  2 ; 
/•  from  the  first  equation,  (4^  —  ^  =)  3^  =  15, 

and  d?  s  5 ; 
/•  the  numbers  are  5,  10,  and  20. 


19-  The  sum  of  three  numbers  in  geometrical  progression  is 
33,  and  the  product  of  the  mean  and  the  sum  of  the  ex- 
tremes is  30.     Requu'ed  the  numbers. 


Let  the  numbers  be  - ,  <r,  and  xy ; 
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then  -  +  ^  -h  a?y  =  13, 
and  {-  +  xy\  .  a?  =  30; 
.•.  by  transposition,  13— a?=-  +  4?y=  — ; 

y  *^ 

and  130?  —  07*  =  30, 

or  07*  —  130?  =  —  30, 

completing  the  square,  or  —  i3o?  +  = 30  =  —  j 

extracting  the  root,  x =s  ±  -, 

and  .*.  0?  s=  10,  or  3. 

3 

If  0?  =s  3 ;  then  -  +  3y  =  13  —  3  =  10, 

y 

or  3  +3y*=  loy; 
by  transposition,  3y*  —  loy  =  —  3, 

•        10 
or  y*  -  —  .  y  =  -  1 ; 

,   ..       ^,  J        10  .    25         25  16 

completing  the  square,  y" .y  +  —  = i  =  — ; 

extracting  the  root,  y =  ±  - ; 

.••  y  =  3,  or-, 

and  the  numbers  are  l,  3,  9* 

If  the  other  value  of  o?  be  taken,  the  corresponding  values  of  y 
are  impossible. 


20.    There  are  three  numbers  in  arithmetical  progression,  and 
the  square  of  the  first  added  to  the  product  of  the  other 
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two  is  16 ;  the  square  of  the  second  added  to  the  product 
of  the  other  two  is  14.    What  are  the  numbers  ? 

Let  X  -^  y^  Xy  X  •\' yy\ie  the  numbers ; 

then  20^  —  d?y  +  y*  =  16, 

and  2ar*  —  y*  =  14 ; 

/.  by  subtraction^  2y*  —  a?y  =  2, 
and  by  addition^  40?*  —  ary  s=  30^ 

or  2y*  =    2  +  a?y, 
and  4^'  ss  30  +  ^y ; 
/.  by  multiplication^  si'y*  =  60  +  Z2xy  +  a?*y* ; 
by  transposition^  7x^y*  —  32ary  =  60^ 
,   ,       32  60 

or  x^y^  — -  .  a»y  =  — ; 

,   ..        .,  .   ,        32  ,     256         60 

completing  the  square^  ary* r*  •  ^y  + =  "r* 

_256  _  676 
"49"  """49"* 

extracting  the  root,  xy =  ±  — ; 

/.  ^y  =  6,  or -5 

/.  2y'  =  2  +  «?y  =  8, 

and  y*  s=  4  ; 
/.  y  =  ±  2, 

and  4^'  ss  30  +  ^y  =  36 ; 

/.  2a?  =  ±  6, 
and  07  s  ±  3 ; 

/.  the  numbers  are  1,  3,  5;  or  —  5,  —  3,  —  1.  The  other 
value  of  xy  was  introduced  in  the  operation,  and  does  not 
answer  the  conditions  of  the  question. 
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21.  The  sum  of  four  whole  numbers  in  arithmetical  progres- 
sion is  20^  and  the  sum  of  their  reciprocals  is  — .  Re- 
quired the  numbers. 

Let  a?  —  3y,  a?  —  y,  a?  +  y,  4?  +  3y,  be  the  numbers ; 

then  4JP  =  20^ 
or  ^  s=  5. 

^     '  a?  —  3y       ^  —  y       a?  +  y      a?  +  ay      24 

4  a?'  —  20a?y*  25 

4?*—  loa^'y*  +  9y*      24 ' 

/.    25  X  (9y*  —  250y*  +  625)  =  24  X  (500  — -lOOy*), 

or  9y*  —  25oy*  +  625  =  24  x  (20  —  4y*)  5 

by  transposition^  gy*  —  154  y'  =  —  146, 

5929        5929 
completing  the  square,  9y*  —  I54y*  H = 145 

_    4624 
9"' 

extracting  the  root,  ay* =  ±  — ^ 


,        t  145 

and  ay'  =  a,  or ; 


f«  — 


••  y'  =  I,  or 


145 

9 


> 


and  y  =  ±  1,  or  — ^j^^ — % 
and  /•  tlie  numbers  are  2,  4,  6,  s. 


22*  There  is  a  number  consisting  of  3  digits,  the  first  of 
which  is  to  the  second  as  the  second  to  the  third;  the 
number  itself  is  to  the  sum  of  its  digits  as  124  to  7;  and 
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if  594  be  added  to  it,  the  digits  will  be  inverted.     Required 
the  number. 

Let  the  digits  be  represented  by  x,  xy,  xy* ; 
then  1004?  +  \oxy  +  xy^  :  ar  +  jry  +  xy^  : :  124  :  7, 
or  100  +  loy  +  y*  :  1  +  y  +  y"  : :  124  :  7 ; 
div*».  99  +  9y  :  1  +  y  +  y* ::  117  :  r, 

or  II  +  y  :   1  +y  +  y*::    13  :  7; 
/.  i3y*  +  lay  +  is  =  7y  +  77 ; 
by  transposition,  isy*  +  6y  =s  64, 


,   ,     6  64 

or  y*  H .  y  =  — ; 

^  13    ^        13  ' 


completing  the  square,  y*  H .y  H 1  =  — 

io  1*^1  1** 

extracting  the  root,  y  +  —  =  ±  — ; 


_9 841^ 

Ti|*  "■  169  ' 


32 

.*.  y  =  2,  or ; 

'  13  ' 

also  looa?  +  I04?y  +  xy*  +  594  =  I004?y*  +  loory  +  jr; 

by  transposition,  99^  +  594  =  99J7y% 

or  0?  +  6  =  a?y*  =  43?; 

.'.  by  transposition,  6  =  3ar, 

and  2  =  ^; 

•*•  the  digits  are  2,  4,  8,  and  the  number  is  248. 


23.  There  are  five  whole  numbers,  the  three  first  of  which 
are  in  geometric  progression ;  the  three  last  in  arithmetic 
progression,  the  second  number  being  the  second  dif- 
ference. The  sum  of  the  four  last  s=  40,  and  the  product 
of  the  second  and  last  =  64.     Required  the  numbers. 
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Let  X  =  the  first, 

and  y  =  the  common  ratio  of  the  three  first ; 
/.  the  numbers  are  x,  xy,  xy*y  xy^  +  ^y,  xy*  +  24?y ; 

/.  zxy*  +  4a?y  =  40, 
and  ^*y*  +  2a?*y*  =  64. 
Multiplying  the  first  equation  by  a?y,  and  the  second  by  3, 

and  3^*y'  +  6^*y'  =  192 ; 

/.  by  subtraction,  2^'y*  =  192  —  40a?y ; 

by  transposition,  2ar*y'  4-  40^y  =  192, 

or  a?*y*  +  20xy  =  96 ; 

completing  the  square,  x'^y*  +  20^y  +  100  =  196 ; 

extracting  the  root,  a?y  +  10  =  ±  14 ; 

.'.  xy  =  4,  or  —  24. 
Now  fi-om  the  first  equation,  xy  .  {zy  +  4)  =  40, 

or  4  .  (3y  +  4)  =  40 ; 

.-.   3y  +  4  =  10 ; 

by  transposition,  3y  =  6, 

and  y  =  2 ; 

.*.  also  0?  =  2, 

and  the  numbers  are  2,  4,  8,  12,  16. 


24.  There  are  two  casks  A  and  By  of  which,  A  the  greater 
holds  312  gallons.  Into  A  a  certain  quantity  of  wine  is 
put,  and  B  is  filled  with  water*;  then  water  is  conveyed 
out  of  B  into  A  in  the  following  manner.  First,  a  number 
of  gallons  is  taken,  which  is  less  by  two  than  the  square 
root  of  the  number  of  gallons  in  Ay  then  a  quantity  less 
than  the  former  by  two  gallons,  and  so  on.  Now  when  B 
is  in  this  manner  exactly  emptied,  A  is  exactly  full :  and  it 
is  known  that  8  gallons  were  taken  out  of  B  at  one  time. 
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after  which  the  qaantiiy  left  in  B  was  12  gallons.     Re- 
quired the  number  of  gallons  of  wine  in  A. 

Since  the  quantities  taken  out  of  B  are  in  a  decreasing 
progression^  whose  common  difference  is  2,  and  one  term  of 
this  progression  is  8^  therefore  the  next  terms  are  6^  4,  2,  the 
sum  of  which  is  ss  12;  and  therefore  the  quantity  last  drawn 
out  is  2  gallons.  Let  x^  =  the  number  of  gallons  of  wine  in 
A,  then  x  —  2y  x  —  4,  &c.  are  the  numbers  of  gallons  drawn 
each  successive  time ;  and  the  number  of  terms  is  evidently 

X 

1 ;  and  therefore  the  whole  quantity  drawn  from  JB   is 


X   (x       \  _  ^'  _  ? 

2     \2  ""    /  ^    4  2* 


,       a?*       X 

.-.  a?*  + =  312, 

4        2 

5^*       X 

or =  312: 

4         2 

,         2  1248 

5  6' 

I    ..        ,,  ^2.1  1248     .      1  6241 

completing  the  square,  or x  H = 1 = ; 

5  25  5  25  25 

extracting  the  root,  x =  ±  — , 

78 

and  X  =  16,  or ,    which    last   will    not 

5 

answer  the  conditions ;  therefore  ^  =  256  =  the  number  re- 
quired. 


25.  The  diagonals  of  4  squares  are  in  an  increasing  geome^ 
trical  progression,  and  the  product  of  the  squares  of  the 
diagonals  of  the  extremes  is  to  the  product  of  the  dia- 
gonals of  the  means  as  a  side  of  the  third  is  to  the  square 
root  of  the  common  ratio   divided  by  4  v^2.     Required 


m  Arithmetical  and  Geometrical  Progressions.         287 

the  diagonal  of  the  third  square^  and  the  common  ratio^ 
supposing  their  difference  equal  to  45. 

Let '-,  Xy  xy^  and  xy*  =  the  diagonals ; 

then  since  the  diagonal :  a  side  : :  \/2  :  i ; 
the  side  of  the  third  =  — ^, 

and  -y  X  a?*y* :  x  x  xy  ::  -^^  :  -^-^ ; 
/.  x'y  :  1 ::  4x\/^  :  i; 

.\  x^y^^xy/y^ 

and  xy^  ^  4. 

Now  y  -^  xy  ^  45, 

ory  —  4y*  =  45j 

completing  the  square,  y  —  4y^  -|-4ss49; 

extracting  the  root,  y*  —  a  =  ±  7 ; 

/•  y*  =  9,  or  —  6,  which  last  does  not  agree  with  the  con- 
ditions ;  and  /,  y  ss  si ; 

whence  a?  =  —▼:=— ; 

y*      9' 

and  .*•  the  diagonal  of  the  third  square  &=  36. 


26*  Two  persons,  A  and  jB,  traded  together.  A  gained  every 
year  £3  more  than  the  preceding  year,  and  the  last  year 
he  gained  £17.  His  whole  gain  was  £57.  .  B  in  the  four 
first  years  gained  £52,  and  if  what  A  put  into  the  common 
stock  be  added  to  what  B  gained  the  second  year,  the  sum 
will  be  £i3.  How  many  years  did  they  remain  in  trade, 
and  what  were  their  original  stocks  ? 
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Since  A*s  annual  gains  are  in  an  increasing  arithmetical 
pn^ression^  whose  common  difference  is  3,  the  last  term  17^ 
and  sum  57^  if  n  =  the  number  of  terms^  then  {Alff.  2li), 

f  34(n  —  l)  .  3  J  .-«=57, 
or  37«  —  311*  =  114; 

,         37  114 

•    n n  = — ; 


3 


37  37 

completing  the  square^  n* n  +  — 


1369         114  1 


36  3  36  ' 


extracting  the  root,  n =  ±  ^  5 

/.  n=  6,  or — ; 

3 

hence  they  remained  6  years  in  trade,  and  consequently  ^'s  gain 
the  first  year  was  £2,  and  his  gain  in  four  years  was  £26. 

Let  .\  X  =  A^s  stock, 

•    and  26  :  52  :  a? :  B^s  stock  =  2a?, 

and  A*6  gain  the  second  year  being  £3, 

07  :  20?  : :  5  :  jB's  gain  =  10 ; 

/.   07  +  10  =  13, 

and  07  =  3 ; 

/.  A^s  stock  was  £3,  and  JB's  £6. 


27*  A  pyramidical  pile  of  cannon-balls,  the  base  of  which 
was  an  equilateral  triangle,  was  all  used  in  an  engagement, 
except  the  three  lowest  layers,  and  4  balls  of  the  next 
layer;  these  were  afterwards  formed  into  a  pile  with  a 
rectangular  base,  having  as  many  balls  in  one  side  of 
the  lowest  layer,  as  there  were  in  the  side  of  the  lowest 
layer  of  the  pyramidical  pile,  and  4  in  the  adjacent  side. 
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What  was  the  number  of  balls ;  and  what  the  number  of 
layers  in  each  pile  when  complete  ? 

Let  a?  =  the  number  of  balls  in  a  side  of  the  lowest  layer ; 

0?  +  1 


•   •      Mr    • 


=5  the  number  of  balls  in  that  layer. 


and  (^  —  ]).--  =  the  number  in  the  next, 

ftp  —  1 
and  (a?  —  2) . =s  the  number  in  the  third; 

3*r*  "■"  3«i?  •4-  2 

•*. h  4  =  the  whole  number  left. 

2 

Now  since  there  were  only  4  balls  in  one  side  of  the  second 
pile,  there  can  only  be  four  layers,  which  will  contain  4x, 
3  .  (a?  —  i),  2  .  (a?  —  2),  and  ^  —  3  balls  respectively ; 

3.r*  —  3^  +  2 

/. 4-  4  =  loa?  —  10, 

2  ' 

or  3a?'  —  3^  4-  2  H-  8  =  200?  —  20  ; 
by  transposition,  30?'  —  23o?  =  —  30, 

s         23 

or  0?* 0?  =  —  10 ; 

3 


completing  the  square,  a?' .  a?  +  — 


529       169 

=  — 10  =  — ^1 

36         36  ' 


extracting  the  root,  a? =  ±  — , 

5 

and  0?=  6,  or  -,  which  last  cannot  answer  the  conditions  of 

'  3' 

the  problem.  Hence  there  were  6  layers  in  the  first  pile, 
and  they  contained  i,  3,  6,  lo,  15,  2i  balls,  respectively; 
.%  the  whole  number  of  balls  in  the  first  pile  was  56,  and  in 
the  second  50. 

IT 
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(31.)  In  the  preceding  solutions  it  may  be  observed,  that, 
in  many  instances,  values  of  the  unknown  quantities  are  de- 
duced, which  do  not  agree  with  the  conditions  of  the  pro- 
blems. This  is  always  the  case  when  the  roots  of  the  equations 
are  negative;  and  the  circumstance  arises  from  that  peculiar 
quality  of  an  algebraic  expression,  by  which  it  is  denominated 
either  positive  or  negative.  The  product  of  two  or  any  even 
number  of  such  quantities,  whether  all  of  them  are  positive  or 
all  negative,  will  only  be  affected  with  a  positive  sign:  thus 
the  quantity  xy  will  represent  the  product  of  +  ^  x  +  y^  or  of 
—  0?  X  —  y ;  and  «%  of  +  a  x  -h  a,  or  of  —  a  x  —  o ;  con- 
sequently, in  the  reduction  of  such  quantities  to  their  con- 
stituent factors  by  the  rules  of  division  or  evolution,  these 
factors  may  be  consideredvcither  as  all  positive  or  all  negative. 
But  in  common  language,  in  which  the  conditions  of  a  pro- 
blem are  expressed,  quantity  or  number  is  from  its  very  nature 
what  in  Algebra  is  meant  by  the  term  positive,  i.  e.  it  increases 
any  homogeneous  quantity  to  which  it  is  added,  and  dimi- 
nishes any  one  from  which  it  is  subtracted.  Hence  it  may 
be  understood,  why,  when  quadratic  equations  are  formed  to 
express  the  conditions  of  a  problem,  the  resulting  roots  may 
exceed  in  number  what  appear  to  be  required  as  answers  to 
the  problem,  and  why  such  as  are  negative  cannot  be  applied 
to  its  conditions. 

These  roots  or  values,  however,  though  inapplicable  in 
their  present  shape,  wiU,  if  assumed  as  positive,  become  cor- 
rect answers  to  the  problem  under  a  different  modification 
of  the  conditions.  In  the  equations  thence  deduced,  these 
former  negative  values  will  appear  as  positive  roots,  and  the 
former  positive  values  as  negative  roots.  Thus,  if  Prob.  12, 
page  213,  be  transformed  into  the  following,  ''A  detachment 
*^  from  an  army  was  marching  in  regular  column  with  5  fewer 
^^in  depth  than  in  front;  but  upon  the  enemy  coming  in 
*^  sight  the  front  was  increased  till  it  became  =  845  —  the 
"original  front;  and  by  this  movement  the  detachment  was 
**  drawn  up  in  6  lines.  Required  the  number  of  men  ;'^  from 
the  solution  of  this  problem  the  number  is  found  to  be  3900, 
answering  to  the  number  which  would  be  found  from  using  ^ 


Solution  of  Problems.  291 

the  negative  value  of  x  in  the  original  problem ;  and  the  equa- 
tion for  determining  this  (j?*  —  50?  =  4225  —  5x)  differs  from  the 
other  only  in  the  sign  of  x. 

In  Prob.  19^  page  2\7,  se  is  found  to  be  equal  to  ±  Ay  where 
the  negative  value  shows^  that  if  the  trading  vessel  had  turned 
out  of  its  first  course  in  a  direction  contrary  to  CE^  or  on  the 
opposite  side  of  the  line  A  C>  it  would  have  been  taken  after 
sailing  4  miles  in  that  direction. 

In  Prob.  1,  page  227^  the  negative  value  of  x  is  found 
to  be  -^  130.  But  if  the  prolbem  be  modified  so  as  to  become 
"A  merchant  sold  a  quantity  of  brandy,  by  which  he  lost 
^'£39  more  than  the  prime  cost,  and  found  that  his  loss 
*^  was  as  much  per  cent,  as  the  brandy  cost  him.  What  was 
"that  price ?'^    the    equation    for    determining  the  price,   is 

=  39  +  ^,  which  is  deduced  from  the  equation  to  the 

original  problem  by  changing  the  sign  of  Xy  the  positive  value 
of  which  is  in  this  case  130. 

Also,  in  Prob.  4,  page   228,  the  negative  value  of  x  is 

15 

.     Now  if  the  problem  were,  "  Bought  two  sorts  of  linen, 

"  for  the  finer  of  which  I  gave  6  crowns  more  than  for  the 
"  other.  An  ell  of  the  finer  cost  as  many  shillings  as  there 
"  were  ells  of  the  finer.  Also  28  ells  of  the  coarser  (which 
"  was  the  whole  quantity)  sold  at  such  a  price,  that  8  ells 
"  cost  as  many  shillings  as  one  ell  of  the  finer.  How  many 
*^  ells  were  there  of  the  finer ;  and  what  was  the  value  of 
"  each  piece  V  an  equation  arises  differing  from  the  equa- 
tion to  the  original  problem  only  in  the  sign  of  Xy  and  whose 

positive  root  is  — ;  whence  there  were  7t  ells  of  the  finer  at 

7s,  6d,  per  ell,  the  whole  price  of  which  was  therefore 
£2,  i6s.  3d.y  and  the  whole  price  of  the  coarser  was  £1.  6^.  3d. 
And  in  the  very  same  manner,  all  the  other  problems  may 
be  transformed. 

u2 
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(32.)  The  same  reasoning  will  applv  to  the  case  in  which  all 
the  roots  of  the  resulting  equation  are  negatiTe.  None  of  its 
Talues  can  in  this  case  be  applied  to  satisfy  the  conditions  of  the 
problem ;  but  if  the  conditions  are  properly  modified,  equations 
may  be  deduced,  of  which  these  values  rendered  positive  will 
become  roots,  and  will  satisfy  such  conditions. 

The  same  observation  holds,  if  the  resulting  values  be  the 
square  roots  of  n^ative  quantities,  with  this  exception,  that 
such  roots  can  never  be  applied  to  satisfy  the  conditions  of  the 
problem  under  any  modification  whatever. 


SECTION  XL 


PRAXIS. 


I.    Simple  Equations  involving  only  one  unknoum  Quantity. 

1 

!•     Given  19a?  +  13  =  59  —  4Xy  to  find  the  value  oix. 

Answer  a?  =  2. 


2.  Given  30?  +  4 =  46  —  2a?,  to  find  the  value  of  x. 

3 

Ans.  ^  =  9, 

3.  Given  x*  4-  I5a?  =  35*  —  3a?*,  to  find  the  value  of  a?. 

Ans.  d?  =:  5. 


4.     Given h  10  = h  11,  to  find  the  value  of  a?, 

6       4  3       2  ' 

Ans.  X  =  12. 


5.     Given h  3  = ,  to  find  the  value  of  a?. 

5  3      ' 

Ans,  a?  =  9. 


6.     Given  +  5a?  =  28  + ,  to  find  the  value  of  x. 

3  7 

Ans.  a?  =  4. 
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7.     Given h  2a?  = h  16,  to  find  the  value  of  x. 

5  5 

Ans.  a?  =  7. 


8.    ijiven h  4  sss 1 ,  to  find  the  value 

2  4  6 

of  a?. 

Ans.  0?  =  3. 


^      ^.         2a?— 5   ,   19  — a?       100?  — 7       5    .     ^    ,  . ,         , 

9«     Given 1 = ,  to  find  the  value 

18  3  9  2 

of  a?. 

Ans.  0?  be  7* 


10.    Given  j? = ,  to  find  the  value  of  x. 

3  4 

Ans.  0?  s=s  13. 


1 1.    Given =  39  —  5o?,  to  find  the  value  of  0?. 

8  3 

Ans.  0?  =  9. 


i-i-  19+20?  7o?  +  ii      .      ^    ,    .,  , 

12.     Given  40? =  15 •    to    find    the  value 

5  4      ' 

of  0?. 

Ans.  0?  s=  s. 


j^,  21  — 30?         40?  +  6  50?  -1-1  ^     •■    *  , 

13.    Given =  6 ,  to  find  the  value 

39  4 

of  0?. 

jcVNS.  0?  ^s  3. 


i-i-  ».*     .     30?—  1         70?  +  3        80?+  19    .     n    jt  ^x.         i 

14.    Given  7i  H —  = ,  to  find  the  value 

of  0?. 

Ans.  0?  =s  7* 
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16.    Given =s ^— ^,  to.fiQd  the 

U  2  3  2 

value  of  0?. 

An8.  0?  =  6. 

16.  Given  *  + ?I=:H  «  Sfjti  =  ii  _  »£+i  ,  ?£±if, 

4  6  12  3  12       ^ 

to  find  the  value  of  a?. 

An8.  0?  =  5. 
.^      r^'  ra?— 8        15a?+8       ^  31  — «?     .     ^    ,.,  , 

17.  Given h =s  3  J? ,  to  find  the  value 

.     11  13  2        ' 

of  ar. 

An8.  0?  =  9. 
Sal?  «»  1         7j2?  ""^  2  a? 

18.  Given =  H » to  find  the  value  of  a?. 

2  10  ^       «' 

An8.  dr  =  3. 

^.         3a?  —  3       3a?  —  4       ^,        27+4a?  ,     «   j^,         , 

19.  Given =  64- ,  to  find  the  value 

4  3  ^  9  , 

of  a?. 

An8«  a?  =s  9. 

^.  4a?— 34        268— 5a7        69  —  a?       .       i2    J     i.u  i 

20.  Given —    ■  ■     ■     =  —     to    find    the  value - 

17  3  2      ' 

of  a?. 

An8.  a?  s=  61. 

^.  4a?  —  2      2a?+  11       7  —  8a?  .    ^    ,  .,       <, 

21.  Given  2a? = « to  find  the  value 

13  5  7 

of  a?. 

An8«  a?  s=  7. 

^.        2a?  +  1      402— 3a?  471  — 6a?     .     ^    ,   ., 

22.  Given =  9 •  to  find  the 

29  12  8 

value  of  a?. 

An8.  a?  =s  72. 
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„.    Given  ^^±i-5^±i  =  ?^:^'-?^^=^,  to  find  the 

8  7  4  14 

value  of  ^. 

An8.  d?  =  9. 

^.  3ar+25        17—60?       ^,     ,  9a?+40 

24.  Given  5 =  2^V  +  ^ 1 y     to 

4  9  8 

find  the  value  of  x. 

Ans.  07  =  4. 

^.  70?— 43    .         ,  5  +  40?        ^,^        30?—  12 

25.  Given  +  13i =  256 

12  6  9 

120?,  to  find  the  value  of  o?. 

8  ' 

An8.  X  =  19> 

^.  .      1  30?— 13        12+70?        ^  9+50? 

26.  Given4^+--— ^^ _  =  7;,_33-— ^j^ 

.  to  find  the  value  of  x. 

8 

Ans.  0?  =  15. 

^.  31+40?        30? +47         30?—  19  ^,     .     16—100? 

27.  Given -^ ^ _  =  47*  +  ___ 

507+20 


y  to  find  the  value  of  x. 


7 
Ans.  0?  =  17.  • 

28.  Given 5  =  -,  to  find  the  value  of  o?. 

0?  X 

K               3a  —  6 
Ans.  0?  = . 

4 
5  4  2  3 

29.  Given  - .  a6  +  -ac .  co?  =  - .  ac  +  2ab  —  6co?,  to  find 

the  value  of  x. 

.               joab  —  3ac 
Ans.  0?  = . 

320  C 
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^.        lia?  — 13       i9ar+3       5ar— 25^          .       17^+4   ^ 
30,     Given ■ =  284^ —3  to 

25  7  4  ^  21       ' 

find  the  value  of  4?. 

AnS.  07  =  8. 


30?                                                              a? +  4 
4  8 

2  4«r  ^7  2  • 

31.     Given  — h  0?  = •  to  find  the  value 

6  9  3        ' 

of  A'. 

Ans.  2?  =  4. 


10—  30? 
5j» 

^.  0?— l^        2  —  60?  4  X     /s    J  xu 

32.     Given =^ a=  0? ,  to  find  the 

2  13  39 

value  of  0?. 

Ans.  0?  =  11. 


33.     Given  -r h  A^  =  -7  —  6  +  (rf  +  i) .  0?,  to  find  the 

be        a  f  V  /      7 

value  of  0?. 


.                   ((P^ab).bcf 
Ans.  0?  =  -t:^ f — r— j  • 


34.     Given  -r-+-j-  +  -?-  —  ^  =  A^to  find  the  value  of  or. 

o        a        J 


a*x 


35.    Given  ■; rfc=ia;  —  ac,  to  find  the  value  oix. 

b  —  c 

Anb  j,-C'(*-c)-(<^-«) 
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36.     Given = +  -  +  —  •  to  find   the  value 

of  a?. 

Ans.  or  s  6. 


37.    Given  — -— —  = +  -,  to  find  the  value  of*. 

36  5;P  —  4         4 

Ans.  0?  ss  8. 


^.  200?  +  36    ,    5a?  +  20        4a?    .86      ^     ^    J   ^,  , 

38.    Given --_+__  =  _+_,  to  find  the  value 

of  J?. 

AnB.  d?  ss  4. 


^.  100?  4-  17         120?  +  2         50?  —  4      .      ^     ,    .,  - 

39.     Given — —  = ,  to  find  the  value 

18  130?  — 16  9 

of  0?. 

Ans.  0?  =:  4. 


40.    Given h  -- — — --•  =  — ; ,  to  find  the  value 

28  607  +14  14        ' 

of  0?. 

Ans.  x^s^I. 


^.  20?  -H  8^  130?  —  2      ,    0?        IX        «  +  16     .      /s     , 

41.  Given ^  — +  —  = — —  •  to  find 

*  9  170f  —  32  ^  3         12  36      * 

the  value  of  o?. 

Ans.  0?  =  4.  I' 

^.  IX  ^^         20?  +  4^    ,    0?         110?        *  — 3     4^fi„^.. 

42.  Given  — — •— - — J  +  T  =  T^ 'nr  y  ^  "^^  ^® 

28  230?  —  6         4  21  42 

value  of  X. 

Ans.  0?  a  4. 
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11 

43.  Given -j^ ___  =  _^ +  _, 

to  find  the  value  of  x, 

AnS.  0?  s=  4. 

44.  Given  5Lli?-i^  =  ac  +  ^,  to  find  the  value  of  a?. 

Ans.  0?  =  -. 
c 

45.  Given  — — r-  = ^n,  to  find  the  value  of  x. 

a  +  ox      e  +  far 

.  ad'-ce 

Ans.  X  s=  -7 — T-j« 

46.  Given  ^  +  :^  +  :#-  +  /-=  *^  *^  ^^^  *^®  ^^^^  ^^^• 

ox      ax     fx      nx 

_  adfh  +  bcfh  +  bdeh  +  &rf/y 

47.  Given  (a  +  a?) .  (6  +  a?)  -  a.  (*  +  c)  =  ^  +  a?*,  to    find 

the  value  of  x. 

.  ac 

Ans.  a?  SB  -V-. 


48.    Given  ^^  +  ^  ;  If ?::  u  :  5,  to  find  the  value  of  a?. 

6  7 

Ans.  0?  =  4. 


4g.     Given  ^^^^^  :  li±H  -  2a? ::  s  :  4,  to  find  the  value 

4  o 

of  a?. 

Ans.  a?  =  3. 
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50.     Given  I6a?  +  6  : : —  ::  36a?  +  lo  :  i,  to  find  the  value 

9^4-31  ^ 

of  X. 

AnS.  07  =  5. 


51.     Given :  1  ::  2a?  +  19  :   34?  —  19,  to  find  the  value 

6a?  — 43 

of  a?. 

Ans.  a?  =  8. 


r^'  .   7a?  +  9  .  loa?*  —  18     .      ^   J   ^v         , 

52.     Given  5a?  H =  9  +  : y  to  find  the  value 

457+3  2a?  +  3    ^ 

of  a?. 

Ans.  a?  =  3. 


63.     Given  \/  (10a?  -f-  35)  —  1  =  4,  to  find  the  value  of  a?. 

Ans.  a?  =  9. 

54.  Given  v^  (9a?  —  4)  +  6  =  8,  to  find  the  value  of  a?. 

Ans.  a?  =s  4. 

55.  Given  \/  (a?  +  16)  =  2  +  \/a?,  to  find  the  value  of  a?. 

Ans.  a?  =  9. 

66.     Given  y/  (a?  —  32)  =  16  —  y/x^  to  find  the  value  of  a?. 

Ans.  a?  =  si. 

57-     Given  y/  (4a?  +  21)  =  2  v^a?  -I-  1,  to  find  the  value  of  a?. 

Ans.  a?  =  25. 

68.     Given  a^ {bx  —  c)  =  rf  .  y^ (ea?  +/a?  —  g)y  to   find   the 
value  of  a?. 
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59.  Given  ^  (a*  +  c)  =  s/yj—j — z^)^  ^^  ^^^  *^®  value  of  a?. 

Ans.  a?  =    ,  ,..  a   . — :  —  b. 

60.  Given  ^  (a  -f  ^)  =  v  ^'  +  5aa?  +  A',  to  find  the  value  ofx. 

«'  -  *' 
Ans.  X  = . 

61.  Given  a  +  i.v^(«?  +  rf)  =  c,  to  find  the  value  of  d?. 

Ans.  0?  =  f     .     j   —  rf. 

62.  Given  ^ =  — 7= ,  to  find  the  value  of  x. 

s/oi  +  2  V  a?  +  40 

Ans.  ar  =  4. 


63 


.     Given  ^~= ^-— =  .=  -=-5  to  find  the  value  of  x. 

Ans.  0?  =  0  .  (    ^,1 . 


\/6«P  — ■  2        4  \x  6*P  "■"  0 

64.  Given  \^ — =  — 7= ,  to  find  the  value  of  x. 

\/6x  +  2        4  \/ 6a?  +  6 

Ans.  ^  =  6. 

65.  Given      . — 1  *=  ,  to  find  the  value  of  x. 

\/bx  +  3  2 

Ans.  a?  =c  5. 

66.  Given  \/  1  +  x^  {x^  +  12)  =  1  +  a?,  to  find  the  value  of  x. 

Ans.  X  =  2. 


802  Simple  Equatiom  iiwohring 

67.    Given  -^  .  \/  (c*a?*  +  d")  +  — r—  =  ewy  to  find  the  value 
of  X. 


An8«  X  = 


2abce 


68.     Given  y/x  •¥  y/  {x-^g)  =  — jy ;,to  find  the  valueof  ;r. 

V  V^  "  9  j 
AnS.  0?  =:  25. 


II.     Simple  Equations  involving  two  unknoum  QuafUiiies. 

^  ""    ^  I  to  find  the  values  of  x  and  y. 
and  y  +  3^  =  27,J 


An8 


fa?  =  8, 

ly  =  3. 


'  J»  to  find  the  values  of  x  and  y. 

and  8a?—  I3y  =  gj 


Ans 


Cx^e, 

•  ty  =  3. 


3.     Given  ^  +  ^  =  6, 

\  to  find  the  values  of  x  and  y. 
and  ^H-|  =  5-J, 


Ans 


far  =  12, 
'  \y  =  16. 


4.    Given  -  +  8y=  194, 

8 

and  ^  +  sx=i  131, 
8  ' 


to  find  the  values  of  or  and  y. 


Ans 


{a?=  16, 
y  =  24. 


two  wikncwn  Quantities, 
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5,    Given h  3y 

5 

3y  —  5 


/  * 

4  =  15, 


and  "^       "  +  2a?  —  8  =  n, 

6. 


to  find  the  values  of  a? 
and  y. 


6.    Given  9a?  +  —  = 

6 

-            13a? 
and  7y —  =  44, 


=  70,1 

I  to 


find  the  values  of  a?  and  y. 


f  a?  =  6, 

Ans.  < 

ly  =  10. 

^.        7+a?      aa?  —  y 
7.    Given  ^-^^ 7-^  =  ay  —  5^ 


and 


£y--l  ^  ifjij  =  i« « 


2 


=  18  —  5a?, 


to  find  the  values  of  a? 
and  y. 


Ans.  f  =  ^^ 

ty  =  2. 


8. 


^.                       3y  +  4a? 
Given  a?  +  1 ^— —  =  7 

7 

J                 6ar— 4y 
and  y  —  3 =  a? 


9y  +33 
iiy— 19 


2 


to  find  the  values 
of  a?  and  y. 


Ans. 


[a?  =  6, 
iy  =  5. 


i-i-              .  15  —  a?      «     j^  ^   ,  7af  +  ii 
9.    Given  4a?  +  — - —  =:  2y  +  5  H — — , 

2y  +  4 


and  3y 


_^  2  a?  +  y  _ 


2a?  + 


to  find  the  values 
of  a?  and  y. 


Ans. 


fa?  =  3, 

ly  =  4. 
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10.     Given  a? -!— ^  +  17  =  sy  + ^--^,       to  find  the 

>       values  of 
and = 2 .  -P  and  y. 


3  11 

An8 


18 


N8.  1^  =  ^^ 


^.        70?  — 21      zy  —  X  30?— 19 

II.     Given h  -^^ =  4  H ^, 

6  3  2      ' 


,  20?  +  y      90?  —  7_  3y  +  9      4o?4-5y 


2 


8  4 

Axs.  [^  ==  ^' 


16 


to  find  the 
>      values  of 
X  and  y. 


12. 


Given  -7 = 3  .,    ,    , 

b-\-y      sa  +  o?'  I  to  find  the  vahies  of  0?  and  y, 

and  ax  '\-  2by  =  Cy     J 


Ans.  < 


X  = 


y  = 


2y  —  6g*  4-  g 

3a  ^ 

3a»  —  y  ^-  g 

3A         • 


13.     Given 


7x  -^  6 


4y  —  9 

4-  — =  30? — 

11  3 

and  30?  -f  4  :  2y  —  3  : :  6 :  3, 

to  find  the  values  of  x  and  y. 


13  —  0?        3y  —  0? 


Ans. 


b  =  9. 


14.     Given 


50? +  13      8y  —  30?  —  5  70?  — 3y  +  i 

iL =  94.   :: , 

2  6  3 


,  X-^7       3V  —  8 

and  — ^  :  -^ +  40? ::  4  :  21, 

3  4 

.    to  find  the  values  of  0?  and  y. 
Ans.  < 


tuH>  unkTunvn  Quantities, 


805 


15. 


Given 

X  +  y  :  4x  +  y  :: 

4 

:r. 

and 

— i—  2X 
6 

5 

Ans.  1 

21  — 

4 

fa?  =  2, 

3y 

2  + 
3 

10 

I 


12 


to  find  the 
values  of 
X  and  y* 


^.       3a?  +  4y  +  3      2a?  +  7  — y         .  y— 8 

16.     Given J — ^— ! -I-^ ^  =  6  +  =^ , 

10  16  6     ' 

,  9y  +  5ar— a      x+y  __7x  -^  6 
12  4      ""       11      ' 

to  find  the  values  of  x  and  y. 


^.                .   4y— i7  +  a?      15  —  30?      I2y  +  ii 
17.     Given  I3a?  +  -^ =  — 2— ^ — 

12  4  3 

12a?  +  7y  +  28 


,  ga?  +  18  _^  12  +  sy  —  6x  ^  isa?  —  3y  —  5  _  7a?  -f-  y  —  lo 


15 


to  find  the  values  of  a?  and  y. 

Ans. 


\y=n. 


-,.  (sa  —  ib)  .  ab 

18.    Given  3a?  +  5y  =  -^ — ^,  _  ),, — ^, 

aci* 


a'-i' 

and  a'«  —  "']'".  +  (o  +  A  +  c) .  Jy  =  i*af  +  (a  +  2i)  ab, 

to  find  the  values  oix  and  y. 

ab 


\ 


Ans. 


x  = 


y  = 
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„.    Given  H±l  +  ^«^±^f±ii  =  9i  -  5^ 

7  2 

to  find  the  valaes  of  jr  and  y. 


20.    Given ^ =  s-  +  -  +  -, 

3  12  2        3        4 

and  f  +  ^  +  ij.:  45?  -  ^  —  24  ::  3|  :  3j, 

7         4  8 

to  find  the  values  of  a?  and  y. 


An8.  (^  =  '^ 


21.  Given  (a?  +  6)  .  (y  +  7)  =  (a?  +  i)  •  (y  —  9)  +  112, 

and  24?  +  10  =  3y  +  1, 

to  find  the  values  of  4?  and  y. 

22.  Given— ^+-^  =  34  +  -^— ,  I 

10  2y— 8  5       ^  ) 

to  find  the  values  of  x  and  y. 
Anb.  I*  =  '' 


I 


two  unknown  Quantities, 
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23.     Given  4a?  —  34* ^ -—  = , 

27  —  6y  3      * 

J  21  — 4y         184?  -t-   13 

and  34?  + = 2^-, 

447—10  6  ^ 

to  find  the  values  of  a?  and  y. 


An8.  (^  =  '^ 


^.           ^       .    ^                    128a?*  —  I8y*  +  217 
24.     Given  164?  +  6y  —  1  s= • 

^  84?  —  3y  +  2       ' 

J   104?  4-  lOy  —  35  54 

and ^5 , 

24?  +  2y  4-  3  34?  +  2y  —  1 

to  find  the  values  of  4?  and  y. 


Ans. 


f4?=6, 

ty=5. 


34  + 


iiy 


25.    Given  44?  +  3y  + 


2     ^  164?*  +  124?y—  84?  +  5y  +  28 
24?  +  1     ""  44?  —  2 


and  24?  +  4  =  3y  + 


84?*  —  18y*  +  108 


44?  +  6y  +  3 

to  find  the  values  of  4?  and  y. 


Ans 


f4?  =  3, 

•  ty  =  2. 


26.     Given  34?  +  6y  +  l  = 


64?*  4-  130  —  24y'  V    .     ^  J  ^, 
= -^— ^,        to  find  the 

-        values  of 


and  34? 


151  —  164?  __  94?y  —  110 

4y  —  I     ""     3y  —  4   " 

Ans.  f*  =  '' 

x  2 


X  and  y. 


808     Simple  Equatuma  involving  two  tmknown  Quaniities. 


37.    Given 


0?— 6 


s^^ 


us 


4JF  +  7 7__  19  +  y 

24  6  42 


+  6 


56y 


J  .13  .86  ^14 

and  124?  —  isy  H :  loy  —  SiPH ::  93  —  9^  :  64?  — --, 

43  5 

to  find  the  values  of  x  and  y  • 

ly  =  7. 


28.    Given 


74? 

^  +  6y 


3y  +  6      3  J?  —  2 

6  10 


8 


16' 


30?  .  2y        1  .  ^      y       ^ 


and-  +  f +  2j:--|  +  -::ioJ: 
to  find  the  values  of  or  and  y. 

Ans-  (^  =  ^' 
ty  =  3. 


1^ 


T9 


29.    Given 


43?  —  2y  +  3       18  —  0?  +  5y 


4         5  ""  7        ^^M 


and  2ar  —  y  +  15  :  y  —  2a?  +  15  : :  —  -  +  - 

344 

to  find  the  values  of  x  and  y. 

Anb,  (^  =  ^^^ 
ly  =  24. 


4    3    12* 


30.    Given  4  + 


6y  +  2             3xy  —  31 
i2y ^^i —  — ^, +  104?  +  13 


X 


11 


y  + 


11 


34? 


,     170 

44?y  H 

,24?        34?  —  6  ^  3 

and =: , 

3        y  +  7         6y  +  27  ' 

to  find  the  values  of  4?  and  y. 


An  8 


(x=^7, 
•  ty  =  2. 


Ptere  Quadratics,  S^e.  809 

31.    Given  v/y  -v/(y-a?)=^(20-  »),!  to  find  the  values 
and  ^(y  -  a?)  :  ^  (20  -  a?)  ::  3  :  2,/      of «  and  y. 

Ans.  I*  =  ''' 

ly  =  25. 


III.     Pure  Quadratics  Und  others  which  may  be  solved 
without  completing  the  Square. 

1.  Given  3d?*  —  4  =  28  +  a?',  to  find  the  values  of  x. 

Ans.  ^  =  ±  4. 

2.  Givena?  +  y  :y  ::  3  :  1,1 

,  s  to  nnd  the  values  of  a?  and  t/. 

and  a?y  =  isj  ^ 


Ans 


f  a?  =  ±  6, 

'  ly  =  ±  3. 


3      (jTiven  aP  ■■"  1/  *f/**  4  *  si 

J    •     '  y  '  •     '    ^  I  to  find  the  values  of  a?  and  t/. 
and  a?'  -f  4y*  =  181,J  ^ 


Ans 


f  0?  =  ±  9, 

I  y  =  ±  6. 


4.    Givena?H-y  :a?-y  ::  a:  d,T      ^   ,  ^,       ,        ^ 

J  t  r  ^  "'^^  ^'^^  values  of  x  and  y. 

and  xy  s^  {?  ,1 


Ans.  * 


6.    Given  x"  +  y^  :  x"  -  y*  \:  \7  :  s^to  find  the  values  of  x 

and  a?y*  s=  45 J       and  y. 


Ans.  (^  =  =' 


810     Pure  Qmdratica  and  others  which  may  be  solved 


6. 


•  ■        '  >  to  find  the  values  of  x  and  y. 
and  4?y  —  y"  =  18,J 


ly  =  ±  3. 


7. 


Given  a?  +  y  :  a;*  —  y*  : :  1:45"!  to  find  the  values  of  x 

and^yss2i^J       andy. 


AN8.f  =  ''^'-^' 

\y  =  3,  or  —  7. 


^  I  to  find  the  values  of  4?  and  y. 
X  —  y  :  w  ::  m  :  n^j 

~  ""     '  ^   \na  -h  wA  —  wA/' 

n  —  f»  /  /  nc \ 


An  8.  - 


9.    Given  a^  + 


y*  :  ar*  —  y*  : :  559  :  127,")   to  find  tl 
and  x*y  =  294  J       and  y. 

fx^r, 

•  ty  =  6. 


the  values  of  ^ 


Ans 


10.     Given  a?*  —  a?y  :  ^y  —  y*  : :  3  :  7,"]   to  find  the  values  of  x 

and  xy*  =  147)  I       and  y. 

Ans 


NS.   (^  =  ^' 


1 1.     Given  \/x  +  \/y  ^  \/^  "-  V^y  : :  4  :  1,1  to  find  th6  values 

and  ^  ^  y  =  i6,j     of  x  and  y. 


r«.— 


Ans.  < 


0?=  25^ 


Vx      vy        J I  ^  gj^j  |.jjg  values  of  4?  and  y. 
and  v^  H-  v^  *=  ^J  »« 


Ans 


{^  =  625, 
y  =  i6. 


without  completing  the  Square, 
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13. 


14. 


15. 


16. 


19. 


Given  a?  —  y  :  \/x  —  y/y  : :  8  :  i,l  to  find  the  values  of  a? 

and  \/xy  =  16,J      a»d  y* 

\y  =  9,  or  25. 

Given  a^  ^y*  :  a^y  —  4?y* : :  7  :  2,1  to  find  the  values  of  j? 

and  a?  +  y  =  6,J         and  y. 

fa?  ==  4,  or  2, 
Ans.  < 

ly  =  2,  or  4. 


»  to  find  the  values  of  x  and  y. 


Given  -  -f  -  =  -, , 
0?      y       2* 

and  —  =  -j 
a?y       9" 

fj?  =  6,  or  3, 
Ans.  < 

Ly  =  3,  or  6. 

1    •       T      ^  i  to  find  the  values  of  se  and  y. 
and  or  --y^  ^g,j 

Ans.(^=*^' 


17.     Given  a^  —  y^  ss,  66, 


and  a?  —  y  =  — , 


>  to  find  the  values  of  of  and  y. 


ty  =  2,  or  —  4. 


18.    Given 


v/3 


1  -  V^  (1  -  a?")       1  +  v^  (I  -  a?»)  ■"   a7»  ' 
to  find  the  values  of  d7» 


Ans.  a?  =  ±  -. 

2 


^      ^  ""      ^  I  to  find  the  values  of  a?  and  y. 
and  a?y*  +  y  =  14J 

Ans.  <!^  =  ^>^"^? 

y  =  4,  or  10. 


8)2     Pure  Quadratics  and  others  which  may  be  solved 


20. 


Given  ^x+^y^  6,|  ^  g^^  ^^  ^^^^  ^f  ^  3,^^  y^ 
and  a?  4-  y  =  72,  j 


Ans 


{J?  =  64,  or  8, 
y  =  8,  or  64. 


21.     Given  Aai^  +  -  =  — 


+  _  =  _+, oy,l 

ando;*  +  3y  =  55,  J 

f  ar  =  ±  5, 
Ans.  < 

{y  =  10. 


to  find  the  values  of  x  and  y. 


22. 


a?  +  v/  (2  —  ^  )      a?  —  v/  (2 
values  of  x. 

Ans.  a?  s=  ±  ^  ( V 


-^) 


s=  a^,  to  find  the 


23.     Given 


X 


^  (a*  +  x^)  — X 
Ans.  a?  =  ± 


=  A,  to  find  the  values  of  d?. 
ab 


24. 


v/(2A  +  i)' 
Given  ix/  (4y  -  a?)  H-  J  v/(y  -  ^)  =  x/  (2y  -  a?), 

and  I  v"  {^'  -  6y)  +  \/  (y'  -  9^)  :  v/  (^  -  ^V)  '•  •  1 3 
to  find  the  values  of  x  and  y. 


J 


Ans 


25. 


s         y  s         X 

4  y  4 


] 


a? 


to  find  the 
values  of 
X  and  y. 


Ans. 


^  2 


foiihout  completing  the  Square. 
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26. 


Given  ai 
and^ 


H-  yl  =  20,"1 
+  yi  =  6,  J 


to  find  the  values  of  x  and  y. 


Ans. 


fa?  =  ±  8, 

\y  =  32,  O] 


=  ±  8,  or  ±  x/s* 

or  1024. 


27. 


Given  a?*  H-  24?*y*  +  y*  =  1296  —  4^y .  (a?*  +  a?y  +  y*), 
and  5?  —  y  =  4, 
to  find  the  values  o{x  and  y. 


} 


Ans.  (^  =  ''  "^  -  '' 

ty  =  1,  or  —  5. 


28.  Given  (a**  +  i) .  (a?i  —  i)'  =  a .  (4?  +  1),  to  find  the  values 

of  X. 

29.  Given     ,-  ,      j, \  =  a,  to  find  the  value  of  x. 

y/a  +  v/  (fl  -  ^) 


Ans.  X  = 


4  a' 


(a  +  i) 


1  • 


30. 


Given  v/^_±Jv/J?:ziy)  =  4  ^ 
and  y/i  :  s/y  • '  \/y  •  ^^ 

f  625 

Ans.  •  16  ' 

\y  =  25. 


to  find  the  values  of  x 
and  y. 


31.    Given =  -, 

y       a?        4' 

and  x^y  —  xy^  =  16, 


'  to  find  the  values  of  x  and  y. 


ty  =  2,  or  —  4. 
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32.     Given  ^^, { . =  9,  >  to  find  the  value  of  x. 


An8.  JT  =  -  . 
9 


.     Given  — ; ^^, : — r,  =  i,  I  to  find  the  values  of 


Ans.  0?  ss  ±  a . 


2v/A 


and  ar*  +  y*  :  47y  : :  34  :  15,  J    x  and  y. 

35.  Given  a?*^'  —  a^y*  =  2i6,1  .    ^    ,  . ,        ,         ^         , 

,    ,  ,  >  to  find  the  values  of  0?  and  y. 

and  ary  —  xy^  =  6,    | 

Ans.  I*  = '' '^'^  - ''^ 
Ly  =  2,  or  —  3. 

36.  Given  a?«  +  a?  v^  («2?y^  =  208,"1  .    ^    ,  . ,        ,         ^        j 

f    •  Tj  ,\\  I  to  find  the  values  of  d^and y. 

.  and  y  -H  y  v^  i^y)  =  1053J  ^ 

fa?  =  ±  8, 

Ans.  { 

ly  =  ±  27. 

37.  Given  a?l  +  aiyi  +  yl  =  1009,1  to  find  the  values    of  x 

and  a^  +  rfy!  +  y*  ^  682193,/        and  y. 

.^^^    f*  =  8i,ori6, 
[y  =  16,  or  81. 


■*  +  y*  +  a?y .  (a?  +  y)  =  68,1   to  find  the 
a?*  +  y'  —  3a?*  =  12  H-  3y*,J         X  and  y. 


38.    Given  a?*  +  y*  +  a?y .  (a?  +  y)  =  68,)   to  find  the  values  of 
and 


Ans 


(x  =  4,  or  2, 
ly  =  2,  or  4. 
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39.     Given  ^y  •  (^  +  y)  =  84,    ) 

,    ,  ,   ,  ,        '  >  to  find  the  values  of  a?  and  y. 

and  a?*y' .  (ar  +  y*)  =  36oo,J 


Ans 


{a?  =  4,  or  3, 
y  =  3,  or  4. 


,0.    Given^'  +  ?  +  y'  =  7,l 

^  +  y 
^j^-g^y-hy'^ 

ar-y 


^  to  find  the  values  of  a?  and  y. 


Ans.  ] 

(y  =  3. 


41.     Given  ^,.    ,.a         -4»,  =  o' ,  to  find  the  value  of  x. 


la'  H-  1 V  +  ")" 
Ans.  X  =  I-7 I 

No'—  1/ 


IV.    Adjected  Quadratics  involving  only  one  unknotcn 

'    Quantity. 

1.  Given  ar*  +  4a?  =  140,  to  find  the  values  of  a?. 

Ans.  X  =  10,  or  —  14. 

2.  Given  a?*  —  6a?  +  8  =  so,  to  find  the  values  of  x. 

Ans.  X  =  12,  or  —  6. 

3.  Given  a?*  —  loa?  +  17  =  i,  to  find  the  values  of  a?. 

Ans.  a?  =3  8,  or  2. 

4.  Given  a?*  —  a?  —  40  =  170,  to  find  the  values  of  x. 

Ans.  X  =  16,  or  —  u. 
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5.  Given  3a?*  —  9^  —  4  =  8§^  to  find  the  values  of  a?. 

An8.  a?  =  7,  ^r  —  4. 

6.  Given  7a?*  —  210?  H-  13  =  293,  to  find  the  values  of  x, 

m 

Ans.  a?  =  8,  or  —  5, 


7.     Given  —  + 19  =  15+,  to  find  the  values  of  a?. 

3         5 

A  57 

An8.  d?  =  9,  or . 

'  5 


2a?*  0? 

I    8.     Given  —  4-  34.  =  -  +  8,  to  find  the  values  of  a?. 

Ans,  a?  =  3,  or . 

4 


7a?  ■"■"  8 
(    9.     Given  a?  -h  4  + =  13,  to  find  the  values  of  a?. 

Ans.  0?  =  4,  or  —  2. 


10.    Given  40? =  46,  to  find  the  values  of  a?. 

Ans.  0?=  12,  or . 

4 


_^,  5*^0?        0  "^  30? 

11.     Given  16 = 1-.  30?,  to  find  the  values  of  or. 

2  0? 

Ans.  0?  =  3,  or  -  • 


12.     Given -h =  54-,  to  find  the  values  of  0?. 

2  20?—  5 

A  69 

Ans.  0?  =  6,  or  — . 

'       10 
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13.     Given  14  +  4a? ss  30?  H ,  to  find  the  values 

a?  — 7  3 

of  ^. 

Ans.  (T  =  9^  or  28. 


_,.        0?  +  4       7""«P       4^  +  7  /*    1     1  1 

14.     Given = 1,  to    find   the   values 

3  a?— 3  9    . 

of  4?. 

Ans.  ^  =  21;  or  5. 


^.        15  —  a?       J2  — aa?      ^         23a?  +  60     ,     /;  j  ..i. 

15.     Given =  7a? •  to  find   the 

4  4a?  —  6  7  g 

values  of  a?. 

229 


Ans.  a?  =  3,  or 


148 


16.  Given f'  ^rtm   , —  =s=  7.  to  find  the  values  of  a?. 

a?  a?' 

Ans.  a?  s=:  3«  or . 

'  2 

^.  2a?  +  9   .    4a?  —  3  3iP— 16   ^    ^    ,  . V         1 

17.  Given h ; —  =  3  -h  ,  to  find  the  values 

9  4a?  +  3  18      ' 


of  a?. 


Ans.  a?  =  6,  or . 

4 


18.     Given = ^to  find  the  values  of  a?. 

a?  +  60       3a?  —  5  * 


Ans.  a?  =  14,  or  —  10. 


19.    Given 1 =  3-i,  to  find  the  values  of  a?. 

a?  a?  4-  5         * 

Ans.  a?  =  7,  or . 

7 


I 
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20*    Given =  24,  to  find  the  values  of  x. 

J?— 1  2X  ^ 


Ans.  ^  =  3,  or . 

'  5 


8«r  20 

^    21.     Given  — ; 6  =  — •  to  find  the  values  of  ^7. 

Ans.  op  s=  10,  or . 

'  3 


22.     Given 1 =  I3,  to  find  the  values  of  a?. 

Ans.  a?  =  9»  or  — . 

'         13 


^.'         507—12    ,    3a?  — 24        ^        70?— 34    .     ^    j    , ,  , 

23.    Given H =  9 ,  to  find  the  values 

9  40?— 12  15       ' 

of  0?. 

477 


Ans.  X  =  12^  or 


184 


24.     Given 1 ^^^  =  a|^,  to  find  the  values  of  x, 

0?— 4  0?—  3  ^' 

Ans.  0?  s  6«  or 

*         13 


26.     Given = 64.  to  find  the  values  of  x. 

10—0?         25  —  30?  *' 


Ans.  07  =  8,  or  133+. 


^.   *      40?—  5         30?  —  7        90?-h23       .        c    J     AU  1 

26.     Given = ,  to    find    the    values 

X  30?  +  7  130? 

of  0?. 

154 

Ans.  0?  =  2.  or . 


J 
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^       ^.  ■  807*  +  16  I2a?—  11       ^       /?     -t    xi. 

27.    Given  2a?  4-  18 =  27 ,  to   find  the 

4a?  4-  7  24?  —  3    ' 

values  of  a?. 

Ans.  a?  s  8^  or  5. 


+ 

5 

= 

X 

0?*  -h  20 

0?  +  8 

,11  • 

x  +  9 
of  0?. 

20?  4- 18 

2 

28.     Given  — ; 1 ■ —  = ,  to  find  the  values 


Ans,  a?  =  4.  or —  • 

6 


29.     Given 1 = ,  to  find  the  values  of  x.    *^ 

a?-|-6       20?  +  4        3a? +  4' 

2  * 

Ans.  0?  =  8,  or . 

'  3 


30.    Given h = ,  to    find    the   values 

20?  H-  3        50?+  18  50?       ' 


of  X. 


45 

Ans.  0?  =  6,  or . 

'  2 


31.     Given H r-  = ; — ,  to   find    the    values 

9  +  50?         2  +  40?         20?+  12' 
of  0?. 

283 


Ans.  0?  =  3,  or  — 


137 


32.     Given 1 = ,  to  find  the  values  of  x. 

6  —  0?        4  —  0?        0?  +  2 

*  58 

Ans.  0?  =  2,  or  -  - . 

'  13 
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33.     Given = h  - 1  to  find  the  values  of  ^. 

3  — d?  2X  —  2        2 

Ans.  a?  =  2,  or . 

'  3 


34.    Given --s  +  -3— =  — ,  to  find  the  values  of  ar. 

o«p  — ^      ar  +  2a?      6a? 

Ans.  a?  =  3,  or  — . 
'       11 


^.        40?"  +  7a?    .   6a?— a?*       4a?»    ^    ^  J  .,        ,  - 

35.    Given ; = .  to  find  the  values  of  x, 

19  3  +  a?  9 

87 
Ans.  a?  =  3«  or . 

'  10 


a?*  ^  2a?'  -f-  8 
36.    Given  --= =  a?*  +  a?  -h  8,  to  find  the  values  of  x. 

Ans.  a?  =  4.  or . 

'  3 


37.     Given h  — ; =  5  — ,  to  find  the  values  of  ar. 

a?  a?  H-  12  15' 

Ans.  a?  =  3,  or  —  15. 


38.     Given  \/  {ix  +  6)  x  \/  {7x  4-  1)  =  30,  to  find  the  values 
of  a?. 

Ans.  a?  =  6,  or . 

^  28 


v/^  +  9      v/9^-31 

39*     Given  ^ — 7= —  = 7=- ,  to  find  the  values  of  a?. 

v/a?  9  —  v^  a? 

A  6^61 

Ans.  a?  =  5,  or  -^—  . 

400 


s 
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40.    Given ^  =  — - — ^  to  find  the  values  otx. 

Ans.  4?  =  4,  or  1,  or^^^ —     ^  "*  . 

*^-    ^^^^'^  ^  I  ^  i!  t  !!  =  -^T^  to  find  the  values  of  ^. 

Ans.  4?  =  flj  or . 

/ 

42.  Given  6  .  ^   .  ^   y^  H-  — =  =  3\/i,  to  find  the  values 

1  +  6^a?         v/a?       . 
of  X. 

Ans.  a?  ;=  4.  or  -. 

^.  y 40 

43.  Given  v/  a?»  —  —7=  =  3^,  to  find  the  values  oix. 

Ans.  a?  =  4,  or  —  si'  • 


44.     Given  a?i  +  7a?l  =  44,  to  find  the  values  of  x. 

Ans.  a?  =  ±  8,  or  ±  —  ii|l . 


45.  Given  4rf  +  a?i  =  39,  to  find  the  values  of  a?. 

Ans.  a?  =  729,  or —^ . 

46.  Given  3a?*  +  42a?*  =s  3321,  to  find  the  values  of  a?, 

Ans.  a?  =  3^  or  ^/jTTi. 


•  8  17 

47.     Given  -j  +  2  =  -3-,  to  find  the  values  of  a?. 
X  xi 


Ans 


•/r 

.  a?  =  4,  or  >^  -. 
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48.    Given  rf  H-  ==  ,> —  +  «l ,  to  find  the  values  of  x, 

X  v^a?* 


Ans.  a?  =  4,  or  —  7  I . 


/  1  */ 1        3  "~  S/S^ 

49*    Given  v  t  +  v  "  = ^>  to  find  the  values  of  x. 


x"  X  X 

Ans.  a?  =  1,  or • 

*  8 


4a?» 


60.    Given  3^  v^^  —  y—  =  4,  to  find  the  values  of  x. 


Ans.  X  ==81*%  or - 

'  '  27 


ii. 


3  Ky  X  -■"  ^tS  1-i  ^  3  k/  X  ^^  ^X 

51.  Given  -^- =   ^       JL ,  to  find  the  values 

ar  +  2  2  \/x  —  3 

of  a?. 

» 

Ans.  «  =  4^  or  Vt* 

52.  Given  2rf .  (ot*  +  a')l  =  2^?* .  («  +  2a)  -h  «'  •  (d?  —  a),  to 

find  the  values  of  x. 

Ans.  a?  =  -,  or  —  a. 

2* 

53.  Given  adx  —  ac^  =  bcx  —  £d!y  to  find  the  values  of  dr. 

A  d     '      b 

Ans.  ^  =  -,  or . 

a  a 


t^Sj        ^itx       d? 

64.     Given  -7i 1-  — 5-  =  o.  to  find  the  values  of  a?. 

6'  g       c         r 


^ ^  A ^  i±vl(41:i£) 


Ans 

a 
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66.    Given  9a*iV  —  Go'A'j?  =  d',  to  find  the  values  of  J?. 

3  a' 6* 


56.    Given  (a  +  A)  •  ic^  =  co?  +  — -tj  to  find  the  values  of  a?. 

^®-  ^  "        2  .  (a  H-  A)       • 


67.     Given  3  y/  (112  —  sa?)  a=  19  +  v/  (so?  +  7),    to  find  the 
values  of  0?. 

A  ^  7398 

Ans.  a?  =  6,  or  -r-r-- 

'  625 


58.    Given  x/  (20?  +  7)  +  x/  (sa?  -  is)  =  v/  {7a?  +  1),   to  find 
the  values  of  x. 

Ans.  a?  =  9,  or . 

5 


59.    Given  7 .  s/  (^  -«)  -  s/  (f  +  ^0  ^  jv/(io^  +  56), 
to  find  the  values  of  x. 

14668980 


Ans.  Of  =  20,  or 


2874649 


60.    Given 


16—4  \/x  _  88  -f  33\/^  jg^  — 5jr  +  11 

8  —  3v/5  ""      4  +  v/i  (8  —  3  \/5)  .  (4  +  x/xf 

to  find  the  values  of  x. 

Ans.  a?  =  93,  or  7. 

Y  2 
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61.     Given 

54  — 9  v/^        230?  — 46  \/^    .  7^?*  —  30?  +  4 


0?  +  2  \/o?  6  +  v/5  (O?  +  2  v/S)  X   (6  +  >/j?) 

to  find  the  values  of  o?. 

32 

Ans.  0?  =  5,  or . 

*  15 

62.  Given  o?  +  y/w  :  x  —  s/x  : :  i\/x  +  6:2  \/o?,  to  find 

the  values  of  x. 

Ans.  0?  s  9^  or  4. 

63.  Given  a?*  +  11  +  \/  (a?*  +  11)  =  42,  to  find  the  values  of  a?. 

Ans.  a?  =  ±  6,  or  ±  \/l8, 

64.  Given  (0?  —  6)'  —  3  .  (a?  —  5)1  =  40,  to  find  the  values  of  x. 


Ans.  X  ^9,  or.—  5(!  H-  5. 

65.  Given  a?  +  ^  (a?  H-  6)  =  2  +  3  ^  (a?  -f  6),  to  find  the  values 

of  J?. 

Ans.  X  =  10,  or  —  2. 

66.  Given  {x*  +  5)*  —  40?'  =  I60,  to  find  the  values  of  x. 

Ans.  0?  =  ±  3,  or  ±  \/—  15. 

67.  Given  x^  —  jx  -{-  \/  {x^  —  7x  '\-  is)  =  24,  to  find  the  values 

of  0?. 

A  7±\/  (173) 

Ans.  0?  s=  9j  or  —  2,  or j^— ^ — -. 

2 

68.  Given   90?—  4x^  +  \/(4o?*  —  90?  +  11)  =  5,  to  find   the 

values  of  0?. 

.  1         9±\/(— 31) 

Ans.  0?  =  2,  or-,  or ^^— ^ -. 

'        4*  8 
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69.     Given  a?*  +  \/  (so?  +  a?*)  =  42  —  5^,  to  find  the  values  of  a?. 

Ans.  a?  =  4,  or  —  9»  or . 


70.     Given  7-^  ^  \/(^  +  g)  ^       y  i\  .^>  to    find    the 
(a?+2)l  2  4^(a?  +  2)' 

values  of  d?. 

Ans.  a?  =  6,  or  —  -. 

2 


71.     Given f-  — 3-7 r  =  — ,  to  find  the  values  of  a?. 

49  ±  v/  (3185) 


Ans.  a?  =  12,  or  —  3,  or 


2 


72.    Given  LiLf.  4-  i =  —   to  find  the  values  of  w. 

7—0?      7+a?       10 

Ans.  a?  =  7,  or  —  3. 


73.  Given  !fL±i  _  3£j--j  ^  ^ll,  to  find  the  values  of  x. 

'  3a?  —  6        3I€  -hi  5         176' 

Ans.  a?  =  9,  oii^g-  — . 

.V.   ♦• 

74.  Given  ^  +  \/x  +  2  *  — -^-7= j  to  find  the  values  of  x. 

f         v/a? 

Ans.  a?  s=  4,  or  1. 

75.  Given  .  .  __   . ,  +  ^53-j  =  5^  to  find  the  values  of  ar. 

Ans.  a?  =  ±  3,  or  ±  V  — • 
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76.    Given  (^  +  -)  +  ar  =  42  —  -,  to  find  the  values  of 

.  ^       — r±\/l7 

An8.  a?  =  4,  or  2,  or  — 


2 


77.  Given  a?  +  4  —  2  ^  (~Z")  ^  "IT"'  *^  ^^  *^®  values 

of  47. 

Ans.  a?  =  ±  5,  or  ±  \/l7. 

78.  Given  ^  f  12  —  -^ j  +  v  ( ^  ""  ^)  =  ^*  to  find  the 

values  of  x. 

Ans.  a?=  ±2,  or±v^  —  3. 

.    Given  «* .  (1  +  — ]  —  (3«*  +  a?)  =  70,  to  find  the  values 


79 

of  07. 


Ans.  a?  =  3,  or -,  or 


10  —  1  ±  V^  (—  261) 


3'  6 


80.    Given  or*  —  —  4-  15  =  ? -r*  to  find  the  values  of  a?. 

2  16        or 

.  -:2±2v^(  — 70 

Ans.  a?  =s  4,  or  —  8,  or — -^ . 


81.     Given      ./,^      ,.4-^^!.'r^^=^tofindthevalues 

of  J?. 

v/  (15661) 


Ans.  a?  =  ±^,  or  ± 


2 


one  vnknown  Quantity.  827 

82.  Given  3 .  [(a?  —  i)*  —  wY  +  aa?  =  34i  +  a .  (a?  —  i)',  to  find 

the  values  of  x. 

.  3  v/a  ±  v/(— 109) 

Ans.  a?  =  5,  or  —  2 :  or  -^ ^^7=? \ 

2v/3 

83.  Given  a^  —  2a\  +  2a?  —  y/x  =  6,  to  find  the  values  of  a?. 

.  —  5  ±  ^(—  11) 

Ans,  »  =4,  or  1,  or ^^— ^ '-. 

'        '  2 

84.  Given  a?*  H 39a?  s=  s),  to  find  the  values  of  a?. 

3 

A  .  —  13±\/(—  156) 

Ans.  a?  =  ±  3,  or ^^ i. 

6 


2 

8  — ■  — 

85.  Given  — - —  —  — -s —  = ^  to  find  the  values  of  a?. 

Ans.  a?  =  4,  or  —  2 ;  or  —  1  ±  ^  (—  3). 

86.  Given  \/x  —  -  =  -7= — >  to  find  the  values  of  x. 

^  X        s/X^2 

A  a         ,  l±3v/(-7) 

Ans.  a?  =  16,  or  1,  or 3^— ^ '-. 


X 

87.    Given  4a?*  H —  =  4a^  +  33,  to  find  the  values  of  a?. 

2 

.  3  l±^/(— 43) 

Ans.  a?  =  2,  or ;  or ^^— ^ -. 


88.    Given  {x  —  2)*  —  6a?l .  (a?  —  2)  =  24  —  iAx  +  I5a?l ,  to  find 
the  values  of  a?. 


Ans 


±3v/(-n)-i 
•  a?  =  16,  or  1 ;  or ^^-^ . 


828  Ad/ected  Quadratics  uwohnng 

89.    Given  (40?  +  i)'  +  asA  .  [4x  +  i)  =  1912  —  (lOo?  +  3**),  to 
find  the  values  oix. 

A                          49        —  90  q:  v/(— I81) 
Ans.  a?  =  9,  or  — :  or Z_v__v /^ 

4  8 


0  <M 

§0.     Given  sa?*  —  13  =  —  +  ^  (ea?*  +  520?^,  to  find  the  values 
of  «r. 

A  13  3  ±  v/  (3337) 

Ans.  0?  =s  2,  or ;  or -s—^ — ^. 

'  8 '  64 

91.     Given  40?*  +  21  a?  +  8a?l  y/  (7ar*  —  6a?)  =  207 ,  to  find 

the  values  of  a?. 

Ans.  *  =  3,  or  ^,  or  ^:l?i*ivd(z:i55L). 

16  '  32 


^.         24?  -|-  v/^  2«r  —  \/i^  ^ 

92.  Given 7=  =  3tV  —  3  •  i — .   ^,  to  find  the  values 

2X  —  y/x  2a?  -h  y^' 

of  0?. 

49 
Ans.  a?  =  4.  or  —-. 

'       16 

^       '       J.  <»+»  1 

93.  (Mven  a^Vxn  —  4  .  (aA)i .  a?2««=  (a  —  by.xm^  to  find  the 

values  of  a?.  ; 


Aks.  .  =  /(x/^  +  v^n—,  or  |-(v^-v^"^n-- 


I ^^i i     '**'l~^ /    • 


9  Z.1 

94.     Given  (^5^+*  —  i  .    ,  ]7  a>  •  {\/^  +  V^J  =  0,    to   find 

1^        I      1^ 


the  values  of  a?. 


Jpg 

a±.b\p- 


.                /a±,b\p-q 
Ans.  a?  =  I r  1 


« 


ttvo  unknown  QuaniUies.  829 


V.    Adfected  Qucuiratics  involving  two  unknown  Quantities. 

1.     Given  a?  +  4y  =  14,1  .    ^    ,  .  ^       ,         c     .  a 

.    ,  >  to  nnd  the  values  of  0?  and  ^. 

andy"  +  4a?  =  2y  +  ii,J  ^ 


3. 


yy  =  15,  or  3. 


2.     Given  2j?  +  3y  =  lis, 
and  507* 


,  ^  >  to  find  the  values  of  x  and  t/. 

—  7y«=:4333j  X 


0?  =  36,  or  — 


Ans.  . 

3268 
y  =  16,  or 


3899 

17   ' 


p.  2d?  4-  yy  _  51  H-  2J?] 

4d?      ■"    "  10      I  to  find  the  values  of  x 


and  y. 


J  4d?  +  3y 
and  — j^  =  y  -  2, 

56 

fd?  =  6,  or 

Ans.  \ 

640 

ly  =4,  or . 

^^  '        351 


4     Given  ^^y  +  3y  -  3  _  ^  ^  4y  +  3ar  -  2  _  18  -  j? 

5d?  5  3        ' 

J   30?  +  y       3J?  —  5y 
and  — ^  = — ^  -»-  2, 

7  3  ' 

to  find  the  values  of  ^  and  y. 


2527 


880  Aeffected  Quadratics  involving 

5.     Given  a^  ^y^  ^s^a^,  "]  to  find  the  values 

(a?  +  y  +  A)'  +  (^  —  y  +  A)'  =  2c"  I      of  ;p  and  y. 


Ans. 


_  —A  ±^(2fl'  — y  +2C*) 


6.     Given  a?*  +  y:a?'  —  y::9:7,      Ito  find  the  values  of  a? 
and  1  +  ar*  :  y  +  4  ::  5y  +  7  :  3yJ         and y. 


'a? 
Ans. 


=  ±4,or±4y(-^). 


u 
y  =  2.  or 

19 


7.     Given  a?*  +  2a^y  =  441  —  ^*y*j"l    to  find  the  values  of  x 
and  a?y  =  3  +  a?^  J  and  y. 


ar  ==  3,  or  —  7,  or  —  2  ±  ^  (—  17), 

Ans.  -{                  4        6  qp  \/(—  17) 
^y  =  2,  or  -,  or  ^ ^  • 


8.     Given  a?*  +  4y*  =  256  —  4«?y,  1  .  to  find  the  values  of  x 
and  sy*  —  a?*  =  39,  J  and  y. 


AN8.<!-  =  -''"'f^°''' 

or  ±  69. 


9.    Given  (a?  H-  y)'  —  3y  =  28  +  3a?,|  to  find  the  values  of  x 
and  2a?y  +  aa?  =  35,  J         and  y. 


7          —  5  ±  v^  (—  255) 
a?  =  5,  or  - ,  or >^-^ ' 

^""^'^          ^        7          >-iiq:v/(^255) 
y  =  2,  or  - ,  or ^^— ^ -' 


two  unknoum  Quantities, 


881 


10.    Given  (24?  —  4y)*  -h  a?  —  ay  =  6,1  to  find  the  values  of  s 

J       andy. 


and  0?*  —  y'  =  8, 


d?  =  3,  or  — 


11 


Ans. 


y  =  i,or--. 


11.    Given  g  \/  (^  -  y)  =  ^  -<-  ^  (^  _  y )  ^ 
and  v^  (a?  +  y)  +  v/  (^  —  y)  =  5, 


to  find  the  values 
of  07  andy. 


Ans. 


12.    Given  a?*  +  loa?  +  y  =  119  —  2  v/y  x  (a?  +  6), 
and  a?  +  2y  =  13, 
to  find  the  values  of  a?  and  y. 


} 


Ans. 


17  —  69±v/(24l) 

fa?  =  5,  or  —  ,  or ^^ — -' 


U  =  4,or|, 


or 


121  :+:  \/(24l) 


8 


13.    Given  ^  +  —  =  9-, 
and  0^  +  y'  =  65, 
Answer, 


^  to  find  the  values  o{x  and  y. 


a?  = 


.  _^  .4  4/ (—65)  .    x/(— *50:;:  30\/3410) 

'•  ±  4,  or  ±    ^  \ ^ ;  or  ±  ^^-^ V-      • 

65          15  ±v^  (3410) 
y  =  7,  or  -  —  ;  or ^^ ^ 


882 


Adfected  Quadratics  involving 


14.     Given  a?  +  y  +  ^  (a?  +  y)  =  6,1  to  find  the  values  of  x 


and  a?*  +  y»  =  lo,  J         and  y. 


Ans.  < 


0?  =  3,  or  1 ;  or 


y  =  1^  or  3;  or 


9±  y/— 61 
2 

9:^  y/—  61 
2 


15.    Given  0?*+  4^(ar*  +  3y+  5)  =  55  — 3y,T  to  find  the  values 
and  6a?  —  7y  =  16,  J       of  a?  and  y. 


Ans. 


-.        .  —53  —  9±\/(3895) 

J?  =  5,  or ;  or y  \    ^  / 

7    '  7  ' 

46  —  70  ±  x/  (3896) 

y  =  2,  or — ;  or ^^-^ ^ 

■^        '  7'  49 


16.     Given  a?'  +  3d?  +  y=  73  —  2J?y,")  to  find  the  values  of  x 
and  y*  +  3y  +  a?  =  44,  J         and  y. 

>  =s  4,  or  16 ;  or  —  12  ±  \/58^ 


Ans.  I^  "^  ^'  ^^  ^^'  or  -  12  ±  \/58, 
ly  =  6,  or  —  7;  or  —  1 :+:  \/58. 


17.    Given       y^  4- ^(^^y^ ,/^       ,, 

(^  +  y)i  y  *\/(^  +  y) 


and  a?  =  y'  4-  2, 


to  find  the 
values  of 
a?  and  y. 


Ans. 


a?  =  6,  or  3,  or 


y  =  2,  or  1,  or 


9q=3v/(—  119) 


32 


-3±s/{—  119) 


8 


18.    Given  y  —  yJ  = 
and  28  —  y  = 


a?  +  4a?J,J 


find  the  values  of  a?  and  y. 


Ans. 


a?  =  4,  or 


y  =  16,  or 


784 
289 


two  unknown  Quantities.  838 


19.     Given  ^  +  y  =  97,T  .    ^    ,  .,         .         ^  , 

.  >  to  nnd  the  values  of  ^  and  y, 

and  0?  +  y  =  6,  J  ^ 

r  6  ±  4/(—  151) 

fa?  =  3,  or  2 ;  or ^^-^ ^ , 

[y  =  2,  or  3;  or "^ 1 . 


20.    Given  7(^^=1^)  +  s/f-?^)  =  2,1  ^  ^"^^  *^^ 
^   \     257     /       ^   \3a?  —  2y/        M      values  of 


and  tr"  —  18  =  ^ .  (4y  —  9), 

>  =  6,  or  3, 

Ans.  i  3 

y  =  3,or-. 


^  andy. 


21.    Given  a?  +  4  \/i  +  4y  =  21  +  8  v^  +  4  v/^y^l  x^^  j  xi^ 
and  v/^  +  \/y  =  6,  j 

values  of  07  and  y. 

25 


fa?  =  25, 

1  « 


=  25,  or 
Ans. 


\y  =  h 


169 

or 


9 


22.    Given  zx  +  |- v/  (a?y*  +  9a?*  y)  =  (a?  -  4^)  .y,T         ^    ,  ^, 

J  ......       .  *o  find  the 

and  6a?  +  y  .  y  : :  a?  +  6  :  3,  J 

values  of  07  and  y. 


Ans 


f07==4, 

'  \y  =  12. 


23.     Given  a?  +  y  =  5,  "|  to  find  the  values  of 

and  (a?*  +  y*)  x  (a?*  +  y»)  =  455,/        0?  and  y. 


Ans. 


6^1       //        103\ 

^  =  3,or2;or-±-V(-— ), 
.y  =  2,or3;or^=Fi7(--V-)- 


884  Adfedtd  Quadraiies  ianohnng 

«4.    Given  a?  +  y  —  ^  \     ^  ^)  = A  ^  ^^  *^  values 

and  a?"  +  y*  =  41,  J 

a?  =  ±5,or±3  V^, 

An«.  ^  J — 

y  =s  ±  4,  or  ±  i^i!^ . 

2 

25.    Oiven  -r  +  -^  =  136 sxy,     to  find  the  values  (rf*  x 

Jf         ST  9 

and  a?  +  4  =:  14  —  y. 


An8. 


r        and  y. 

rx=6,  or  4;  ors  ±5  v(— 77) » 
\y  =  4,  or  6;  or  5  q:  5  V  (-  "Iy)  • 


»«•    ^^^^ir^~irTy  ~  *5'  I  to  find  the  valaes  of 


45  3  45 

0?  s=  3,  or -;;-;  or  — ,  or  77  , 

Ans.  .  .  _ 

135 
IT* 


j "  '         2  '   '      16  '   "    32 

I  135  1 

[y=:2,or-— ;  or  -,  or- 


—  1  1  ^ 

27.    Given  y^  (6  ^/x  +  6v/y)  +  -  \/w  =  9  —  "r  V^' 

«  2 

and  X  —  y  =  12, 
the  values  of  x  and  y. 


to  find 


X  =  16,  or , 

'  81      ' 


.-      _  59536 


58564 

or . 


two  unknown  Quantities,  835 


28.    Given  y*  —  432  =  I2a?y*, 
and 


-  I  to  find  the  values  of  x  and  y. 

y*  =  12  +  2a?y,    J 

f^  =  2, 
ly  =  6. 


An8. 


29.    Given  4- +^^^^«=  ^■^'^  +  ^.1*0  find  the  values  of 

J      •  I       ^andy. 

and  4y'  —  a?y  =  ^,  J  *^ 

50 

'^  =  2,  or , 

Ans.  ," 

y  =  i,  or--. 


30.    Given  ^  {  (i  +  ^)«  +  y»}  +  ^  [  (i  -  a?)«  +  y*  J  =  4, 
and  (4  —  ai^y  =  is  —  4y", 


} 

to  find  the  values  of  a?  and  y. 


'0?  =  ±  1,  or  ±  s/To, 

Ans.  I  3  /I 

y  =  ±-,or±3  V--. 


31,    Given^-'-^-'-y-^T'^T^^^^ 
a?  —  >/9  +  y      s/x  +  a?  +  y        40' 


to  find  the 
values  of 


f       values  c 
arandy. 


196  289 

d?  s  9,  or ,  or •  or  16, 

I  ^  9    '       . 

Ans.  < 

—  14  68  4 

y  as  4,  or ,  or •  or  - . 

jf        y         9    '  9         3 


32.    driven  ^  _  ^  ^^  _  y.^  _  4t      af  +  v/Ca^-yri 

and  « .  (a?  +  y)  =  62  —  v^  («•  +  «y  +  4),J 
to  find  the  values  of  x  and  y. 


336 


Acffected  Qmdratica  involving 


==  ±  5,  or  ± 


Ans. 


fjf    J.     4*5    V*       .;_      y=, 

j  \/3 

ly=  ±4,  or  ±  -i=. 

\/3 


33.    Given  sy  +  ^^-^ r-^^ =  —  -  36, 

5  3 

8y         3        ^    \3y        4  /        2* 
Answer, 

J9^^        25  ±v/ (41569)^        45  ±  y/  (3849) 


to  find  the 
^     values  of 
^  and  y. 


a?  =  12,  or 


y  =  2,  or 


2 


20 


19  25  ±  x/  (41569)  135  ±  3  v/  (3849) 

:  or    — ^— ^ -I  or 5=—^^ — -^ 


34. 


12' 


120 


8 


ana  — -^ 7-7 r  =  y  +  1, 

to  find  the  values  of  a?  and  y. 


=  4,  or  J  5  or 


Ans. 


fa?  =  4 
ly  =  2,  or-i;or:i^^±AAzil) 


35. 


^.       a?  +  y  +  v^  (j?*  —  y')       9     ,     ,     . 
Given  — --2 ^.;  , — ^  =  —  .  (a?  +  «) 

and  (a?»  -»-  y)*  H-  a?  —  y  =  2a? .  («f*  +  y)  +  506, 
to  find  the  values  of  ^  and  y. 


Ans.  •* 


^  =  5,  or 


23,_l±v/(^1209) 


or 


ty  =  3,  or 


6 '  5 

69._3±3.v/(-1209) 


25 


or 


25 


two  tmknoum  Quantiiies. 


36. 


t    2X* 

and 


3\/y 


887 

to  find  the  values 
of  X  and  y. 


16  625 


or 


625 


Ans. 


144 


a?  =  4,  or  — ,  or  — 

9'  64 

«  —  fi^    ^«  256  /625\" 

^y=:64,or— ,or(— j 


'         /-  625\* 


y      ^  a?       ^/^  ^  *>  I  to  find  the  values  of  x 
and^>^^+^p^  =  ^3,  J       ^dy- 

f^=;8i,ori6;  or-^±  3  v/l?; 
Ans.  i 

[y  =  16,  or  81;  or  -  ^  4:  3  v/47. 

38.    Given  a?  +  ^(3y«-ii  +  20?)  =  7  +  2y  -  y',!  to  find  the 

'^      values  of 
orandy. 


and  ^/(3y  —  a?  +  7)  =  ^il?, 

'      a?— y* 

Ans,  (^  =  ^' 
ly  =  2. 


I 


39. 


Given  a?*  +  y^  =  1  +  2a?y  +  3a?*y\  ^  to  find  the  values  of 
and  ar*  +  y*  =  2y'x  +  2y'  +  a?  +  i,j       a?  and  y. 


=  2,  or  —  1. 


40. 


Ans.  I'  =  '' 

Given  ar'y  —  4  =  4a?*y 
a?|—  3  =  a?iyJ.(a?* 


y*  1 

*'    to 

-yi),  J 


find  the  values  of  a?  and  y . 


838 


Adfeeted  Quadratiet  invohnng 


41. 


Given  5-2v/(y  +  2)=^-  Iv^i  -  ^s/vV^ 

f  Ix 

and 10  n/-  =  ^  ^  *^» 

y        ^  y 

to  find  the  values  of  x  and  y. 
Ans 


42. 


NS.  ^  . 

Given  -^  +  - .  -f — ^    y .  1 : 


^/(x 


2J?      3  y 


'^■\ 


and  -.y*  aiy'a?—  1, 
to  find  the  values  of  x  and  y. 


Ans. 


5  85 

-,  or Tj 

4  36 


ly  =  ±  2,  or  ±  ^  ^— 


85       y/  5929  \ 

18  648      / 


43. 


Given  (j?  —  2) .  y  —  y/xy .  (y* 

1  s/^  —  12 

^        4?y  —  18 


and  -xy 


1)  =3  2y*  —  Xy\  to  fij^^l  *« 

values  of 

X  and  y. 


2,  or . 

'  3 


44. 


Given  zx  --  x  ^  I 2y  +  8  j  =  2  — y,l 


J  \/(a?+y)      3  2d?  — 3 

20?  4         \/(a?H-y) 


2  — y^l  to  find  the 
values  of 
X  and  y. 


25? 


Ans. 


34 

X  =  2.  or — , 
^      3r 


y  =  2,  or 


1446 
961 


two  unknotvn  Quantities,  389 

45.     Given  a?'  —  y*  =  3, 

and  (^*  +  yy  +  wY  .  (a?*  -  y*)'  +  a?*  -  y*  =  328, 
to  find  the  values  of  ^  and  y. 


Ans. 


^=±.,or±v/3T,or±7(^-^iY^> 
=  ±  1,  or±2  v/~,  or  ±  7(lll^^^). 


46.     Given  ^  -f  4  -  40y»  =  140  ~  y» .  ^  L'  ~  -^^Y 
and  ^ .  I-  +  15^1  =  -r-  4- — . 

y   \y        /     y"      y 

to  find  the  values  of  a?  and  y. 


45 
1 07  ss  9,  or  — 

Ans. 


p  =  9,or--j., 

1  16 

ly  =  4,  or  -  — . 


47.     Given  Bl^l^  +  v/(4y'- 16  v^)  =  ^-^,l 

and  x/x  -f  ^  {8  .  (y  -  v/^)  -  4}  =  y  +  1,       ^ 
to  find  the  values  of  o?  and  y« 

Answer, 

57  /        13  37  4-  ^y  64.4 

y  =  3,  or-;  or-,  or  -  i ;  or  i  ±  2  V-  — ,  or  ^^^  ^      * 

o  5  3 

z2 


840 


48. 


Problems  producmg  Simple  Equatiang, 

yl         y         yl   ""   36  'yT      5"      rf' 
to  find  the  values  of  a?  and  y. 

AX8.   1^  =  ^^' 

(y  =  8. 


VI.    Problems  producinff  Simple  Equations^  involving  only  one 

unknown  Quantity. 

1.  What  number  is  that,  from  the  treble  of  which  if  is 
be  subtracted,  the  remainder  is  6  ?    Ans.  a. 

2.  What  number  is  that,  the  double  of  which  exceeds  four- 
fifths  of  its  half  by  40  ?     Ans.  25. 

3.  In  fencing  the  side  of  a  field,  whose  length  was  450 
yards,  two  workmen  were  employed;  one  of  whom  fenced 
g  yards,  and  the  other  6  per  day.  How  many  days  did  they 
work?    Ans.  so. 

4.  A  Mercer  bought  4  pieces  of  silk,  which  together  measured 
50  yards ;  the  second  was  twice,  the  third  three  times,  and  the 
fourth  four  times  as  long  as  the  first.  What  were  the  respective 
lengths  of  the  pieces? 

Ans.  5,  10,  15,  20^ards. 

5.  A  Farmer  sold  13  bushels  of  barley  at  a  certain  price; 
and  afterwards  17  bushels  at  the  same  rate;  and  at  the  second 
time  received  36  shillings  more  than  at  the  first.  What  was  the 
price  of  a  bushel  ? 

Ans.  9  shillings. 
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6.  A  person  bought  198  gallons  of  beer^  which  exactly  filled 
4  casks ;  the  first  held  twice  as  much  as  the  second^  the  second 
twice  as  much  as  the  thirds  and  the  third  three  times  as  much 
as  the  fourth.     How  many  gallons  did  each  hold  ? 

Ans.  108^  54^  27^  and  9  gallons. 

7.  A  Silversmith  has  3  pieces  of  metal^  which  together  weigh 
48  ounces.  The  seqond  weighs  12  ounces  more  than  the  first, 
and  the  third  9  ounces  more  than  the  second.  What  are  their 
respective  weights? 

Ana.  5 J  17,  and  26  ounces. 

8.  A  Vintner  fills  a  cask,  containing  96  gallons,  with  a  mix- 
ture of  brandy,  wine,  and  water.  There  are  20  gallons  of  water 
more  than  of  brandy,  and  17  more  of  wine  than  of  water.  How 
many  are  there  of  each? 

Ans.  13  gallons  of  brandy,  33  of  water,  and  50  of  wine. 

9.  A  Gentleman  buys  4  horses ;  for  the  second  of  which 
he  gives  £12.  more  than  for  the  first;  for  the  third  £6.  more 
than  for  the  second;  and  for  the  fourth  £2.  more  than  for 
the  third.  The  sum  paid  for  all  was  £230.  How  much  did 
each  cost? 

Ans.  45,  57>  63,  and  65  pounds. 

10.  A  poor  man  had  6  children,  the  eldest  of  which  could 
earn  7d.  a  week  more  than  the  second;  the  second  sd.  more 
than  the  third ;  the  third  6d.  more  than  the  fourth ;  the  fourth 
4d.  more  than  the  fifth;  and  the  fifth  bd.  more  than  the 
youngest.  They  altogether  earned  10*.  lorf.  a  week.  How 
much  could  each  earn  a  week  ? 

Ans.  38,  31,  23,  17,  13,  and  8  pence  per  week. 

11.  An  express  set  out  to  travel  240  miles  in  4  days, 
but  in   consequence  of  the  badness  of  the  roads,  he  found 
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that  he  must  go  5  miles  the  second  day,  9  the  third,  and  14  the 
fourth  day,  less  than  the  first.  How  many  miles  must  he  travel 
each  day? 

Ans.  67y  62,  58,  and  53  miles. 

12.  There  are  5  towns,  in  the  order  of  the  letters.  A,  B,  C, 
Z>,  E.  From  ^  to  £  is  so  miles.  The  distance  between  B  and 
C  is  10  miles  more,  between  C  and  D  is  15  miles  less,  and 
between  D  and  E  17  miles  more  than  the  distance  between  A 
and  J3.    What  ar»  the  respective  distances  ? 

Ans.   From  ^  to  £  17;  6rom  B  to  C27;  firom  C  to  Z>  2 ; 
and  firom  D  to  £  34  miles. 

13.  A  gentleman  gave  27  shillings  to  two  poor  persons ;  but 
he  gave  5  shillings  more  to  one  than  to  the  other.  What  did  he 
give  to  each  ? 

Ans.  II,  and  16  shillings. 

14.  What  number  is  that,  the  treble  of  which  is  as  much 
above  40,  as  its  half  is  below  51  ? 

Ans.  26. 

15.  Two  workmen  received  the  same  sum  for  their  labour; 
but  if  one  had  received  15  shillings  more,  and  the  other  9  shil- 
lings less,  then  one  would  have  had  just  three  times  as  much  as 
the  other.    What  did  they  receive? 

Ans.  21  shillings  each. 

16.  Two  merchants  entered  into  a  speculation,  by  which 
one  gained  £54.  more  than  the  other.  The  whole  gain  was 
£49.  less  than  three  times  the  gain  of  the  less.  V^liat  were  the 
gains? 

Ans.  £103,  and  £i57. 

17.  The  perimeter  of  a  triangle  is  75  feet,  and  the  base  is  11 
feet  longer  than  one  of  the  sides,  and  16  feet  longer  than  the 
other.     Required  their  respective  lengths. 

Ans.  34,  23,  and  is  feet. 
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18.  A  company  settling  their  reckoning  at  a  tavern^  pay 
8  shillings  each ;  but  observe^  that  if  there  had  been  4  more, 
they  should  only  have  paid  7  shillings  each.  How  many  were 
there  ? 

Ans.  28. 

19.  Divide  the  number  46  into  two  such  parts,  that  one  of 
them  being  divided  by  7  and  the  other  by  3,  the  quotients  may 
together  be  equal  to  10- 

Ans.  28  and  18. 

20.  A  certain  sum  is  to  be  raised  upon  two  estates,  one  of 
which  pays  19  shillings  less  than  the  other;  and  if  5  shillings 
be  added  to  treble  the  less  payment,  it  will  be  equal  to  twice  the 
greater.     What  are  the  sums  paid  ? 

Ans.  33,  and  52  shillings. 

21.  Having  bought  a  certain  quantity  of  brandy  at  19  shil- 
lings a  gallon,  and  a  quantity  of  rum  exceeding  that  of  the 
brandy  by  9  gallons,  at  15  shillings  a  gallon,  I  find  that  I  paid 
one  shilling  more  for  the  brandy  than  for  the  rum.  How  many 
gallons  were  there  of  each  ? 

Ans,  34  of  brandy,  and  43  of  rum. 

22.  Two  persons,  A  and  B,  have  each  an  annual  income  of 
JE400.  A  spends  every  year  £40.  more  than  B,  and  at  the  end  of 
4  years,  the  amount  of  their  savings  is  equal  to  one  year's 
income  of  either.    What  does  each  spend  annually  ? 

Ans.  £370,  and  £330,  respectively. 

23.  A  Draper  sold  two  pieces  of  cloth,  by  one  of  which  he 
lost  £6.  more  than  by  the  other ;  and  his  whole  loss  was  £5. 
less  than  treble  the  less  loss.  What  were  the  losses  sustained 
by  each  piece  ? 

Ans.  £11,  and  £17. 
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24.  A  person  engaged  to  reap  a  field  of  com  for  5  shillings 
an  acre,  but  leaving  6  acres  not  reaped,  he  received  JE2.  }0s.  Of 
how  many  acres  did  the  field  consist? 

Ana.  16. 

25.  In  a  naval  engagement,  the  number  of  ships  taken  was 
7  more,  and  the  number  burnt  2  fewer,  than  the  number  sunk. 
Fifteen  escaped,  and  the  fle^t  consisted  of  8  times  the  niunber 
sunk.     Of  how  many  did  the  fleet  consist? 

Ans.  32. 

26.  A  Farmer  hires  a  form  for  £i7S.  i5s.  a  year;  part 
of  which  he  is  not  allowed  to  plough :  he  gives  £2.  per  acre 
for  the  arable,  and  for  the  rest,  which  was  5  acres  less,  he 
gives  £1,  &8.  per  acre.  How  many  acres  were  arable,  and  how 
many  not? 

Ans.  56  acres  arable,  51  not. 

27*  A  Cistern  is  filled  in  twenty  minutes  by  three  pipes,  one 
of  which  conveys  10  gallons  more,  and  the  other  5  gallons  less, 
than  the  third,  per  minute.  The  cistern  holds  820  gallons.  How 
much  flows  through  each  pipe  in  a  minute  ? 

Ans.  22,  7,  and  12  gallons. 

28.  A  Fortress  is  garrisoned  by  26OO  men ;  and  there  are 
9  times  as  many  infantry,  and  three  times  as  many  artillery  as 
cavalry.     How  many  are  there  of  each  ? 

Ans.  200  cavalry,  600  artillery,  and  1800  infantry. 

29«    A  and  B  began  to  play ;  A  with  exactly  -  of  the  sum 

which  B  had.    After  winning  £10,  he  found  that  they  had  each 
the  same  sum.     What  had  each  at  first  ? 

Ans.  A  had  £]6,  and  B  £36. 

30.  A  person  has  a  certain  number  of  horses  at  livery 
stables,  and  three  times  as  many  at  grass.      He  keeps  15  in 
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constant  employment ;  and  his  whole  number  is  seven  times  the 
number  in  the  stables.     Required  the  whole  number. 

Ans.  36. 

31.  Two  men  at  the  distance  of  150  miles  set  out  to  meet 
each  other,  one  goes  three  miles  in  the  time  the  other  goes  7. 
What  part  of  the  distance  does  each  travel  ? 

Ans*  One  45^  and  the  other  105  miles. 

32.  A  Farm  of  864  acres  is  divided  between  3  persons.  C 
has  as  many  acres  as  A  and  B  together;  and  the  portions  of  ^ 
and  B  are  in  the  proportion  of  5  :  li.  How  many  acres  has 
each? 

Ans.  A  has  135^  B  297,  C  432. 

33.  A  charitable  person  distributed  £5.  14^.  amongst  some 
poor  women  and  children^  giving  to  each  woman  6  shillings^  and 
to  each  child  two ;  and  the  number  of  women  was  to  the  num- 
ber of  children  as  4  :  7.     How  many  were  relieved? 

Ans.  12  women^  and  21  children. 

34.  A  and  B  begin  trade,  A  with  triple  the  stock  of  B.  They 
each  gain  i£50,  which  makes  their  stocks  in  the  proportion  of  7 
to  3.     What  were  their  original  stocks  ? 

.Ana.  A^s  was  £300,  and  JB^s  jEioo. 

36.     There  are  two  numbers  in  the  proportion  of  -  to  - , 

which  being  increased  respectively  by  6  and  6,  are  in  the  pro- 

2       1 
portion  of  -  to  - .     Required  the  numbers. 

Ans.  30  and  40. 

36.  A  Farmer  has  a  stack  of  hay,  from  which  he  sells 
a  quantity  which  is  to  the  quantity  remaining  in  the  pro- 
portion of  4  to  5.      He  then   uses   15   loads,  and   finds  that 
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he  has  a  quantity  left  which  is  to  the  quantity  sold  as  i  to  2. 
How  many  loads  did  the  stack  at  first  contain  ? 

Am.  45. 

37.  There  are  three  pieces  of  cloth,  whose  lengths  are  in  the 
proportion  of  3,  5,  and  7 ;  and  6  yards  being  cut  off  from  each^ 
the  whole  quantity  is  diminished  in  the  proportion  of  20  to  17. 
Required  the  length  of  each  piece  at  first. 

Arts.  24,  40,  and  56  yards. 

38.  The  number  of  days  that  4  workmen  were  employed 
were  severally  as  the  numbers  4,  5,  6,  7 ;  their  daily  wages  were 
the  same,  viz.  3  shillings,  and  the  sum  received  by  the  first  and 
second  was  36  shillings  less  than  that  received  by  the  third  and 
fourth.     How  much  did  each  receive  ? 

Arts.  36,  45,  54,  and  63  shillings. 

39-  From  two  casks  of  equal  size  are  drawn  quantities, 
which  are  in  the  proportion  of  6  to  7 ;  and  it  appears  that  if 
16  gallons  less  had  been  drawn  from  that  which  is  now  the 
emptier,  only  half  as  much  would  have  been  drawn  firom  it 
as  from  the  other.  How  many  gallons  were  drawn  from 
each? 

Am.  24  and  28. 

40.  On  the  enclosure  of  a  parish,  a  proprietor  had  for  his 
allotment  two  pieces  of  land,  which  were  of  the  form  of  rectan- 
gular parallelograms.  The  longer  sides  of  tiie  parallelograms 
were  in  the  ratio  of  6  to  11,  and  the  adjacent  sides  of  the  less  as 
3  to  2.  The  periphery  of  the  less  was  135  yards  more  than  the 
longer  side  of  the  greater.  Required  the  sides  of  the  less,  and 
the  longer  side  of  the  greater. 

Am.    The  sides  of  the  less  were  90  and  60;    and  the 
longer  side  of  the  greater  was  165  yards. 
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41.  Two  persons  A  and  B  travelling,  each  with  jEso,  meet 
with  robbers,  who  take  from  A  twice  as  much  as  from  B  and 
£5  over,  and  leave  A  within  £13  half  as  much  as  JB.  How 
much  is  taken  from  each  ? 

Ans.  6%  and  32  pounds. 

42.  A  person  distributes  forty  shillings  amongst  50  people ; 
giving  to  some  nine-pence  each,  and  to  the  rest  fifteen  pence. 
How  many  were  there  of  each? 

Ans.  45,  and  5. 

43.  A  person  put  out  a  certain  sum  to  interest  for  6^ 
years,  at  6  per  cent,  simple  interest,  and  found  that  if  he 
had  put  out  the  same  sum  for  12  years  and  g  months  at  4  per 
cent,  he  would  have  received  £iss  more.  What  was  the  sum 
put  out  ? 

Ans.  jEiooo. 

44.  A  regiment  of  militia  containing  594  men,  is  to  be 
raised  from  three  towns.  A,  B,  C.  The  contingents  of  A  and 
J3  are  in  the  proportion  of  three  to  five ;  and  of  B  and  C  in  the 
proportion  of  eight  to  seven.  Required  the  numbers  raised  by 
each. 

Ans.  144  by  A,  240  by  J3,  210  by  C. 

45.  Two  persons,  A  and  By  were  partners.  A^%  money 
remained  in  the  firm  6  years,  and  his  gain  was  one-fourth  of  his 
principal ;  and  J3^s  money,  which  was  £bO  less  than  ^'s,  had 
been  in  the  firm  9  years,  when  they  dissolved  partnership,  and 
it  appeared  that  if  B  had  gained  £6.  5s,  less,  his  gain  and  prin- 
cipal would  have  been  to  A^a  gain  and  principal  as  4  to  5. 
What  was  the  principal  of  each  ? 

« 

Ans.  £200,  and  £i50. 

46.  The  estate  of  a  Bankrupt,  valued  at  £21000,  is  to 
be  divided  amongst  four  creditors    proportionably    to    what 
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is  due  to  them.  The  debts  due  to  A  and  B  are  as  2  :  3; 
^s  claims  and  Cs  are  in  the  proportion  of  4  :  5 ;  and  C*s 
and  D's  in  the  proportion  of  6  :  7*  What  sum  must  each 
receive  ? 

Ans.  A  £3200,  B  JE48OO9  C  £6000,  D  £7000. 

47*  A  Merchant  bought  wheat  at  the  rate  of  £3,  los.  for  5 
bushels.  He  afterwards  bought  some  inferior^  which  was  in 
quantity  to  the  former  as  3  to  4^  at  the  rate  of  £3.  \2s,  for  8 
bushels;  and  sold  the  whole  for  10  shillings  a  bushel;  in  con- 
sequence of  which,  he  lost  £7.  I6s.  by  the  bargain.  How  much 
of  each  did  he  buy  ? 

Ans,  48  bushels  of  the  better^  and  36  of  the  worse. 

48.  Three  persons^  A,  B,  and  C,  spent  equal  sums  at  a 
tavern.  C  having  no  money,  the  reckoning  was  paid  by  A  and 
B.  When  C  came  to  reimburse  them,  he  paid  4  times  as  much 
to  ^  as  to  JB;  and  observed,  that  if  JB  had  paid  3  shillings  more 
of  his  reckoning,  their  demands  would  have  been  equal.  Re- 
quired the  sum  each  spent,  and  the  respective  parts  of  Cs 
reckoning  that  A  and  JB  paid. 

Ans.  Each  spent  10  shillings ;  A  paid  8,  and  B  2. 

49.  A  certain  sum  is  divided  among  three  persons : 
A  receives  £3000  more  than  the  half,  B  £1000  less  than 
the  third  part,  and  C  £800  more  than  the  fourth  part  of 
the  whole.  What  is  the  sum  divided,  and  what  does  each 
receive? 

Ans.  The  whole  is  £38400 ;  A  receives  dEi6200,  B  £ii800, 

C£  10400. 

60.  A  Farmer  had  two  flocks  of  sheep,  one  of  which 
contained  40,  and  the  other  was  sold  for  j£30 ;  but  one 
sheep  of  the  latter  was  worth  four  of  the  other;  and  the 
value  of  the  first  flock  was  only  £4  more  than  the  price 
of   eight  sheep  of   the   second.      How  many  sheep   did  the 
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second  flock  contain,  and  what  was  the  value  of  a  sheep  of 
each  ? 

Ans.   The  number  was  15,  and  the  prices  £2^  and  10 
shillings. 

51.  A  and  B  playing  at  billiards,  A  bet  5  shillings  to  4  on 
every  game,  and  found  that  after  a  certain  number  of  games  he 
had  won  10  shillings.  Had  B  won  one  game  more,  the  number 
won  by  him  would  have  been  to  the  number  won  by  ^  as  3  to 
4.     How  many  did  each  win  ? 

Ans.  A  won  20,  and  B  14. 

52.  A  besieged  garrison  had  such  a  quantity  of  bread, 
as  would,  if  distributed  to  each  at  10  ounces  a  day,  last  6 
weeks;  but  having  lost  1200  men  in  a  sally,  the  governor 
was  enabled  to  increase  the  allowance  to  12  ounces  per  day 
for  8  weeks.  Required  the  number  of  men  at  first  in  the 
garrison. 

Ana,  3200. 

53.  A  composition  of  copper  and  tin  containing  100  cubic 
inches  weighed  505  ounces.  How  many  ounces  of  each  metal 
did  it  contain,  supposing  a  cubic  inch  of  copper  to  weigh  5^ 
ounces,  and  a  cubic  inch  of  tin  to  weigh  4\  ounces  ? 

Ans.  420  of  copper,  and  85  of  tin. 

54.  There  are  two  towns,  A  and  JB,  which  are  131  miles 
distant  from  each  other.  A  coach  sets  out  from  ^  at  6  o'clock 
in  the  morning,  and  travels  at  the  rate  of  4  miles  an  hour  with- 
out intermission,  in  the  direct  road  towards  B.  At  2  o'clock  in 
the  afternoon  of  the  same  day  a  coach  sets  out  from  JB  to  go  to 
Ay  and  goes  at  the  rate  of  5  miles  an  hour  constantly.  Where 
will  they  meet  ? 

Ans,  76  miles  from  A,  and  55  from  JB. 

55.  Out  of  a  certain  sum,  a  man  paid  his  creditors 
JE96 ;    half  of  the  remainder   he  lent  his  friend ;    he    then 
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spent  one-fifth  of  what  now  remained;  and  after  all  these 
deductions  had  one-tenth  of  his  money  left.  How  much  had  he 
at  first? 

Ans.  £i28. 

56.  At  the  review  of  an  army,  the  troops  were  drawn  up 
in  a  solid  mass,  40  deep,  when  there  were  just  one-fourth  as 
many  men  in  front  as  there  were  spectators.  Had  the  depth 
however  been  increased  by  5,  and  the  spectators  drawn  up  in 
the  mass  with  the  army,  the  number  of  men  in  front  woidd  have 
been  loo  fewer  than  before.  Of  what  number  of  men  did  the 
army  consist  ? 

Am,  180000. 

57.  A  and  J3,  in  order  to  keep  up  the  price  of  copper  to  £s6 
per  ton,  agree  for  a  certain  time  to  sell  all  the  copper  they  raise, 
jointly;  yet  so  that  each  shall  be  paid  proportionably  to  the 
quantity  he  raises.  Now  the  whole  quantity  raised  in  the 
stipulated  time  was  235  tons;  and  A  receives  JE4214  more  than 
JB.     Required  the  quantity  raised  by  each. 

Ans.  142  tons  by  A,  and  93  by  B. 

58.  Bought  two  pieces  of  linen,  one  of  which  wanted 
12  yards  of  being  four  times  as  long  as  the  other.  The  longer 
cost  5  shillings,  and  the  shorter  4  shillings  a  yard;  23  yards 
being  cut  off  from  the  longer,  and  5  from  the  shorter,  and 
the  remainders  being  sold  for  one  shilling  a  yard  more  than 
they  cost,  I  received  £7.  2*.  How  many  yards  of  each  were 
there  ? 

Ans,  40,  and  13. 

59*  On  the  first  of  January  I799j  a  certain  beggar  re- 
ceived from  A  as  many  groats  as  A  was  years  old,  who  re- 
peated a  similar  donation  every  January  during  the  7  following 
years,  during  the  last  of  which  A  died,  his  alms  to  the  poor 
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man  having  in  all  amounted  to  £7»  188,  sd.    Determine  in  what 
year  he  was  bom,  and  his  age  at  his  death. 

Ans,    He  was  bom  in  1743,  and  had  completed  63  years 
at  his  death. 

60.  A  Courier,  passing  through  a  certain  place  A^  travels 
at  the  rate  of  Ts  miles  in  2  hours;  12  hours  afterwards  another 
passes  through  the  same  place,  travelling  the  same  road,  at  the 
rate  of  26  miles  in  3  hours.  How  long,  and  how  far  must  he 
travel  before  he  overtakes  the  first  ? 

Am,  36  hours,  and  312  miles. 

61.  During  a  panic,  there  was  a  run  on  two  Bankers 
A  and  B,  B  stopped  payment  at  the  end  of  three  days,  in 
consequence  of  which  the  alarm  increased,  and  the  daily 
demand  for  cash  on  A  being  trebled,  A  failed  at  the  end  of  two 
more  days.  But  if  A  and  B  had  joined  their  capitals, .  they 
might  both  have  stood  the  run,  as  it  was  at  first,  for  seven 
days,  at  the  end  of  which  time  B  would  have  been  indebted 
to  A  £4000.  What  was  the  daily  demand  for  cash  on  A^b 
Bank  at  first  ? 

Ana,  £2000. 

62.  As  A  and  B  were  going  to  school,  A  first  shot  an 
arrow  in  the  direction  in  which  they  were  going,  which  B 
took  up  and  shot  forward ;  and  so  on  alternately  till  the  arrow 
had  passed  exactly  from  one  mile-stone  to  another;  when  it 
appeared  that  A  had  shot  the  arrow  8  times,  and  B  1  times. 
Some  time  afterwards,  A  and  B  were  on  the  opposite  banks 
of  a  river,  the  breadth  of  which  they  wished  to  ascertain; 
A  first  shot  the  arrow  across  the  river,  and  it  flew  13  yards 
beyond  the  bank  on  which  B  stood ;  B  then  took  it  up,  and 
from  the  place  where  it  had  fallen,  shot  it  back  across  the  river; 
it  now  fell  9f  yards  beyond  the  bank  upon  which  A  stood. 
Required  the  breadth  of  the  river. 

Ans,  100  yards. 
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63*  Three  Merchants,  A,  B,  and  C,  enter  into  a  speca- 
lation ;  B  subscribes  iEio  more  than  four-fifths  of  what  A  does  ; 
and  C  £20  more  than  half  of  what  B  does,  ^'s  gain  is  two- 
fifths  of  his  subscription^  and  ^s  is  £i48.  What  are  the 
respective  sums  subscribed,  and  whole  gain? 

Ans.  The  sums  subscribed  are  450,  370,  and  215  pounds  ; 
and  the  whole  gain  is  JS414. 

64.  A  Tenant  agreed  to  pay  his  Landlord  two-thirds  of 
the  profit  of  a  farm  after  deducting  the  expense  of  cultivation, 
and  upon  this  agreement  found  that  his  own  share  was  one- 
sixth  of  the  whole  produce.  Afterwards  the  expense  of  culti- 
vation having  fallen  in  the  ratio  of  3  :  2,  and  the  value  of  the 
produce  in  the  ratio  of  5  :  3,  he  found  that  adhering  to  his 
agreement  he  must  pay  his  Landlord  JS400.  Determine  the 
original  value  of  the  produce. 

Ans.  £2250. 

65.  A  Gentleman  left  legacies  to  his  four  servants,  A^  jB, 
C,  D,  proportional  to  the  time  each  had  been  in  his  service, 
but  in  case  any  of  them  should  die  before  the  expiration  of 
the  year,  their  share  to  be  divided  equally  among  the  others. 
Accordingly  B  died ;  and  his  share  so  divided  made  the  share 
of  C  a  mean  proportional  between  those  of  A  and  D;  whereas 
before  A  was  to  have  had  £78,  C  £30,  and  D  £6.  What  did 
each  receive  ? 

Ans.  A  received  d£g6,  C  £43,  and  D  £24. 

66.  The  Colonel  of  a  regiment  at  Derby  sent  a  de- 
tachment to  Leeds  to  protect  the  Machinery.  The  detach- 
ment was  a  third  of  the  regiment  5  but  the  commanding 
officer  at  Leeds  thinking  his  numbers  insufficient,  and  sus- 
pecting that  50  of  his  men  had  been  corrupted  by  the  Lud- 
dites, ordered  the  suspected  men  back  to  Derby,  with  a 
request  that  the  Colonel  would  let  him  have  half  the  regi- 
ment.   To  comply  with  his  wishes,  the  Colonel  had  every 
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third  man  drafted  off  and  sent  to  Leeds.     Of  how  many  men 
did  the  regiment  consist  ? 

Ans.  goo. 

67'  There  are  two  places^  154  miles  distant^  from  which 
two  persons  set  out  at  the  same  time  to  meet,  one  travelling  at 
the  rate  of  3  miles  in  two  hours,  and  the  other  at  the  rate  of  5 
miles  in  four  hours.  How  long,  and  how  far  did  each  travel 
before  they  met  ? 

Ans.  56  hours ;  and  84,  and  70  miles. 

68.  A  sets  out  from  a  certain  place,  and  travels  at  the 
rate  of  7  miles  in  5  hours;  and  eight  hours  afterwards  B  sets 
ojit  from  the  same  place,  and  travels  the  same  road  at  the  rate 
of  5  miles  in  three  hours.  How  long,  and  how  far  must  A 
travel  before  he  is  overtaken  by  J3? 

Ans.  50  hours,  and  70  miles. 

£9*  A  Farmer's  rent  was  £50  a  year,  and  his  annual 
expenditure  (including  the  assessed  taxes,  which  amounted 
to  one-sixth  of  his  expenses)  was  such,  that  ^  he  was  able  to 
pay  his  landlord  only  £30.  The  year  following  his  rent  was 
lowered  20  per  cent, ;  the  taxes  also  were  reduced  one  half, 
and  agricultural  produce  increased  in  value  one-third ;  in  con- 
sequence he  was  enabled  to  pay  his  rent  and  former  debt,  and 
to  lay  by  £5.  What  was  his  expenditure  and  the  value  of  his 
produce  each  year? 

Ans.  His  expenditure  was  £60  the  first  year  and  £55  the 
second.  The  value  of  his  produce  £90,  and  £120, 
respectively. 

70.  A  man  lent  out  a  certain  sum  to  interest  at  £% 
per  cent,  per  annum.  He  suffered  this  to  accumulate  at 
simple  interest  for  12  years;  and  then  putting  out  the  prin- 
cipal and  interest  at  the  same  rate,  found  that  the  present 

A  a    • 
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annual  interest  exceeded  the  former  by  £z%.  %$•      Required 
the  sum  put  out  each  time. 

Ans.  £500  the  first  time,  and  £980  the  second. 

71.  A  Waterman  finds  by  experience  that  he  can  with 
the  advantage  of  a  common  tide  row  down  a  river  from  A 
to  By  which  is  is  miles,  in  an  hour  and  a  half,  and  that  to 
return  firom  B  to  A  against  an  equal  tide,  though  he  rows  back 
along  the  shore,  where  the  stream  is  only  three-fifths  as  strong 
as  in  the  middle,  takes  him  just  two  hours  and  a  quarter.  It 
is  required  from  hence  to  find  at  what  rate  per  hour  the  tide 
runs  in  the  middle,  where  it  is  strongest. 

Ans,  At  the  rate  of  two  miles  and  a  hMper  hour. 

72.  The  ingredients  of  a  loaf  of  bread  are  rice,  flour,  and 
water,  and  the  weight  of  the  whole  is  islbs.  The  weight  of 
the  rice  augmented  by  5lbs.  is  two-thirds  of  the  weight  of  the 
flour,  and  the  weight  of  the  water  is  one-fifth  of  the  weight  of 
the  flour  and  rice  together.     Required  the  weight  of  each. 

Ans.  Rice  slbs,,  flour  lo^lbs.,  water  2^1bs. 

73.  In  a  battery  two  cannon  were  employed,  the  first  of 
which  had  been  fired  36  times  before  the  second  began  to  play; 
and  afterwards  was  fired  eight  times  whilst  the  second  was  fired 
seven.  But  the  quantity  of  powder  used  for  each  shot  of  the 
first  was  less  than  what  was  used  for  the  second  in  the  propor- 
tion of  3  :  4.  How  many  times  was  the  second  fired,  before  it 
had  consumed  as  much  powder  as  the  first? 

Ans.  189  times. 

74.  Suppose  two  fingers  of  a  watch  (a)  and  (i)  were 
together  on  Sunday  noon  at  12  o'clock,  and  that  the  motion 
of  each  was  such  that  [a)  moved  round  the  horary  circle  in 
one  hour,  and  (A)  in  1-5V  hour.  When  will  they  be  together 
again  for  the  first  time  ? 

Ans.  6\  hours. 
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75.  A  Draper  bought  a  piece  of  cloth  for  iSd9^  from 
which  he  cut  off  ii  yards.  He  then  met  with  another  piece  of 
equal  goodness,  for  which  he  gave  £21,  and  found  that  if  it 
had  been  one  yard  longer,  its  length  would  have  been  to  the 
length  of  the  remainder  of  the  first  as  2  to  3.  How  many 
yards  were  there  in  each  piece,  and  what  was  the  price  of 
a  yard? 

Ans.  23  in  the  first,  and  7  yards  in  the  second;  and  the 
price  £3  per  yard. 

76.  A  Fruiterer  sells  for  \g8*  6d.  9^  certain  number  of 
oranges  and  apples,  of  which  the  latter  exceeded  the  former 
by  ISO.  He  sells  the  apples  at  the  rate  of  five  for  ^d.,  and 
fifteen  oranges  bring  him  in  \\d,  more  than  35  apples.  How 
many  are  there  of  each  sort,  and  what  are  the  oranges  worth 
apiece  ? 

Ans.  240  apples,  and  60  oranges,  which  are  worth  \\d. 
each. 

77.  Divide  the  number  198  into  five  such  parts,  that  the 
first  increased  by  one,  the  second  increased  by  two,  the  third 
diminished  by  three,  the  fourth  multiplied  by  four,  and  the  fifth 
divided  by  6,  may  be  aU  equal. 

Ans.  23,  22,  27;  6,  and  J  20,  are  the  numbers. 

78.  A  person  has  four  casks,  the  second  of  which  being 
filled  firom  the  first,  leaves  the  first  four-sevenths  full.  The 
third  being  filled  firom  the  second  leaves  it  one-fourth  full ;  and 
when  the  third  is  emptied  into  the  fourth,  it  is  found  to  fill 
only  nine-sixteenths  of  it.  But  the  first  will  fill  the  third  and 
fourth,  and  have  fift;een  quarts  remaining.  How  many  quarts 
does  each  hold  ? 

Ana.  140,  60,  45  and  so  respectively. 

79.  A  packet  sailing  fi"om  Dover  with  a  fair  wind,  arrives 
at  Calais  in  two  hours ;  and  on  its  return  the  wind  being  con- 

A  a  2 
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tnxrjf  it  proceeds  six  miles  an  hour  slower  than  it  went 
Now  when  it  is  half  way  over,  the  wind  changing,  it  sails  two 
miles  an  hour  faster,  and  reaches  Dover  sooner  than  it  would 
have  done  had  the  wind  not  changed,  in  the  proportion  of 
6  :  7-  Required  the  rates  of  sailing  and  the  distance  between 
Dover  and  Calais. 

Ans.   The  distance  is  22  miles,  and  in  returning  it  sails 
5  and  7  miles  an  hour. 

80.  Six  hundred  persons  voted  upon  a  disputed  question, 
which  was  lost  by  a  certain  number.  The  same  number  of 
persons  having  voted  again  upon  the  same  question,  it  was 
from  some  change  in  circumstances  carried  by  twice  as  many  as 
it  was  before  lost  by ;  and  the  new  majority  was  to  the  former 
one  as  8  :  7.     How  many  changed  their  minds? 

Ans.  150. 

81.  The  Gas  Contractors  engage  to  light  a  shop  with  3 
large  and  3  small  burners ;  but  having  by  them  only  one  large 
burner,  supply  the  deficiency  with  five  small  ones.  The  shop- 
keeper not  finding  this  light  suflScient,  procures  2  more  small 
burners,  and  at  the  same  time  agrees  for  the  light  to  bum 
double  the  usual  time  on  Saturday  nights,  for  which  additional 
gas  he  was  required  to  pay  £i.  us.  How  much  did  he  pay 
altogether  ? 

Ans.  5  guineas. 

82.  A  and  B  set  out  from  two  places,  C  and  X>,  at  the 
same  time,  towards  E ;  the  road  from  C  to  £  being  through 
Z>.  A  travels  7  miles  an  hour,  and  at  that  rate  of  travelling 
would  have  overtaken  B  5  miles  before  he  got  to  E ;  but  after 
arriving  at  Z>,  he  travels  6f  miles  an  hour,  in  consequence  of 
which  he  overtakes  B  just  as  he  enters  E.  Supposing  B  to 
travel  5  miles  an  hour,  what  are  the  distances  between  C,  i>, 
and£? 

Ans.    From  C  to  D  14  miles,  and  firom  Z>  to  £  40. 
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83.  A  Gentleman  wishing  his  two  daughters  to  receive 
equal  portions  when  they  became  of  age,  bequeathed  to  the 
elder  the  accumulated  interest  of  a  certain  sum  of  money, 
bought  at  the  time  of  his  death  into  the  4  per  cent,  stock  at  88 ; 
and  to  the  younger  the  accumulated  interest  of  a  sum  less  than 
the  former  by  £3500,  bought  at  the  same  time  into  the  3  per 
cents,  at  63.  Supposing  their  ages  at  the  time  of  their  father's 
death  to  have  been  17  and  u,  what  would  be  the  sum  bought 
into  the  stocks  in  each  case,  and  what  would  be  the  fortune 
of  each  ? 

An9.  The  sums  would  be  £7700,  and  £4200  ;^  and  fortune 

£l400. 

84.  Two  persons  A  and  B  start  at  the  same  time  for  a  race 
which  lasted  six  minutes.  Now  after  galloping  four  minutes  at 
the  same  uniform  pace  at  which  each  started,  the  distance 
between  them  is  i^hr^^  P^urt  of  the  whole  length  of  the  course. 
They  continue  to  run  for  one  minute  more  at  the  same  speed 
as  at  first ;  and  then  J3,  who  is  last,  quickens  the  speed  of  his 
horse  20  yards  a  minute,  and  comes  in  exactly  two  yards  before 
Ay  whose  horse  had  run  at  the  same  uniform  pace  throughout. 
What  was  the  length  of  the  course  ? 

Ans.  3  miles. 

85.  Out  of  a  common  pack  of  cards,  a  certain  number,  in- 
cluding the  ten  of  diamonds,  was  dealt  equally  amongst  four 
persons,  the  dealer  turning  up  the  last  card,  which  was  the  ten 
of  spades,  which  he  gave  himself.  Now  if  twice  the  number  of 
cards  had  been  dealt  to  each,  the  ten  of  spades  being  turned  up 
by  the  dealer,  and  the  ten  of  diamonds  being  still  dealt  out,  the 
chance  of  the  dealer's' having  the  ten  of  diamonds  would  be  to 
the  chance  against  him  as  3  :  10.  Required  the  number  of  ' 
cards  dealt  to  each  the  second  time. 

Ans,  10. 

86.  Two  companies  of  soldiers,  consisting  of  equal  num- 
bers, were  sent  out  under  A  and  B^  from  two  hostile  camps,  to 
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reconnoitre.  Falling  in  with  each  other^  a  sldnnish  ensued,  in 
which  A  lost  50  killed  and  prisoners^  and  B  had  20  killed.  A 
however  having  been  reinforced  by  a  party  equal  to  five- 
sevenths  of  the  number  which  B  had  remaining,  and  B  having 
been  reinforced  by  a  number  greater  by  46  than  three-fifths  of 
the  number  which  A  had  remaining,  they  renewed  the  engage- 
ment^ when  A  was  forced  to  retire  with  the  additional  loss  of  30 
men.  When  the  returns  were  made,  B  found  he  had  again  lost 
30  men,  but  that  he  had  then  twice  as  many  men  remaining 
as  A  had.     How  many  had  each  at  first  ? 

Ans.  .90. 

87'  A  Sportsman,  who  kept  an  account  of  the  number  of 
birds  which  he  killed,  found  that  each  succeeding  season  he 
wanted  50,  in  order  that  the  number  killed  might  bear  the  pro- 
portion of  3  :  2  to  the  number  killed  in  the  preceding  year. 
In  the  fourth  year  he  found  that  he  had  killed  170  fewer  than 
three  times  the  number  killed  in  the  first  year.  How  many  did 
he  kill  the  first  year  ? 

Ans.  ISO. 


88.  Several  detachments  of  artillery  divided  a  certain  num- 
ber of  cannon  balls.  The  first  took  72,  and  one-ninth  of  the 
remainder;  the  next  144,  and  one-ninth  of  the  remainder;  the 
third  216,  and  one-ninth  of  the  remainder;  the  fourth  288,  and 
one-ninth  of  those  that  were  left;  and  so  on;  when  it  was  found 
that  the  balls  had  been  equally  divided.  Determine  the  number 
of  detachments  and  balls. 

An8»  4608  balls,  and  8  detachments. 


89*  A  entered  into  a  Canal  speculation  with  14  others, 
and  the  profits  of  this  concern  amounted  in  all  to  £b9b 
more  than  five  times  the  price  of  an  original  share.  Seven  of 
his  former  partners  in  this  afiair  joined  with  him  in  a  scheme 
for  navigating  the  said  Canals  with  steam  boats,  each  venturing 


invobnnff  one  unknoum  Quantity*  869 

a  sum  of  money  less  than  his  former  gains  hj  £i73.  But  the 
steam  boats  unexpectedly  blowing  up^  A  found  he  had  lost 
£419  by  them,  for  the  company  not  only  never  recovered  the 
money  advanced,  but  had  lost  all  they  had  gained  by  digging 
the  Canals  and  £'S6s  besides.  What  were  the  prices  of  shares 
in  the  two  concerns  originally  ? 

Ans.  £700  in  the  first  speculation,  and  £100  in  the 
second. 

90.  A  Merchant  wishing  to  buy  a  certain  quantity  of 
pimento,  the  price  of  which  he  calculates  at  the  rate  of  5  bags 
for  £8y  transmits  to  his  foreign  agent  the  requisite  sum  of 
money.  Before  the  order  arrives,  pimento  has  risen  in  value ; 
and  the  money  is  sufficient  only  to  buy  a  quantity  less  by  18 
bags  than  that  which  the  Merchant  intended.  It  appears  also 
that  as  manyl)ag8  as  exceed  one-third  of  the  intended  quantity 
by  5j,  will  now  cost  £10.  78.  more  than  they  would  have 
done,  had  the  price  not  varied.  What  is  the  quantity  pur- 
chased? 

Ans.  432  bags. 

91.  Four  men  walking  abroad  found  a  purse  containing 
shillings  only,  out  of  which  every  one  of  them  took  a  number 
at  a  venture.  Afterwards  comparing  their  numbers  together, 
they  found  that  if  the  first  took  25  shillings  from  the  second,  it 
would  make  his  number  equal  to  what  the  second  had  left.  If 
the  second  took  30  shillings  from  the  third,  his  money  would 
then  be  triple  what  the  third  had  left.  And  if  the  third  took 
40  shillings  from  the  fourth,  his  money  would  then  be  double 
of  what  the  fourth  had  left.  Lastly,  the  fourth  taking  50  shil- 
lings from  the  first,  he  would  then  have  three  times  as  much  as 
the  first  had  left,  and  five  shillings  over.     What  had  each  ? 

Ans.  100,  150,  90j  and  105  shillings,  respectively. 

92.  Fifteen  current  guineas  should  weigh  4  ounces ;  but  a 
parcel  of  light  gold  being  weighed  and  counted,  was  found  to 
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contain  9  more  guineas,  than  was  supposed  from  the  weight ; 
and  a  part  of  the  whole,  exceeding  the  half  hy  10  guineas  and  a 
half,  was  found  to  be  1^  oz.  deficient  in  weight.  What  was  the 
number  of  guineas? 

Ans.  189. 

93.  A  Merchant  bought  a  quantity  of  wheat  for  j£200,  half 
of  which'  he  reserved  for  his  private  use.  He  then  sold  5  bushels 
more  than  f  of  the  remaining  quantity  at  such  a  price  as  to 
gain  £40  per  cent.  But  the  price  of  wheat  having  advanced,  he 
sold  the  remainder  at  such  a  price  as  to  gain  £67  per  cent,  by 
what  he  sold.  And  had  the  whole  been  sold  at  this  latter  price 
he  would  have  gained  £160  per  cent.  How  much  did  he  buy, 
and  how  did  he  sell  it  ? 

Ans.    He  bought  400  bushels ;  and  sold  the  first  portion 
at  14«.,  and  the  second  at  26s.  per  bushel. 

94.  A  Brewer,  from  a  certain  quantity  of  ingredients  which 
cost  £20,  brews  500  gallons  of  ale  (on  which  there  is  a  duty 
of  6d.  a  gallon),  and  sells  it  at  2s.  a  gallon.  Afterwards  from 
the  same  quantity  of  ingredients,  he  brews  a  certain  number  of 
gallons  of  strong  beer  (on  which  he  pays  the  ale  duty)  and  the 
remainder  small  beer,  making  together  the  same  number  of 
gallons  as  before ; — ^when  by  mixing  them  together,  and  selling 
the  mixture  as  ale,  he  finds  his  gains  increased  in  the  pro- 
portion of  10  :  7.  Determine  the  number  of  gallons  of  strong 
beer,  supposing  the  duty  on  small  beer  one-fourth  of  that  on 
ale. 

Ans.  100  gallons. 


VII.     Problems  producing  Simple  Equations,  involving  two 

unhioum  Quantities. 

1.    A  Draper  bought  two  pieces  of  cloth  for  J£i2.  13S.; 
one  beingji^,  and  the  other  9^-  per  yard.     He  sold  them  each 
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at  an  advanced  price  of  2«.  per  yard,  and  gained  by  the  whole 
£3.     What  were  the  lengths  of  the  pieces  ? 

Am.  17  yards  the  firsts  and  13  the  second. 

2.  A  bill  of  £26.  ss,  was  paid  with  half  guineas  and 
crowns,  and  twice  the  number  of  half  guineas  exceeded  three 
times  the  number  of  crowns  by  17.  How  many  were  there  of 
each  ?  , 

Ans.  40  half  guineas,  and  21  crowns. 

3.  Two  labourers,  A  and  J?,  received  £5,  178,  for  their 
wages;  A  having  been  employed  15,  and  B  u  days;  and  A 
received  for  working  four  days  1  is.  more  than  B  did  for  three 
days.     What  were  their  daily  wages  ? 

Ans.  A  had  5^.,  and  B  3s.  o,  day. 

4.  A  person  had  two  casks,  the  larger  of  which  he 
filled  with  ale,  and  the  smaller  with  cyder.  Ale  being  half 
a  crown,  and  cyder  us.  per  gallon,  he  paid  ^8.  6s.;  but  had 
he  filled  the  larger  with  cyder,  and  the  smaller  with  ale,  he 
would  have  paid  £11.  ss.  6d.  How  many  gallons  did  each 
hold? 

Ans.      The    larger   contained   is,  and  the  smaller  11 
gallons. 

5.  A  person  expends  half  a  crown  in  apples  and  pears, 
buying  his  apples  at  4,  and  his  pears  at  5  a  penny ;  and  after- 
wards accommodates  his  neighbour  with  half  his  apples  and 
one-third  of  his  pears  for  13  pence.  How  many  did  he  buy  of 
each? 

Ans.  72  apples,  and  60  pears. 

6.  Two  persons,  A  and  B,  played  cards,  each  with  a  dif- 
ferent sum.  After  a  certain  number  of  games,  A  had  won  half 
as  much  as  he  had  at  first,  and  found  that  if  he  had  iss.  more. 
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he  would  have  had  just  three  times  as  much  as  B.  But  B 
afterwards  won  io«.  Iwck,  and  he  had  then  twice  as  much  as  A. 
What  had  each  at  first? 

Ans.  A  had  Uy  and  B  19  shillings. 

7.  A  certain  sum  of  money  put  out  to  interest,  amounts 
in  8  months  to  £'297.  12«. ;  and  in  15  months  its  amount 
is  j£306  at  simple  interest.  What  is  the  sum^  and  the  rate  per 
cent.? 

An».  £i%%y  at  bper  cent. 

8.  A  Farmer  being  asked  how  many  quarters  of  wheat  he 
had  sold  in  the  market,  answered,  if  he  had  sold  8  quarters 
more,  and  got  7«.  per  quarter  more  than  he  did,  he  should  have 
received  £\u  \bs.  more  than  he  had  :  but  if  he  had  sold  7 
quarters  more  at  %s,  per  quarter  more,  he  should  have  had 
£\u  \78.  more.  How  many  quarters  did  he  sell,  and  what  was 
the  price  ? 

Ans.  13  quarters,  at  lis. per  quarter. 

9.  There  is  a  number  consisting  of  two  digits,  the  second 
of  which  is  greater  than  the  first ;  and  if  the  number  be  divided 
by  the  sum  of  its  digits,  the  quotient  is  4 ;  but  if  the  digits  be 
inverted,  and  that  number  divided  by  a  number  greater  by  3 
than  the  difference  of  the  digits,  the  quotient  becomes  14.  Re- 
quired the  number. 

An8»  48. 

10.  What  fi^ction  is  that,  whose  numerator  being 
doubled,  and  denominator  increased  by  7^  the  value  becomes 

-;  but  the  denominator  being  doubled,  and  the  numerator 

3 

increased  by  2,  the  value  becomes  -? 

Ans,  -. 
6 
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11.  A  Farmer  parting  with  his  stock,  sells  to  one  person 
9  horses  and  7  cows  for  £300;  and  to  another,  at  the  same 
prices,  6  horses  and  13  cows  for  the  same  sum.  What  was  the 
price  of  each? 

Ans.    The  price  of  a  cow  was  J£i2,  and  of  a  horse 

12.  A  Farmer  hires  a  farm  for  £245  per  ann.^  the  arable* 
land  being  valued  at  £2  an  acre,  and  the  pasture  at  28  shillings  ; 
now  the  number  of  acres  of  arable  is  to  half  the  excess  of  the 
arable  above  the  pasture  as  28  :  9.     How  many  acres  were  there 
of  each? 

Am.  98  acres  of  arable,  and  35  of  pasture^ 

13.  A  person  owes  a  certain  sum  to  two  creditors.  At 
one  time  he  pays  them  £53,  giving  to  one  four-elevenths  of  the 
sum  which  is  due,  and  to  the  other  £3  more  than  one^sixth  of 
his  debt  to  him.  A.t  a  second  time  he  pays  thenf  £42,  giving 
to  the  first  three-sevenths  of  what  remains  due  to  him,  and 
to  the  other  one-third  of  what  is  due  to  him.  What  were  the 
debts? 

Ans.  £121,  and  £36. 

14.  A  and  B  playing  at  backgammon,  A  bet  zs.  to  2«. 
on  every  game,  and  after  a  certain  number  of  games  found 
that  he  had  lost  17  shillings.  Now  had  A  won  3  more  from  JB, 
the  number  he  would  then  have  won,  would  have  been  to  the 
number  B  would  have  won  as  5  to  4.  How  many  games  did 
they  play  ? 

Ans.  9. 

15.  A  Vintner  has  2  casks  of  wine,  from  the  greater  of 
which  he  draws  15  gallons,  and  from  the  less  11;  and  finds 
the  quantities  remaining  in  the  proportion  of  8  to  3.  After 
they  become  half  empty,  he  puts  10  gallons  of  water  into 
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cBch,  and  finds  that  the  quantities  of  liquor  now  in  them  are  as 
9  to  5.     How  many  gallons  will  each  hold  ? 

Atu,  The  larger  79^  and  the  smaller  35  gallons. 

16.  A  person  having  laid  out  a  rectangular  bowling-green, 
observed  that  if  each  side  had  been  4  yards  longer,  the  adjacent 
sides  would  have  been  in  the  ratio  of  5  to  4 ;  but  if  each  had 
been  4  yards  shorter,  the  ratio  would  have  been  4  to  3.  What 
are  the  lengths  of  the  sides? 

Ans,  36,  and  28  yards. 

]7«  At  an  election  for  two  members  of  parliament,  three 
men  offer  themselves  as  candidates,  and  all  the  electors  give 
single  votes.  The  nimibers  of  voters  for  the  two  successful 
ones  are  in  the  ratio  of  9  to  8 ;  and  if  the  first  had  had  7  more, 
his  majority  over  the  second  would  have  been  to  the  majority 
of  the  second  over  the  third  as  12  :  7*  Now  if  the  first  and 
third  h^d  formed  a  coalition,  and  had  one  more  voter,  they 
would  each  have  succeeded  by  a  majority  of  7.  How  many 
voted  for  each  ? 

Ans.  369,  328,  and  soo,  respectively. 

18.  Determine  three  numbers  such  that  if  6  be  added  to  the 
first  and  second,  the  sums  will  be  in  the  proportion  of  2  :  3  ;  if 
5  be  added  to  the  first  and  third,  the  sums  will  be  in  the  pro- 
portion of  7  :  H  ;  but  if  36  be  subtracted  fi-om  the  second  and 
third,  the  remainders  will  be  as  6  :  ?• 

Ans.  30,  48,  60. 

19.  Two  shepherds,  A  and  B,  are  intrusted  with  the 
charge  of  two  flocks  of  sheep.  A^s  consisting  chiefly  of  ewes, 
many  of  which  produced  lambs,  is  at  the  end  of  the  year 
increased  by  80;  but  B  finds  his  stock  diminished  by  20; 
when  their  numbers  are  in  the  proportion  of  8  to  3.  Now 
had  A  lost  20  of  his  sheep,  and  B  had  an  increase  of  90,  the 
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numbers  would  have  been  in  the  proportion  of  7  to  lO.     What 
were  the  numbers  ? 

Ans.  A's  160,  and  jB's  no. 

20.  Two  persons,  A  and  By  can  perform  a  piece  of  work  in 
16  days.  They  work  together  for  4  days,  when  A  being  called 
off,  B  is  left  to  finish  it,  which  he  does  in  36  days  more.  In 
what  time  would  each  do  it  separately? 

Am,  A  in  24  days,  and  B  in  48  days. 

21.  There  is  a  cistern,  into  which  water  is  admitted  by  three 
cocks,  two  of  which  are  exactly  of  the  same  dimensions.  When 
they  are  all  open,  five-twelflhs  of  the  cistern  is  filled  in  four 
hours ;  and  if  one  of  the  equal  cocks  be  stopped,  seven-ninths  of 
the  cistern  is  filled  in  ten  hours  and  forty  minutes.  In  how 
many  hours  would  each  cock  fill  the  cistern  ? 

Ans.   Each  of  the  equal  ones  in  32  hours,  and  the  other 
in  24. 

22.  Some  hours  after  a  courier  had  been  sent  from  A  to 
J3,  which  are  147  miles  distant,  a  second  was  sent,  who  wished 
to  overtake  him  just  as  he  entered  B ;  in  order  to  which  he 
found  he  must  perform  the  journey  in  28  hours  less  than  the 
first  did.  Now  the  time  in  which  the  first  travels  17  miles 
added  to  the  time  in  which  the  second  travels  56  miles  is  13 
hours  and  40  minutes.  How  many  miles  does  each  go  per 
hour  ? 

Ans.  The  first  goes  3,  and  the  second  7  miles  an  hour. 

23.  Two  loaded  waggons  were  weighed,  and  their  weights 
were  found  to  be  in  the  ratio  of  4  to  5.  Parts  of  their  loads, 
which  were  in  the  proportion  of  6  to  7  being  taken  out,  their 
weights  were  then  found  to  be  in  the  ratio  of  2  to  3 ;  and  the 
sum  of  their  weights  was  then  10  tons.  What  were  the  weights 
at  first? 

Ans.  16,  and  20  tons. 


^  I 
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24.  A  GenHeman  gave  away  a  certain  sum  in  charity  to  u 
men  and  15  women.  Had  the  som  been  less  by  12  shillings, 
and  only  half  the  number  of  men  relieved,  the  rest  being  divided 
amongst  the  women,  each  woman  would  have  received  two  shil- 
lings more  than  each  man  did.  But  if  there  had  been  only  8 
women,  and  the  rest  had  been  divided  amongst  the  men,  each 
man  would  have  received  twice  as  much  as  each  woman.  How 
much  money  was  given  away  ? 

Ans.  24  guineas. 

25.  When  wheat  was  5  shillings  a  bushel,  and  rye  3  shil- 
lings, a  man  wanted  to  fill  his  sack  with  a  mixture  of  rye  and 
wheat  for  the  money  he  had  in  his  purse.  If  he  bought  7 
bushels  of  rye,  and  laid  out  the  rest  of  his  money  in  wheat, 
he  would  want  2  bushels  to  fiU  his  sack;  but  if  he  bought 
6  bushels  of  wheat,  and  filled  his  sack  with  rye,  he  would 
have  6  shillings  left.  How  must  he  lay  out  his  money,  and  fill 
his  sack  ? 

Ans.  He  must  buy  9  bushels  of  wheat,  and  12  bushels 
of  rye. 

26.  A  Stage  Coach  carries  six  inside,  the  fare  outside  is  i3». 
and  one-third  of  the  sum  of  the  outside  fares  exceeds  one-fifth 
of  those  inside  by  j£i.  i«.  8^  An  opposition  arising,  the  coach- 
man loses  three  outside  and  two  inside  passengers,  and  also 
reduces  the  inside  fare  by  bs,  and  halves  the  outside ;  and  then 
the  whole  loss  is  £7>  os.  6d.  Find  the  number  of  outside 
places,  and  the  fare  inside. 

Ans,  10  outside  places,  and  is«.  fare  inside. 

27.  A  Draper  bought  two  pieces  of  cloth  of  difierent 
kinds  for  £37*  4*. :  there  were  6  yards  of  the  coarser  more 
than  there  were  of  the  finer ;  and  had  the  coarser  cost  2  shil- 
lings a  yard  more  than  it  did,  6  yards  of  the  coarser  would 
have  cost  just  as  much  as  5  yards  of  the  finer.  He  afterwards 
bought  4  yards  of  the  finer,  and  12  of  the  coarser  at  the  same 
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prices  per  yard,  and  found  their  value  less  than  that  of  the 
former  pieces  in  the  ratio  of  20  :  31.  How^  many  yards  did  he 
buy  the  first  time,  and  what  did  he  give  per  yard  for  each  ? 

Ans.  9  yards  of  the  finer,  and  15  of  the  coarser ;  and  the 
prices  were  36,  and  28  shillings  per  yard. 

28.  A  Mercer  bought  two  pieces  of  silk  of  different  lengths 
for  £50 ;  the  price  of  two  yards  of  the  shorter  was  68*  sd,  more 
than  the  price  of  3  yards  of  the  longer ;  and  each  piece  cost  the 
same  sum.  He  cut  off  two  yards  from  each,  and  sold  the  rest 
for  ^53.  12*.  Now  if  he  had  sold  the  whole  at  that  rate,  he 
would  have  gained  £5  by  each  piece.  How  many  yards  did 
each  piece  contain  ? 

Ans,  25,  and  15  yards. 

29*  A  sets  out  express  from  C  towards  D,  and  three  hours 
afterwards  B  sets  out  from  D  towards  C,  travelling  2  miles  an 
hour  more  than  A.  When  they  meet,  it  appears  that  the  dis- 
tances they  have  travelled  are  in  the  proportion  of  13  to  15 ;  but 
had  A  travelled  five  hours  less,  and  B  gone  2  miles  an  hour 
more,  they  would  have  been  in  the  proportion  of  2  :  5.  How 
many  miles  did  each  go  per  hour,  and  how  many  hours  did  they 
travel  before  they  met  ? 

Ans.  A  went  4,  and  B  6  miles  an  hour,  and  they  travelled 
10  hours  afler  B  set  out. 


30.  The  revenue  of  a  state  was  increased  to  provide  for 
a  war  in  the  ratio  of  2^  :  1 ;  and  afler  deducting  the  expence 
of  collecting,  and  the  interest  of  the  National  Debt,  the  avail- 
able income  was  augmented  in  the  ratio  of  3^  :  i.  Now  it 
was  found  upon  calculation,  that  had  circumstances  on  the 
contrary  permitted  the  revenue  to  be  reduced  in  the  ratio  of 
1^  :  1,  the  sum  remaining  afler  the  specified  deductions  would 
have  been  diminished  in  the  ratio  of  7i  :  I9  and  would  in 
fact  have  only  amounted   to   four    millions.      Required  the 
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amount  of  the  revenue^  and  the  interest  of  the  debt ;  on  sup- 
position that  the  expence  of  collepting  varies  as  the  square  root 
of  the  amount  collected. 

Ans.   The  revenue  before  the  increase  was  64  millions, 
and  the  interest  of  the  National  Debt  28  millions. 

31.  A  and  B  engaged  to  reap  a  field  of  com  in  12  days. 
The  times  in  which  they  could  severally  reap  an  acre  are  as 
2  :  3.  After  some  time^  finding  themselves  unable  to  finish  it 
in  the  stipulated  time,  they  called  in  C  to  help  them;  whose 
rate  of  working  was  such,  that  if  he  had  wrought  with  them 
from  the  beginning,  it  would  have  been  finished  in  9  days.  Also 
the  times  in  which  he  could  severally  have  reaped  the  field  with 
A  alone,  and  with  B  alone,  are  in  the  proportion  of  7  to  8. 
When  was  C  called  in  ? 

Ans.  After  6  days. 

32.  Two  mixtures  are  made  of  brandy  and  sherry;  the 
quantities  of  brandy  in  each  being  as  4  to  3 ;  and  the  difference 
of  the  quantities  of  sherry  being  greater  by  25  gallons  than 
the  difierence  of  the  quantities  of  brandy.  Also  if  three  times 
the  quantity  of  brandy  had  been  put  into  the  first  mixture,  and 
twice  the  quantity  into  the  second,  the  quantities  of  brandy 
would  have  been  proportional  to  the  quantities  of  sherry.  But 
if  the  sherry  in  the  second  mixture  had  been  mixed  with  the 
brandy  in  the  first,  and  the  sherry  in  the  first  with  the  brandy 
in  the  second,  the  whole  mixtures  would  then  have  been  in  the 
ratio  of  5  to  6.  Required  the  quantities  of  brandy  and  sherry  in 
each  mixture. 

Ans.  The  quantities  of  brandy  are  80,  and  60  gallons,  and 
the  quantities  of  sherry  are  90,  and  45  gdlons. 

33.  During  a  winter,  when  fuel  was  scarce,  two  men, 
A  and  By  went  in  quest  of  coals  and  turf,  which  they  agreed 
to  use  in  common.  A  met  with  three  bushels  of  coals,  and, 
B  two,  at  the  same  price  per  bushel,  and  also  seven  baskets  of 
turf.     A  stipulated  that  he  should  consume  twice  as  many 
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coals  as  B,  B  assented,  but  demanded  of  bim  28.  lod,  Wben 
tbis  stock  was  exbausted,  J^  purcbased  one  busbel  of  coals, 
and  A  five,  togetber  witb  6  baskets  of  turf,  at  tbe  same  rates 
respectively  as  before ;  but  now  B  consumed  tbree  times  as 
many 'coals  as  Ay  and  paid  bim  \8s,  6d,  Wbat  was  tbe  price 
of  a  busbel  of  coals,  and  of  a  basket  of  turf;  equal  quantities 
of  turf  baving  been  consumed  by  eacb  person  ? 

Ans.  Tbe  price  of  a  busbel  of  coals  was  ss,,  and  of  a 
basket  of  turf  id. 


34.  Two  Spanisb  muleteers,  A  and  -B,  were  seated  under 
a  tree  in  order  to  dine ;  and  on  examining,  found  tbeir  stock 
of  provisions  to  consist  of  6  small  loaves  of  bread,  tbree  of 
wbicb  were  A^s  property,  and  a  bottle  of  wine,  wbicb  was  -B's. 
A  stranger,  wbo  bappened  to  come  up  at  tbe  time,  was  invited 
to  partake  of  tbeir  fare,  wbicb  was  just  sufficient  for  tbree 
persons;  and  at  parting,  being  pleased  witb  tbeir  bebaviour, 
be  gave  tbem  wbat  Spanisb  money  be  bad  about  bim,  wbicb 
amounted  to  6s.  b\d.,  to  be  equitably  sbared  between  tbem. 
Now  as  many  sbilUngs  as  a  loaf  cost  pence  would,  witb  four 
pence  more,  at  tbe  next  town  bave  bougbt  six  such  loaves 
and  four  bottles  of  tbe  same  wine ;  and  wben  tbe  money  was 
divided,  B  received  is.  lojrf.  more  tban  A.  Wbat  was  tbe 
price  of  eacb  loaf,  and  a  bottle  of  wine  ? 

Ans.  A  loaf  cost  7  pence,  and  a  bottle  of  wine  \\\  pence. 


VIII.     Problems  producing  Pure  Equations. 

1.     Find  two  numbers,  wbicb  are  in  the  proportion  of 
8  to  5,  and  whose  product  is  equal  to  360. 

Ans.  ±  24,  and  ±  15. 

B    B 
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2.  There  are  two  numbers,  whose  sum  is  to  thdr  differ- 
ence as  8  to  1,  and  the  difference  of  whose  squares  is  128. 
What  are  the  numbers  ? 

Ans.  ±  18,  and  ±  u. 

3«  In  a  court  there  are  two  square  grass-plots;  a  side 
of  one  of  which  is  lo  yards  longer  than  the  side  of  the  other; 
and  their  areas  are  as  25  to  9*  What  are  the  lengths  of  the 
sides? 

Ans,  25,  and  15  yards. 

4.  A  person  bought  two  pieces  of  linen,  which  together 
measured  36  yards.  Each  of  them  cost  as  many  shillings  per 
yard,  as  there  were  yards  in  the  piece ;  and  their  whole  prices 
were  in  the  proportion  of  4  to  i.  What  were  the  lengths  of  the 
pieces  ? 

Ana.  24,  and  12  yards. 

5.  There  are  two  numbers,  whose  sum  is  to  the  less  as 
5  to  2;  and  whose  difference,  multiplied  by  the  difference  of 
their  squares,  is  135.     Required  the  numbers. 

Ans*  9,  and  6. 

6.  There  are  two  numbers,  which  are  in  the  proportion 
of  3  to  2 ;  the  difference  of  whose  fourth  powers  is  to  the  sum 
of  their  cubes  as  26  to  7.     Required  the  numbers. 

Ans.  6,  and  4. 

7.  There  is  a  field  in  the  form  of  a  rectangular  parallelo- 
gram, whose  length  is  to  its  breadth  in  the  proportion  of  6  to  5. 
A  part  of  this,  equal  to  one-sixth  of  the  whole,  being  planted, 
there  remain  for  ploughing  625  square  yards.  What  are  the 
dimensions  of  the  field  ? 

Ans.  The  sides  are  30,  and  25  yards. 

8.  Some  Gentlemen  made  an  excursion;  and  every  one 
took  the  same  sum.    Each  gentleman  had  as  many  servants 
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attending  him  as  there  were  gentlemen ;  and  the  number  of 
pounds  which  each  had  was  double  the  number  of  all  the 
servants ;  and  the  whole  sum  of  money  taken  out  was  £3456. 
How  many  gentlemen  were  there  ? 

Ans,  12. 

9.  Divide  the  number  49  into  two  such  parts^  that  the 
quotient  of  the  greater  divided  by  the  less  maybe  to  the  quotient 

4  3 

of  the  less  divided  by  the  greater  as  ~  to  -• 
Ans.  28,  and  21. 

10.  A  detachment  of  soldiers  from  a  regiment  being 
ordered  to  march  on  a  particular  service,  each  company  fur- 
nished four  times  as  many  men  as  there  were  companies  in 
the  regiment;  but  these  being  found  to  be  insufficient,  each 
company  furnished  3  more  men ;  when  their  number  was  found 
to  be  increased  in  the  ratio  of  17  to  16.  How  many  companies 
were  there  in  the  regiment? 

Ans*  12. 

11.  A  charitable  person  distributed  a  certain  sum  amongst 
some  poor  men  and  women,  the  numbers  of  whom  were  in  the 
proportion  of  4  to  5.  Each  man  received  one-third  of  as  many 
shillings  as  there  were  persons  relieved;  and  each  woman 
received  twice  as  many  shillings  as  there  were  women  more 
than  men.  Now  the  men  received  all  together  18«.  more  than 
the  women*     How  many  were  there  of  each? 

Ans.  ]2  men,  and  15  women. 

12.  A  Gentleman  who  had  a  certain  number  of  horses, 
kept  part  of  them  at  livery  stables,  for  which  he  paid  £4.  los. 
per  week.  The  rest  he  kept  at  home,  and  their  number  was 
to  the  number  kept  at  the  livery  stables  as  7  to  3,  He  found 
that  the  expense  of  keeping  5  at  home  was  just  equal  to  that 
of  keeping  4  at  the  stables ;  and  the  number  of  shillings  that 
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one  hone  cost  him  at  home  was  to  the  number  of  horses  kept 
at  home  as  6  to  7«     How  many  horses  had  he  ? 

Ang.  6  at  the  livery  stables,  and  u  at  home. 

13.  A  city  baige,  with  chairs  for  the  company  and 
benches  for  the  rowers^  went  a  smnmer  excursion,  with  two 
bargemen  on  every  bench.  The  number  of  gentlemen  on 
board  was  equal  to  the  square  of  the  number  of  bargemen, 
and  the  nimiber  of  ladies  was  equal  to  the  number  of  gentle- 
men, twice  the  number  of  baigemen,  and  one  over.  Among 
other  provisions;,  there  were  a  number  of  turtles  equal  to  the 
square  root  of  the  number  of  ladies ;  and  a  number  of  bottles 
of  wine  less  than  the  cube  of  the  number  of  turtles  by  36i. 
The  turtles  in  dressing  consumed  a  great  quantity  of  wine, 
and  the  party  having  stayed  out  tiU  the  turtles  were  all  eaten, 
and  the  wine  all  gone,  it  was  computed,  that  supposing  them 
aU  to  have  consumed  an  equal  quantity,  (viz.  genUemen,  ladies, 
bargemen,  and  turtles,)  each  individual  would  have  consumed 
as  many  bottles  as  there  were  benches  in  the  baige.  Required 
the  number  of  tiulles. 

Ans.  19. 

14.  From  two  towns,  C  and  D,  two  travellers,  A  and 
By  set  out  to  meet  each  other ;  and  it  appeared  that  when 
they  met,  B  had  gone  35  miles  more  than  three-fifths  of  the 
distance  that  A  had  travelled;  but  firom  their  rate  of  tra- 
velling, A  expected  to  reach  C  in  20  hours  and  50  minutes; 
and  B  to  reach  i)  in  so  hours.  Required  the  distance  of 
C  from  D. 

AnSs  275  miles. 

15.  A  Farmer  bought  two  flocks  of  sheep,  the  first  of 
which  contained  id  fewer  than  the  second.  If  he  had  given 
for  the  first  flock  as  many  pounds  as  there  were  sheep  in 
the  second,  and  for  the  second  as  many  pounds  as  there 
were  sheep  in  the  first,  then  the  price  of  6  sheep  of  the 
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first  flock  would  have  been  to  the  price  of  7  sheep  of  the 
second  in  the  proportion  of  7  to  6.  Required  the  numbers  in 
each  flock. 

Ans.  108^  and  126. 

16.  A  Poulterer  bought  a  number  of  ducks  and  turkeys, 
the  number  of  ducks  exceeding  the  number  of  turkeys  by  8. 
For  each  duck  he  gave  half  as  many  shillings  as  there  were 
turkeys^  and  for  each  turkey  half  as  many  shillings  as  there 
were  ducks.  He  afterwards  bought  another  small  flock  of 
turkeys,  containing  4  fewer  than  the  number  of  turkeys  he 
bought  before;  and  having  given  for  each  of  them  as  many 
shillings  as  there  were  turkeys  in  the  flock^  he  founds  that 
if  his  former  purchase  had  cost  16  shillings  more,  it  would  have 
cost  exactly  foiur  times  as  much  as  the  present  one.  How 
many  ducks  and  turkeys  did  he  buy  at  first  ? 

Ans.  12  turkeys,  and  20  ducks. 

17.  Two  men,  A  and  By  entered  into  partnership  with 
stocks,  which  are  in  the  proportion  of  g  to  8 ;  and  after  trading 
one  year,  A  found  his  share  of  their  gain  to  amount  to  one- 
third  of  his  stock.  They  continued  to  trade  for  as  many  years 
as  are  equal  to  three- fourths  of  the  number  of  pounds  which  B 
contributed  to  the  stock,  and  found  their  whole  gain  amount  to 
j£i666.  What  did  each  contribute  to  the  stock;  and  how  many 
years  did  they  trade? 

Ans,  A  contributed  £63,  and  B  £56 ;   and  the  number 
of  years  is  42. 

18.  A  person  wishing  to  ascertain  the  area  of  a  certain 
quadrilateral  field,  found  that  he  could  determine  it  the  most 
readily  by  dividing  it  into  two  portions,  one  of  which  was 
of  the  form  of  a  rectangular  parallelogram,  the  shorter  side 
of  which  measured  60  yards.  The  x)ther  was  of  the  form 
of  a  right-angled  triangle,  whose  shortest  side  was  equal  to 
the  shorter  side   of  the  parallelogram,    and  the  other  side 
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containing  the  right  angle,  was  equal  to  the  diagonal  of  the 
parallelogram ;  and  the  area  of  the  triangle  was  to  the  area  of 
the  parallelogram  as  5  to  8.    What  was  the  area  of  the  field? 

Ans.  7800  square  yards. 

19.  A  Merchant  laid  out  a  certain  sum  upon  a  specu- 
lation, and  found  at  the  end  of  a  year  that  he  had  gained 
£69*  This  he  added  to  his  stock,  and  at  the  end  of  another 
year  found  that  he  had  gained  exactly  as  much  per  cent,  as 
in  the  year  preceding.  Proceeding  in  the  same  manner,  and 
each  year  adding  to  his  stock  the  gain  of  the  year  preceding,  he 
found  at  the  beginning  of  the  fifth  year  that  his  stock  was  to 
the  original  stock  as  81  to  16.  What  was  the  sum  he  first 
laid  out? 

Ans.  £iZ8. 

20.  There  is  a  number  consisting  of  two  digits,  which  being 
multiplied  by  the  digit  on  the  left  hand,  the  product  is  46 ;  but 
if  the  simi  of  the  digits  be  multiplied  by  the  same  digit,  the 
product  is  only  lo.    Required  the  number. 

Ans,  23. 

21.  Prom  two  towns,  C  and  D,  which  were  at  the  distance 
of  396  miles,  two  persons,  A  and  By  set  out  at  the  same  time, 
and  met  each  other,  after  travelling  as  many  days  as  are  equal 
to  the  difierence  of  the  number  of  miles  they  travelled />er  day; 
when  it  appears  that  A  has  travelled  2 16  miles.  How  many 
mUes  did  each  travel  ^wr  day  ? 

Ans.  A  went  36,  and  B  30. 

22.  There  are  two  numbers,  whose  sum  is  to  the  greater 
as  40  is  to  the  less,  and  whose  sum  is  to  the  less  as  90  is  to  the 
greater.    What  are  the  numbers  ? 

Ans.  36,  and  24. 

23.  It  is  required  to  find  two  numbers  such,  that  the 
product  of  the  greater  and  the  cube  of  the  less  may  be  to 
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the  product  of  the  less  and  the  cube  of  the  greater  as  4  to  9 ; 
and  the  sum  of  the  cubes  of  the  numbers  may  be  35. 

Ans.  Zy  and  2. 

24.  The  paving  of  two  square  court-yards  cost  £205 ; 
a  yard  of  each  costing  one-fourth  of  as  many  shillings  as  there 
were  yards  in  a  side  of  the  other.  And  a  side  of  the  greater 
and  less  together  measure  41  yards.  Required  the  length  of 
a  side  of  each. 

Ans.  25^  and  16  yards. 

25.  A  person  bought  a  number  of  apples  and  pears, 
amounting  together  to  so.  Now  the  apples  cost  twice  as 
much  as  the  pears:  but  had  he  bought  as  many  apples  as 
he  did  pears^  and  as  many  pears  as  he  did  apples,  his  apples 
would  have  cost  lod.^  and  his  pears  3^.  9^«  How  many  did 
he  buy  of  each  ? 

Ans,  60  apples,  and  20  pears. 

26.  A  person  exchanged  a  quantity  of  brandy  for  a  quantity 
of  rum  and  £11.  5^.;  the  brandy  and  rum  being  each  valued 
at  as  many  shillings  per  gallon  as  there  were  gallons  of  that 
liquor.  Now  had  the  rum  been  worth  as  many  shillings  per 
gallon  as  the  brandy  was,  the  whole  value  of  the  rum  and 
brandy  would  have  been  £56.  bs.  How  many  gallons  were 
there  of  each  ? 

Ana.  25  gallons  of  brandy,  and  20  of  rum. 

27.  There  are  two  rectangular  vats,  the  greater  of  which 
•ontains  20  solid  feet  more  than  the  other.     Their  capacities 

are  in  the  ratio  of  4  to  5 ;  and  their  bases  are  squares,  a  side  of 
each  of  which  is  equal  to  the  depth  of  the  other.  What  are 
the  depths? 

Ans,  5  feet,  and  4  feet. 

28.  Bought  two  square  carpets  for  £62.  \s.\  for  each 
of  which  I  paid  as  many  shillings  per  yard  as  there  were 
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yards  in  its  side.  Now  had  each  of  them  cost  as  many  shillings 
per  yard  as  there  were  yards  in  the  side  of  the  other^  I  should 
have  paid  I7s,  less.     What  was  the  size  of  each  ? 

Ans.    One  contained    si,    and    the    other    64    square 
yards. 

29.  The  number  of  men  in  both  fronts  of  two  columns 
of  troops,  A  and  B,  when  each  consisted  of  as  many  ranks 
as  it  had  men  in  front,  was  84 ;  but  when  the  columns  changed 
ground,  and  A  was  drawn  up  with  the  front  B  had,  and  B  with 
the  front  A  had,  the  number  of  ranks  in  both  columns  was  91. 
Required  the  number  of  men  in  each  column. 

Ans,  2304,  and  1296. 

30.  A  field  in  the  form  of  a  rectangular  parallelogram 
was  planted  with  trees  placed  at  such  distances  as  to  have 
four  on  every  square  yard.  The  expense  of  planting  was 
such,  that  every  40  trees  cost  one-third  of  as  many  shillings 
as  there  were  yards  in  the  diagonal  of  the  parallelogram. 
But  had  they  been  planted  at  such  a  price  as  that  every 
hundred  should  have  cost  as  many  shillings  as  there  were 
yards  in  the  shorter  side  of  the  parallelogram,  the  expense 
would  have  been  less  by  J6224.  Now  a  square  described 
upon  the  diagonal  of  the  parallelogram  would  be  equal  to 
eight-thirds  of  the  square  described  on  the  less  side,  toge- 
ther with  the  square  described  on  a  line  which  is  equal  to 
the  difference  of  the  sides.  Required  the  dimensions  of  the 
parallelogram. 

Ans.     The   longer   side   is  so,   and  the   shorter  60 
yards. 

31.  A  and  B  are  two  towns,  situated  on  the  bank  of  a 
river,  which  runs  at  the  rate  of  4  miles  an  hour.  A  Water- 
man rows  from  ^  to  J3,  and  back  again,  and  finds  that  he 
is  39  minutes  longer  upon  the  water  than  he  would  have 
been,  had  there  been  no  stream.     The  next  day  he  repeats 
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his  voyage  with  another  waterman,  with  whose  assistance  he 
can  row  half  as  fast  again :  and  they  find  that  they  are  only 
eight  minutes  longer  in  performing  their  voyage  than  they 
would  have  been^  had  there  been  no  stream.  Determine  the 
rate  at  which  the  waterman  would  row  by  himself. 

Ans.  6  miles  per  hour. 

32.  There  are  three  towns.  A,  B,  C,  the  straight  lines 
joining  which  form  a  right-angled  triangle;  B  being  situated 
at  the  right  angle,  and  the  distance  from  ^  to  J3  being  the 
least  of  the  three.  A  pedestrian  making  a  circuit  of  them, 
at  an  uniform  rate,  finds  that  the  time  of  his  going  from  A 
to  B,  together  with  the  time  of  going  from  J3  to  C,  exceeds 
the  time  from  C  to  -4  by  two  hours  and  forty  minutes.  A 
coach,  which  left  A,  to  make  the  same  circuit,  four  hours 
afler  the  pedestrian,  overtakes  him  at  the  end  of  the  eighth 
mile  from  JB  to  C;  the  rate  of  the  coaches  travelling  being 
three  times  that  of  the  pedestrian;  and  after  reaching  A, 
and  waiting  there  six  hours  and  forty  minutes,  it  sets  out 
again  to  make  the  same  circuit,  and  arrives  again  at  A  ex- 
actly at  the  same  time  with  the  pedestrian,  who  had  rested 
four  hours  at  C.  Find  the  distances  of  the  towns  from 
each  other,  and  the  rates  of  travelling  of  the  pedestrian  and 
the  coach. 

Ans.  The  distances  are  lo,  24,  and  26  miles  respectively ; 
and  the  rates  of  travelling  of  the  pedestrian  and  the 
coach  are  3  and  9  miles  per  hour. 


IX.    Problems  producing  Adfected  QuadrcUics. 

1.    What  two  numbers  are  those,  whose  sum  is  19,  and 
whose  difference  multiplied  by  the  greater  is  60  ? 

Ans.  12,  and  7. 
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2.  If  the  square  of  a  certain  number  be  taken  from  40^ 
and  the  square  root  of  this  difference  be  increased  by  10, 
and  the  sum  multiplied  by  2^  and  the  product  divided  by 
the  nimiber  itself^  the  quotient  will  be  4.  Required  the 
number. 

Ans.  6. 

3*  There  is  a  field  in  the  form  of  a  rectangidar  pa- 
rallelogram^ whose  length  exceeds  the  breadth  by  16  yards; 
and  it  contains  960  square  yards.  Required  the  lengdi  and 
breadth. 

Ana.  40^  and  24  yards. 

4.  A  person  being  asked  his  age^  answered.  If  you  add  the 
square  root  of  it  to  half  of  it,  and  subtract  12,  there  wiU  remain 
nothing.     Required  his  age. 

Am.  16. 

-  5.  Two  casks  of  ale  were  bought  for  £2.  iHs.y  one  of  which 
contained  5  gallons  more  than  the  other,  and  the  price  per  gal- 
lon was  2  shillings  less  than  one-third  of  the  number  of  gaUons 
in  the  less.  Required  the  number  of  gallons  in  each,  and  the 
price  per  gallon. 

Ans.   The  numbers  were  12,  and  17,  and  the  price  per 
gallon  2  shillings. 

6.  From  two  places,  at  the  distance  of  320  miles,  two  per- 
sons, A  and  B,  set  out  at  the  same  time  to  meet  each  other.  A 
travelled  8  miles  a  day  more  than  JB,  and  the  number  of  days  in 
which  they  met  was  equal  to  half  the  number  of  miles  B  went 
in  a  day.  How  many  miles  did  each  travel  per  day,  and  how 
far  did  each  travel  ? 

Ans.  A  went  24,  and  B  \6  miles  per  day;  A  went  192, 
and  B  128  miles. 
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7.  The  difference  between  the  hypothenuse  and  base  of 
a  right-angled  triangle  is  =  6,  and  the  difference  between 
the  hypothenuse  and  the  perpendicular  is  =  3.  What  are  the 
sides? 

Ans.  15^  12^  and  9- 

8.  In  a  parcel  which  contains  24  coins  of  silver  and  copper, 
each  silver  coin  is  worth  as  many  pence  as  there  are  copper 
coins,  and  each  copper  coin  is  worth  as  many  pence  as  there  are 
silver  coins,  and  the  whole  is  worth  is  shillings.  How  many 
are  there  of  each  ? 

Ans.  6  of  one,  and  is  of  the  other. 

9.  A  Farmer  received  £7.  4«.  for  a  certain  quantity  of 
wheat,  and  an  equal  sum  at  a  price  less  by  is,  6d.  per  bushel 
for  a  quantity  of  barley,  which  exceeded  the  quantity  of 
wheat  by  16  bushels.  How  many  bushels  were  there  of 
each? 

Ans,  32  bushels  of  wheat,  and  48  of  barley. 

10.  Two  messengers,  A  and  B,  were  dispatched  at  the 
same  time  to  a  place  90  miles  distant;  the  former  of  whom 
riding  one  mile  an  hour  more  than  ihe  other,  arrived  at  the 
end  of  his  journey  an  hour  before  him.  At  what  rate,  did 
each  trsYel per  hour? 

Ans»  A  went  10,  and  B  9  vniesper  hour. 

11.  Bought  a  number  of  books,  consisting  of  folios,  quartos, 
and  octavos,  for  £96.  12^.  Fourteen  folios  (which  was  the 
whole  number)  cost  3  times  as  much  as  all  the  quartos;  and 
one  quarto  cost  as  many  shillings  as  there  were  quartos.  The 
number  of  octavos  was  32,  and  their  value  was  such,  that  4  of 
them  cost  as  much  as  one  quarto.  Required  the  value  of  each, 
and  the  number  of  quartos. 

Ans.  There  were  21  quartos,  each  folio  cost  4} 
guineas,  each  quarto  one  guinea,  and  each  octavo 
6s.  3d. 
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12.  A  man  travelled  105  miles,  and  then  found  that  if  he  had 
not  travelled  so  fast  by  2  miles  an  hour,  he  should  have  been  6 
hours  longer  in  performing  the  same  journey.  How  many 
miles  did  he  go  per  hour? 

Ans.  7  miles. 

13.  Bought  two  flocks  of  sheep  for  <£65.  \2s.y  one  con- 
taining 5  more  than  the  other.  Each  sheep  cost  as  many  shil- 
lings as  there  were  sheep  in  the  flock.  Required  the  numbers 
in  each  flock. 

Ans.  23,  and  28. 

14.  A  regiment  of  soldiers,  consisting  of  1066  men,  is  formed 
into  two  squares,  one  of  which  has  four  men  more  in  a  side 
than  the  other.  What  number  of  men  are  in  a  side  of  each  of 
the  squares? 

Ans.  21,  and  25. 

15.  What  number  is  that,  to  which  if  24  be  added^  and  the 
square  root  of  the  sum  extracted,  this  root  shall  be  less  than  the 
original  quantity  by  18  ? 

Ans.  25. 

16.  After  taking  the  kings,  queens,  and  knaves  out  of  a 
pack  of  cards,  the  rest  were  divided  into  three  heaps.  The 
number  of  pips  contained  in  the  second  heap  was  found  to  be  4 
times  the  square  of  the  number  in  the  first  heap ;  and  had  the 
third  heap  contained  5  more  pips  than  it  did,  the  number  in  it 
would  have  been  exactly  half  of  what  the  first  and  second  heap 
contained.     Required  the  number  of  pips  in  each  heap. 

Ans.  6,  144,  and  70. 

17.  A  Tailor  bought  a  piece  of  cloth  for  ^£147^  from 
which  he  cut  off  12  yards  for  his  own  use,  and  sold  the  re- 
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maindcr  for  iEi20.  6s,y  gaming  5  shillings  per  yard.     How  many 
yards  were  there,  and  what  did  it  cost  him  per  yard  ? 

Ans.  49  yards,  at  £3  per  yard. 


18.  A  regiment  of  foot  was  ordered  to  send  216  men  on 
garrison  duty, each  company  being  to  furnish  an  equal  number; 
but  before  the  detachment  marched,  3  of  the  companies  were 
sent  on  another  service,  when  it  was  found  that  each  company 
that  remained  was  obliged  to  furnish  1 2  additional  men,  in  order 
to  make  up  the  complement  216.  How  many  companies  were 
there  in  the  regiment,  and  what  number  of  men  was  each  com- 
pany ordered  to  send  at  first  ? 

Ans,  There  were  9  companies ;  and  each  was  to  send  24 
men. 

19.  A  Poulterer  bought  15  ducks  and  12  turkeys  for  five 
guineas.  He  had  two  ducks  more  for  is  shillings  than  he  had 
of  turkeys  for  20  shillings.    What  was  the  price  of  each  ? 

Ans.  The  price  of  a  duck  was  3s.  and  of  a  turkey  5s. 


20.  Two  men,  A  and  S,  entered  into  a  speculation,  to 
which  B  subscribed  £15  more  than  A.  After  4  months,  C  was 
admitted,  who  added  £50  to  the  stock ;  and  at  the  end  of  12 
months  from  C's  admission  they  found  they  had  gained  iSi59 ; 
when  A  withdrawing  received  for  principal  and  gain  dSss.  What 
did  he  originally  subscribe  ? 

Ans.  £40. 

21.  A  wall  was  built  round  a  rectangular  court  to  a  cer- 
tain height.  Now  the  length  of  one  side  of  the  court  was  two 
yards  less  than  8  times  the  height  of  the  wall,  and  the  length  of 
the  adjacent  side  was  5  yards  less  than  6  times  the  height  of  the 
wall ;  and  the  number  of  square  yards  in  the  court  was  greater 
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than  the  nmnber  in  the  wall  bj  178.    Required  the  dimenaioDfl 
of  the  court,  and  the  height  of  the  TralL 

An$.    The  sides  were  30,  and  199  and  the  height  4 
yards* 

32.  A  ship  containing  74  saHors,  and  a  certain  number  of 
soldiers  besides  officers,  took  a  prize.  The  sailors  received  each 
one-third  as  many  pounds  as  there  were  soldiers,  and  the  sol- 
diers received  £z  a  piece  less,  and  iS768  fell  to  the  share  of  the 
officers.  Had  the  officers  however  received  nothing,  the  soldiers 
and  sailors  might  have  received  half  as  many  pounds  per  man, 
as  there  were  soldiers.  How  many  soldiers  were  there,  and 
how  much  did  each  receive  ? 

An8.  There  were  36  soldiers,  each  soldier  received  £% 
and  each  sailor  £12* 

23.  A  Poulterer  going  to  market  to  buy  turkeys,  met  with 
four  flocks.  In  the  second  were  6  more  than  three  times  the 
square  root  of  double  the  number  in  the  first.  The  third  con- 
tained three  times  as  many  as  the  first  and  second;  and  the 
fourth  contained  6  more  than  the  square  of  one-third  of  the 
number  in  the  third ;  and  the  whole  number  was  1938.  How 
many  were  there  in  each  flock  ? 

Ans.     The  numbers   were   is,  24,   126,  i77o,  respect- 
ively. 

24.  A  body  of  men  are  just  sufficient  to  form  a  hollow 
equilateral  wedge,  three  deep;  and  if  597  be  taken  away^  the 

*  remainder  will  form  a  hollow  square,  four  deep,  the  fix>nt  of 
which  contains  one  man  more  than  the  square  root  of  the 
number  contained  in  a  front  of  the  wedge.  What  is  the  num- 
ber of  men  ? 

Am.  693. 

25.  Two  men,  A  and  B,  u  Icii^ake  to  perform  a  piece 
of  work  in  four  days,  iot  which  they  are  to  receive  a  certain 
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number  of  shillings;  but  after  some  time^  finding  that  they 
shall  not  be  able  to  finish  it  in  the  time  proposed^  they  call  in  C 
to  assist  them,  and  upon  an  equitable  division  of  the  money,  C 
receives  a  sum  equal  to  the  square  root  of  the  whole  number 
of  shillings;  but  had  they  been  obliged  to  call  in  C  to  their 
assistance  i^  day  sooner,  his  share  of  the  money  would  have 
been  two-fifths  more.  How  long  did  C  work,  and  what  did  he 
receive  ? 

Ans,  He  worked  2  days,  and  received  5  shillings. 


26.  A  cask,  whose  content  is  20  gallons,  is  filled  with 
brandy,  a  certain  quantity  of  which  is  then  drawn  off  into 
another  cask  of  equal  size ;  this  last  cask  is  then  filled  with 
water;  after  which  the  first  cask  is  filled  with  the  mixture, 
and  it  appears,  that  if  6^  gallons  of  the  mixture  be  drawn  off 
from  the  first  into  the  second  cask,  there  will  be  equal  quantities 
of  brandy  in  each.  Required  the  quantity  of  brandy  first  drawn 
off. 

Ans.  10  gallons. 

27.  There  are  three  numbers,  the  difference  of  whose  dif- 
ferences is  5 ;  their  sum  is  20 ;  and  their  continual  product  130. 
Required  the  numbers. 

Ana.  2,  5,  and  13. 

28.  There  are  three  numbers,  the  difference  of  whose  dif- 
ferences is  3;  their  sum  is  21;  and  the  sum  of  the  squares  of 
the  greatest  and  least  is  137«    Required  the  numbers. 

Ans.  4,  6, 11. 

29.  There  is  a  number  consisting  of  2  digits,  which  when 
divided  by  the  sum  of  its  digits  gives  a  quotient  greater  by -2 
than  the  first  digit.  But  if  the  digits  be  inverted,  and  then 
divided  by  a  number  greater  by  unity  than  the  sum  of  the 
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digits,  the  quotient  is  greater  by  2  thjm  the  preceding  quotient. 
Required  the  number. 

An$.  24. 

30.  A  and  B  gained  by  trading  £100.  Half  of  ^'s  stock  was 
less  than  j^s  by  £100;  and  ^'s  gain  was  three-twentieths  of 
B^%  stock.  What  did  each  put  into  stock,  and  what  are  the 
respective  shares  of  the  gain  ? 

Ans.  A^%  stock  was  £600  and  V%  £400.    A^s  gain  was 
£60  and  R^  £4a 

31.  A^  B,  and  C  were  three  Architects.  A  and  B  buflt 
foiu*  warehouses  with  flat  roofs,  each  a  lai^  one,  and  each 
a  small  one;  the  linear  width  of  the  two  lai^  ones  being 
the  same,  and  also  that  of  the  two  small  ones.  A  built  his 
as  long  and  as  high  as  they  were  wide;  but  B  made  the 
length  and  height  of  his  lai^  one  equal  to  the  width  of  his 
small  one,  and  the  length  and  height  of  his  smaU  one  equal  to 
the  width  of  his  lai^  one,  in  such  a  manner  that  the  difierence 
between  the  solid  content  of  those  built  by  A  and  those  built  by 
B  was  73728  cubic  feet.  C  also  built  a  warehouse  upon  a  square 
plot  of  ground,  which  was  equal  to  the  difference  between  the 
ground-plots  occupied  by  those  which  A  built,  and  found  that 
it  would  have  stood  on  2688  square  feet,  if  he  had  added  eight 
times  as  many  square  feet  to  the  ground-plot  as  there  were 
linear  feet  in  its  width.  How  many  feet  wide  were  the  several 
buildings  erected  by  A^  By  and  C? 

Ans.   The  width  of  A^^  and  fs  lai^  warehouse  was 
52  feet,  and  of  their  small  one  20 :  and  the  width  of 

C'S  48. 

32.  A  certain  sum  was  to  be  raised  on  three  estates 
belonging  to  A,  B,  and  C,  at  the  rate  of  one  shilling  per 
acre.  Now  the  number  of  acres  A  and  B  had,  were  as 
3  to  7 ;  and  if  the  number  of  acres  in  the  whole  were  di- 
vided by  one-third  of  the  product  of  the  numbers  in  the  first 
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•  •  3 

and  thirds  the  quotient  would  be  -  •     Also  the  sum  paid  by 

A  and  C  was  36  shillings  less  than  the  sum  of  three  times  the 
money  paid  by  C,  and  two-sevenths  of  the  money  paid  by  J8. 
Of  how  many  acres  did  each  estate  consist;  and  what  was  the 
whole  sum  to  be  raised  ? 

Ans,  A  had  12,  B  28,  and  C  20  acres;   and  the   sum 
.  was  £3. 

33.  A  Butcher  bought  a  certain  number  of  calves  and 
sheep^  and  for  each  of  the  former  gave  as  many  shillings  as 
there  were  sheep,  and  for  each  of  the  latter  one-fourth  as  much. 
Now  had  he  given  4  shiUings  more  for  each  of  the  former,  and 
2  shillings  more  for  each  of  the  latter,  he  would  have  paid  seven 
pounds  more.  But  had  a  sheep  cost  as  much  as  a  calf,  he 
would  have  expended  £56.  6s.  How  many  did  he  buy  of  each ; 
and  what  were  their  prices  ? 

Ans*  23  calves,  and  24  sheep ;  and  their  prices  were  24, 
and  6  shillings,  respectively. 

34.  A  Farmer  at  a  fair  found  the  price  of  an  ox  equal  to 
that  of  three  sheep,  and  that  he  could  just  dispose  of  £100,  buy- 
ing twice  as  many  sheep  as  oxen.  But  waiting  till  the  evening 
when  the  price  of  an  ox  fell  £1,  and  of  a  sheep  6s.  sd.,  he  got 
for  £100  three  times  as  many  sheep  as  oxen,  and  increased  his 
whole  stock  by  ten  more  than  he  would  have  done  in  the  former 
case.  How  many  sheep  and  oxen  did  he  buy,  and  what  was  the 
price  of  each  ? 

Ans.  10  oxen  and  30  sheep ;  and  the  prices  were  £5,  and 
£i.  I3s.  id. 

35.  Two  persons,  A  and  By  comparing  their  wages, 
observe  that  if  A  had  received  per  day  in  addition  to  what  he 
does  receive,  a  sum  equal  to  one-fourth  of  what  B  received  per 
week,  and  had  worked  as  many  days  as  B  received  shillings 
per  day,  he  would  have  received  £2.  6s. ;  and  had  B  received 

c  c 
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2  shillings  a  day  more  than  A  did^  and  worked  for  a  number 
of  days  equal  to  half  the  number  of  shillings  he  received  per 
week^  he  would  have  received  £4.  iss.  What  were  their  daily 
wages? 

Ans,  A^s  5  shillings^  and  J3's  4. 

36.  There  are  four  towns  in  the  order  of  the  letters, 
A,  B,  C,  D.  The  difference  between  the  distances  irom  A  to 
B  and  from  J3  to  C  is  greater  by  four  miles  than  the  distance 
from  B  to  D.  Also  the  number  of  miles  between  B  and  D  is 
equal  to  two-thirds  of  the  number  between  A  and  C.  And  the 
number  between  A  and  JS  is  to  the  number  between  C  and  D  as 
seven  times  the  nmnber  between  B  and  C :  26.  Required  the 
respective  distances. 

Ans.  AB  =  42,  J8C=  6,  CD  =  26  miles. 

37*  A  person  bought  a  quantity  of  cloth  of  two  sorts  for 
£7>  IBS.  For  every  yard  of  the  better  sort  he  gave  as  many 
shillings  as  he  had  yards  in  all;  and  for  every  yard  of  the 
worse  as  many  shillings  as  there  were  yards  of  the  better  sort 
more  than  of  the  worse.  And  the  whole  price  of  the  better  sort 
was  to  the  whole  price  of  the  worse  as  72  to  7.  How  many 
yards  had  he  of  each  ? 

Ans.  9  yards  of  the  better,  and  7  of  the  worse. 

38.  From  each  of  two  bags  containing  a  certain  number  of 
balls  respectively,  a  person  draws  out  a  handfrd,  and  finds  that 
the  number  remaining  in  the  greater  is  exactly  the  cube  of  that 
remaining  in  the  lesser,  and  exactly  the  square  of  one  handfiiL 
He  then  draws  out  of  the  greater,  imtil  he  finds  that  the  num- 
ber remaining  in  it  is  exactly  the  square  of  that  remaining  in  the 
lesser,  and  also  that  if  he  now  empties  the  greater  into  the 
lesser,  its  original  number  will  be  increased  by  two-thirds. 
Determine  the  number  of  balls  in  each  bag. 

Ans.  72  and  12. 
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39.  A  Fanner  sold  a  certain  number  of  bushels  of  barley, 
and  ten  bushels  of  wheat  for  £7.  19*.  Now  each  bushel  of 
wjieat  cost  within  3  shillings  as  much  as  two  bushels  of  barley. 
He  afterwards  sold  as  many  bushels  of  barley'  and  four  more, 
and  fifteen  bushels  of  wheat,  and  received  two  shillings  per 
bushel  more  for  his  wlieat  and  barley  than  he  did  before ;  when 
he  found  that  if  he  had  received  £1.  4*.  more,  he  should  just 
have  received  twice  as  much  as  he  did  before.  How  many 
bushels  of  barley  did  he  sell  the  first  time ;  and  what  were  the 
prices  per  bushel  of  the  wheat  and  barley  ? 

Ans,  7  bushels  of  barley ;  and  the  prices  of  wheat  and 
barley  were  11*.  and  7s,  per  bushel. 


40.  A  Farmer  laid  up  a  stock  of  com,  expecting  to  sell  it  in 
six  months  at  three  shillings  per  bushel  more  than  he  gave  for 
it.  But  the  price  of  com  faUing  one  shilling  per  bushel,  he 
found  that  by  selling  it  he  should  lose  the  price  of  five  bushels. 
He  therefore  kept  it  till  the  end  of  the  year,  and  selling  it  at 
two  shillings  per  bushel  under  prime  cost,  found  his  loss  to  be 
ten  shilUngs  less  than  his  expected  gain.  Required  the  quantity 
of  com  laid  up,  and  the  price  per  bushel,  allowing  5  per  cent. 
simple  interest. 

Ans.  40  bushels,  and  the  price  was  lo*.  per  bushel. 


41.  In  digging  among  some  ruins  the  workmen  found 
9  tuns,  together  containing  60  gold  coins;  the  second  and 
eighth  containing  8  and  4  respectively.  They  secreted  a 
certain  number  of  these,  greater  than  the  number  they  left; 
which  being  aft;erwards  recovered,  it  was  found  that  the 
number  of  urns  secreted  was  to  the  number  left  as  the  num- 
ber of  coins  secreted  was  to  the  number  remaining.  Now 
if  instead  df  taking  the  second  urn  they  had  carried  off  the 
eighth,  then  the  number  of  coins  taken  away  would  have 
been  to  the  number  remaining  as  the  square  of  the  number 
of  um&f  secreted  to  the  difference  between  that  square  and 

c  c2 
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20  times  the  number  of  urns  remaining.    Required  the  numbers 
of  urns  and  coins  secreted. 

Ans.  6  ums^  and  40  coins. 

42.  Two  men^  A  and  B^  set  out  from  the  same  place  to 
travel.  A  goes  in  6  days  ^wice  as  many  miles  as  B  goes  iu 
5  daySj  but  does  not  arrive  at  the  end  of  his  journey  till  6  days 
after  B  has  arrived  at  the  end  of  his^  when  he  finds  that  he 
has  travelled  259  miles  more  than  B.  But  had  B  gone  2 
miles  per  day  more  than  he  did,  and  A  stopped  6  days  sooner, 
A  would  then  have  gone  only  37  miles  more  than  J3.  How 
many  miles  did  each  travel  per  day,  and  how  many  days  did 
they  travel? 

Ans.  A  travelled  ii  days, and  35  miles J9er  day;  B  travel- 
led 6  days,  and  21  miles  per  day. 

43.  Bacchus  caught  Silenus  asleep  by  the  side  of  a  full 
cask,  and  seized  the  opportunity  of  drinking,  which  he  con- 
tinued for  two-thirds  of  the  time  that  Silenus  would  have  taken 
to  empty  the  whole  cask.  After  that  Silenus  awoke,  and  drank 
what  Bacchus  had  left.  Had  they  drunk  both  together,  it 
would  have  been  emptied  two  hours  sooner,  and  Bacchus  would 
have  drunk  only  half  what  he  left  Silenus.  Required  the  time 
in  which  they  would  empty  the  cask  separately. 

Ans.  Silenus  in  3  hours,  and  Bacchus  in  6. 

44.  Two  persons,  A  and  £,  comparing  the  distances  they 
have  travelled,  found  that  the  square  of  the  number  of  miles 
which  A  usually  walked  per  hour,  exceeded  the  square  of  the 
number  which  B  usually  walked  by  5 ;  and  that  if  to  the  square 
of  the  product  of  those  numbers  there  be  added  the  square  of 
the  sum  of  their  fourth  powers,  augmented  by  the  product  of  the 
square  of  the  difference  of  their  squares  ii\to  the  square  of  the 
product  of  the  numbers  themselves,  the  aggregate  amount  would 
be  10345.     How  many  miles  did  each  yrslkper  hour? 

Ans,  A  walked  3,  and  B  2  miles. 
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45.  From  the  middle  of  a  town  two  streets  branched  off, 
and  crossed  a  river  that  ran  in  a  straight  course,  by  two 
bridges  A  and  B.  From  their  junction  a  sewer  equally  in- 
clined to  both  streets  led  to  a  point  in  the  river  at  the  dis- 
tance of  6  chains  from  the  bridge  A,  and  a  distance  from 
B  less  by  1 1  chains  than  the  length  of  the  sewer :  the  expense 
of  making  it  amounting  to  as  many  pounds  per  chain,  as  there 
were  chains  in  the  street  leading  to  A.  The  sewer  however 
being  insufficient  to  carry  off  the  water,  an  additional  drain 
was  made  from  a  point  in  this  street,  distant  4  chains  from  the 
bridge  A,  which  entered  the  river  at  the  same  point  with  the 
sewer,  and  was  equally  inclined  to  the  river  and  sewer.  Now 
it  was  found  that  a  drain  down  the  middle  of  each  street, 
at  the  rate  of  £9  per  chain  would  have  cost  only  £54  more 
than  the  expense  of  the  sewer.  Required  the  lengths  of  the 
streets  and  the  sewer ;  and  the  distance  of  its  mouth  from  the 
bridge  J3. 

Ans.  The  lengths  of  the  streets  were  is  and  30  chains,  of 
the  sewer  21,  and  the  distance  from  B  lo. 

• 

46.  Two  plantations,  one  of  an  oblong,  and  the  other  of  a 
square  form,  contain  the  same  number  of  trees,  and  they  have 
one  fence  common  to  both,  viz.  that  which  bounds  the  end  of 
the  oblong  one.  Upon  every  pole  in  the  square  are  planted  as 
many  trees  as  there  are  poles  in  the  square,  and  upon  every 
pole  in  the  oblong  four  times  as  many  trees  as  there  are  poles  in 
the  breadth,  besides  144  in  the  hedges.  Also  the  area  of  the 
oblong  wants  6  poles  to  be  to  the  area  of  the  square  as  3  to  2. 
Required  the  number  of  trees. 

Ans.  1296. 

47*  The  roof  of  a  storehouse  is  formed  of  two  squares 
terminated  by  two  equal  and  parallel  isosceles  triangles;  the 
height  of  the  walls  being  equal  to  the  base  of  either  of  these 
triangles.  The  quantity  of  wood  which  the  storehouse  wiU 
hold,  increased  by  six  cubical  piles  each  of  the  same  length 
as  the  building,  is  to  the  quantity  which  the  same  storehouse 
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would  hold  if  its  roof  were  flat,  in  the  proportion  of  ii  :  2. 
The  roof  cost  as  many  pence  per  square  foot,  as  there  are 
feet  in  its  ridge,  and  the  flooring  was  laid  at  the  same  rate. 
Both  together  cost  £208.  6s.  sd.  Required  the  dimensions  of 
the  storehouse. 

Ata.  The  length  is  25,  and  the  height  15  feet. 

48.  There  are  two  sorts  of  metal,  each  being  a  mixture  of 
gold  and  silver,  but  in  different  proportions.  Two  coins  from 
these  metals  of  the  same  weight  are  to  each  other  in  value  as  1 1 
to  17;  but  if  to  the  same  quantities  of  silver  as  before  in  each 
mixture  double  the  former  quantities  of  gold  had  been  added, 
the  values  of  two  coins  from  them  of  equal  weights  would  have 
been  to  each  other  as  7  to  11.  Determine  the  proportion  of 
gold'  to  silver  in  each  mixture,  the  values  of  equal  weights  of 
gold  and  silver  being  as  13  to  1. 

Ans,  The  proportion  of  gold  to  silver  is  1  :  9  in  the  first 
mixture,  and  1  :  4  in  the  second. 

49*  A  Mason  has  two  cubical  pieces  of  white  marble  of 
exactly  the  same  size,  and  two  cubical  equal  pieces  of  black, 
larger  than  the  other.  The  number  of  solid  yards  in  the  four 
pieces  is  9  more  than  1 1  times  the  number  of  yards  in  a  side  of  a 
white  one,  together  with  12  times  the  number  in  a  side  of  a 
black  one.  He  afterwards  finds  another  block,  the  length  of 
which  is  two  yards  longer  than  a  side  of  one  of  the  white  pieces, 
and  the  width  4  times  the  length  of  a  side  of  the  black  one ; 
and  this  when  laid  on  its  largest  side  occupies  a  space  greater 
by  3  yards  than  the  difierence  between  4  times  the  space  occu- 
pied by  a  black,  and  3  times  the  space  occupied  by  a  white  one. 
Required  the  dimensions  of  the  blocks. 

Ans. .  The  side  of  a  white  block  is  1  yard,  and  of  a  black 
one  3  yards ;  the  length  of  the  other  is  3  yards,  and 
the  width  12  yards. 

50.    A  and  B  travelled  on  the  same  road  and  at  the  same 
rate   from   Huntingdon   to   London.      At  the   50th  milestone 


Problems  producing  Adfected  Quadratics.  891 

from  London^  A  overtook  a  drove  of  geese  which  were  proceed- 
ing at  the  rate  of  three  miles  in  2  hours ;  and  two  hours  after- 
wards met  a  stage  waggon,  which  was  moving  at  the  rate  of 
nine  miles  in  four  hours.  B  overtook  the  same  drove  of  geese 
at  the  45th  milestone,  and  met  the  same  stage  waggon  exactly 
forty  minutes  before  he  came  to  the  3ist  milestone.  Where  was 
B  when  A  reached  London? 

Ans.  25  miles  from  London. 

51.  The  hold  of  a  vessel  partly  full  of  water  (which  is 
uniformly  increased  by  a  leak)  is  furnished  with  two  pumps 
worked  by  A  and  B,  of  whom  A  takes  three  strokes  to  two  of 
JS's ;  but  four  of  B^s  throw  out  as  much  water  as  five  of  A^s, 
Now  B  works  for  the  time  in  which  A  alone  would  have  emptied 
the  hold;  A  then  pumps  out  the  remainder,  and  the  hold  is 
cleared  in  13  hours  and  20  minutes.  Had  they  worked  together, 
the  hold  would  have  been  emptied  in  a  hours  and  45  minutes ; 
and  A  would  have  pumped  out  100  gallons  more  than  he  did. 
Required  the  quantity  of  water  in  the  hold  at  first,  and  the 
horary  influx  at  the  leak. 

Ans.  The  quantity  in  the  hold  was  1200  gallons,  and  the 
horary  influx  120  gallons. 


X.    Problems  in  Arithmetictd  and  Geometrical  Progressions. 

1.  There  are  three  numbers  in  arithmetical  progression, 
whose  sum  is  21 ;  and  the  sum  of  the  first  and  second  is  to  the 
sum  of  the  second  and  third  as  a  to  4.     Required  the  numbers. 

Ans.  5,  7,  9. 

2.  There  are  six  towns  in  the  order  of  the  letters.  A,  B, 
C,  2>,  jB,  F,  whose   distances  from  each  other  are  in  an  in- 
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creasing  arithmetical  progression.  The  distance  fiom  A  to  C 
is  16  miles,  and  from  C  to  E  is  2^  miles.  Required  thesT 
respective  distances. 

Ans.   From  ^  to  JB  is  7,  from  B  to  C  9,  firom  C  to  D  u, 
from  2>  to  £  13,  and  from  £  to  F 15  miles. 

3.  A  person  makes  a  mixture  of  5i  gallons,  consisting  of 
brandy,  rum,  and  water,  the  quantities  of  which  are  in  arithme- 
tical progression.  The  number  of  gaUons  of  brandy  and  rum 
together  is  to  the  number  of  gallons  of  rum  and  water  together 
as  8  to  9.     Required  the  quantities  of  each. 

Ans.     15   gallons  of   brandy,   17   of   rum,    and    19  of 
water. 

4.  A  number  consisting  of  three  digits  which  are  in  arith- 
metical progression,  being  divided  by  the  sum  of  its  digits,  gives 
a  quotient  48 ;  and  if  198  be  subtracted  from  it,  the  digits  will 
be  inverted.     Required  the  number. 

Ans.  432. 

5.  During  a  scarcity,  a  person  wished  to  make  a  mixture 
of  24  bushels,  consisting  of  wheat,  oats,  and  barley,  the  quan- 
tities of  each  forming  an  increasing  arithmetical  progression. 
Not  being  able  however  to  procure  any  barley,  he  mixed 
additional  quantities  of  wheat  and  oats  in  the  proportion  of 
2  to  3,  so  as  to  complete  his  24  bushels,  when  he  found  the 
whole  quantities  of  wheat  and  oats  to  be  in  the  proportion 
of  5  to  7*  How  many  bushels  of  each  did  he  originally  intend 
fo  mix? 

Ans.  6  of  wheat,  8  of  oats,  and  10  of  barley. 

6.  The  difference  between  the  first  and  second  of  four  num- 
bers in  geometrical  progression  is  36,  and  the  difference  between 
the  third  and  fourth  is  4.    What  are  the  numbers? 

Ans,  54,  18,  6,  and  2. 
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7.  A  person  employed  three  workmen^  whose  daily  wages 
were  in  arithmetical  progression.  The  number  of  days  they 
worked  was  equal  to  the  number  of  shillings  that  the  second 
received  per  day.  The  whole  amount  of  their  wages  was  seven 
guineas^  and  the  best  workman  received  28  shillings  more  than 
the  worst.    What  were  their  daily  wages  ? 

Am*  5,  7>  and  9  shillings. 

8.  There  are  three  numbers  in  geometrical  progression; 
the  sum  of  the  first  and  second  of  which  is  9,  and  the  sum  of 
the  first  and  third  is  15.     Required  the  numbers. 

Ans.  3^  6^  12. 

9.  There  are  three  numbers  in  geometrical  progression; 
whose  sum  is  14;  and  the  sum  of  the  first  and  second  is  to 
the  sum  of  the  second  and  third  as  1  to  2.  Required  the 
numbers. 

Ans.  2,  4,  8. 

10.  There  are  three  numbers  in  geometrical  progression^ 
whose  continual  product  is  64^  and  the  sum  of  their  cubes 
is  584.     Required  the  numbers. 

Ans.  2,  4,  8. 

11.  There  are  four  numbers  in  geometrical  progression, 
the  second  of  which  is  less  than  the  fourth  by  24 ;  and  the  sum 
of  the  extremes  is  to  the  sum  of  the  means  as  7  to  3.  Required 
the  numbers. 

Ans.  I,  3,  9,  27* 

12.  From  two  towns  which  were  168  miles  distant,  two 
persons,  A  and  B^  set  out  to  meet  each  other ;  A  went  3  miles 
the  first  day,  5  the  next,  7  the  third,  and  so  on;  J3  went 
4  miles  the  first  day,  6  the  next,  and  so  on.  In  how  many  days 
did  they  meet  ? 

Ans,  8. 
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13.  A  traveller  set  out  firom  a  certain  place,  and  went  i  mile 
the  first  day,  3  the  second,  5  the  next,  and  so  on,  going  every 
day  2  miles  more  than  he  had  gone  the  preceding  day.  After 
he  had  been  gone  three  days,  a  second  sets  out,  and  travels 
12  miles  the  first  day,  13  the  second,  and  so  on.  In  how  many 
days  will  the  second  overtake  the  first? 

Ana.  In  2,  and  9  days. 

14.  A  person  has  two  pieces  of  ground,  one  of  which  is  in 
the  form  of  an  equilateral  triangle,  and  the  other  of  a  rect- 
angular parallelogram,  one  side  of  which  is  equal  to  a  side  of 
the  triangle,  and  the  other  side  is  s  yards  less.  These  he  plants 
with  trees  at  the  distance  of  two  yards  from  each  other,  and 
finds  that  there  are  5  more  on  the  rectangle  than  on  the  triangle. 
What  are  the  lengths  of  the  sides  ? 

Ans.    A  side  of  the  triangle  is  20  yards,  and  the  sides  of 
the  parallelogram  are  20  and  12  yards. 

15.  There  are  four  numbers  in  arithmetical  progression, 
whose  sum  is  28 ;  and  their  continual  product  is  585.  Required 
the  numbers. 

Ans.  1,  5,  9,  13. 

16.  There  are  four  numbers  in  arithmetical  progression; 
the  sum  of  the  squares  of  the  first  and  second  is  34 ;  and  the 
sum  of  the  squares  of  the  third  and  fourth  is  130.  Required 
the  numbers. 

Ans.  3,  5,  7,  9. 

17.  The  sum  of  £700  was  divided  among  four  persons, 
whose  shares  were  in  geometrical  progression ;  and  the  differ- 
ence between  the  greatest  and  least  was  to  the  difierence  be- 
tween the  means  as  37  to  12.  What  were  their  respective 
shares  ? 

•      Ans.  £i08,  £144,  £192,  £256. 
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18.  Five  persons  undertake  to  reap  a  field  of  87  acres. 
The  five  terms  of  an  arithmetical  progression,  whose  sum  is 
20,  will  express  the  times  in  which  they  can  severally  reap 
an  acre;  and  they  altogether  can  finish  the  undertaking  in 
60  days.     In  how  many  days  can  each  separately  reap  an  acre? 

Ans,  2,  3,  4,  5,  6  days. 

19'  Out  of  a  vessel  containing  24  gallons  of  pure  spirit^ 
a  vintner  drew  off  at  three  successive  times^  a  certain  number 
of  gallons,  which  formed  an  increasing  arithmetical  progres- 
sion, in  which  the  difference  between  the  squares  of  the  ex- 
tremes was  equal  to  16  times  the  mean,  and  filled  up  the  vessel 
with  water  afler  each  draught,  till  he  found  what  he  last  drew 
off  reduced  to  one-sixth  of  its  original  strength.  Required  the 
number  of  gallons  of  pure  spirit  drawn  off  each  time. 

Ans.  12,  8,  3 J. 

20.  A  number  of  persons  purchased  a  field  for  £345.  The 
youngest  contributed  a  certain  sum,  the  next  £5  more,  the 
third  £0  more  than  the  second,  and  so  on  to  the  oldest.  For 
the  greater  accommodation  of  the  seniors,  the  field  was  divided 
into  two  parts,  the  younger  half  taking  a  portion  proportional 
to  the  sum  they  had  subscribed ;  and  in  order  that  each  might 
have  an  equal  share  in  this  portion,  they  agreed  to  equalize 
their  contributions,  and  each  to  pay  £22.  Required  the  number 
of  persons  and  the  sums  paid  by  each. 

Ans,  The  number  of  persons  was  10 ;  and  the  sum  paid 
by  the  youngest  J6i2. 

21.  The  number  of  deaths  in  a  besieged  garrison  amounted 
to  6  daily ;  and  allowing  for  this  diminution  their  stock  of  pro- 
visions was  sufficient  to  last  for  8  days.  But  on  the  evening 
of  the  sixth  day  100  men  were  killed  in  a  sally,  and  aflerwards 
the  mortality  increased  to  10  daily.  Supposing  the  stock  of 
provisions  unconsumed  at  the  end  of  the  sixth  day  to  support 
6  men  for  61  days;  it  is  required  to  find  how  long  it  would 
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support  the  garrison ;  and  the  number  of  men  alive  when  the 
provisions  were  exhausted. 

AnSn  6  days,  and  26  men  remained  alive  when  the  pro- 
visions were  exhausted. 

22.  A  Ship  with  a  crew  of  175  men  set  sail  with  a  store 
of  water  sufEcient  to  last  to  the  end  of  the  voyage*  But  in 
30  days  the  scurvy  made  its  appearance,  and  carried  off  three 
men  every  day,  and  at  the  same  time  a  storm  arose^  which 
protracted  the  voyage  three  weeks.  They  were  however  just 
enabled  to  arrive  in  port,  without  any  diminution  in  each 
man's  daily  allowance  of  water.  Required  the  time  of  the 
passage,  and  the  number  of  men  alive  when  the  vessel  reached 
harbour. 

Ans.  The  voyage  lasted  79  days,  and  the  number  of  men 
alive  was  28. 

23.  Three  persons,  A^  £,  and  C,  went  into  a  gaming  house; 
the  sums  which  they  severally  had,  were  in  a  decreasing  geo- 
metrical progression.  Upon  quitting  it  they  found  that  the 
sums  which  they  then .  had,  were  in  a  decreasing  arithmetical 
progression ;  that  what  B  had  remaining  was  to  what  he  had 
lost  in  proportion  of  the  sum  to  the  difference  of  what  he  and 
C  had  at  first ;  and  that  C  had  neither  won  nor  lost.  If  C  had 
won  what  A  lost,  he  would  then  have  had  £64  more  than  A  had 
remaining ;  also  the  whole  sum  which  they  had  remaining  was 
to  that  they  had  lost  as  6  ;  7.  Required  the  simis  which  they 
had  at  first. 

Arts.  144,  48  and  16  pounds  respectively. 

24.  The  Fly  starts  10  miles  before  the  Telegraph;  but 
the  Fly  coachman  having  made  an  appointment  with  the 
driver  of  the  Telegraph,  walks  his  horses  so  as  to  be  over- 
taken at  the  end  of  the  second  mile.  Now  it  is  observed, 
that  the  number  of  revolutions  made  in  a  given  time  by  the 
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hinder  wheel  of  the  Fly,  its  fore  wheel,  and  the  hinder  wheel 
of  the  Telegraph  increase  in  arithmetical  progression,  and  that 
the  circumference  of  these  wheels,  viz.  of  the  fore  wheel  of  the 
Fly,  its  hinder  wheel,  and  the. hinder  wheel  of  the  Telegraph,  ^ 
increase  in  a  geometrical  progression,  whose  common  ratio  is 
the  same  as  the  common  difference  of  the  arithmetical  pro- 
gression. It  is  required  to  find  the  ratio  that  the  wheels  bear 
to  each  other. 

Ans.  1,  2,  4  are  their  proportional  lengths. 

25.  A  company  of  Merchants  fitted  out  a  privateer,  each 
subscribing  £ioo.  The  captain  subscribed  nothing,  but  was 
entitled  to  a  £ioo  share  at  the  end  of  every  certain  number 
of  months.  In  the  course  of  25  months  he  captured  three 
prizes,  which  were  in  geometrical  progression,  the  middle  term 
being  one-fourth  of  the  cost  of  the  equipment,  the  common 
ratio  the  number  of  months  which  entitled  the  captain  to  his 
£i00  share,  and  their  sum  £i375  more  than  the  cost  of  the 
equipment.  After  deducting  d6875  for  prize-money  to  the  crew, 
the  captain's  share  of  the  remainder  amounted  to  one-fifth  of 
that  of  the  company.  Required  the  number  of  merchants,  and 
the  captain's  pay. 

Ans.  The  number  of  merchants  was  25,  and  the  captain 
was  entitled  to  a  £ioo  share  at  the  end  of  every 
5  months. 

26.  On  the  institution  of  Savings  Banks,  an  industrious 
labourer  with  his  wife  and  children  saved  each  a  certain 
number  of  pence  in  a  decreasing  arithmetical  progression. 
The  sum  saved  monthly,  was  less  by  3«.  zd.  than  would 
have  purchased  one-sixth  of  as  many  bushels  of  wheat  as 
the  seventh  child  saved  pence :  the  price  of  wheat  being  such 
that  the  sum  saved  by  the  eldest  and  fifth  child  augmented 
by  10*.  would  buy  two  bushels.  But  wheat  rising  2*.  per 
bushel,  and  work  being  scarce,  the  family  find  the  sum  saved 
would  not  buy  as  much  wheat  as  their  former  savings  by 
two  bushels ;  when  it  appears  that  at  this  rate  the  sum  annually 
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saved  would  be  less  by  five  guineas  than  by  the  former.  Now 
the  two  youngest  dying,  it  is  found  that  if  the  remaining 
members  of  the  family  saved  each  one  shilling  less  than  the 
oldest  child  had  done  before  the  rise  of  wheat,  their  monthly 
account  with  the  bank  would  not  be  affected  by  the  deaths 
of  the  two  youngest :  but  if  they  saved  only  %d.  less  than  the 
oldest  had  done,  their  monthly  account  would  be  2^.  \d.  less 
than  it  was  at  the  first  institution.  Of  how  many  did  the 
family  consist?  What  were  the  sums  saved  by  each?  and  what 
was  the  price  of  wheat  ? 

Ans.  The  family  at  first  consisted  of  lo.  The  labourer 
saved  4^.,  each  member  saving  zd.  less  than  the 
preceding.  And  the  price  of  wheat  was  s«.  per 
bushel. 
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!•    Problems  in  Arithmetic  Progression, 

1.  Determine  the  28th  term  of  the  series  13,  12|, 
12  J,  &c. 

2.  Having  ^ven  the  first  and  last  terms  of  an  arithmetic 
progression^  and  their  common  difference ;  determine  their 
number  of  terms. 

3.  Having  given  the  first  and  last  terms  of  an  arithmetic 
progression^  and  the  number  of  terms;  determine  the  pro- 
gression. 

4.  In  an  arithmetic  progression  it  is  observed  that  the 
fifth  and  ninth  terms  are  13  and  25  :  what  is  the  7th  term? 

5.  If  three  quantities  pre  in  an  increasing  arithmetic  pro- 
gression ;  show  that  the  second  will  have  to  the  first  a  greater 
ratio  than  the  third  to  the  second. 

6.  Find  the  sums  of  the  following  series : 

1  +  3  -f  5  -f  7  +  &c.  to  n  terms. 
1  +  6  +  9  +  13  -f  &c.  to  n  terms. 

1  +  4  +  7  +  10  +  &c.  to  12  terms. 
6  +  7  +  9  +  11  +  &c.  to  60  terms. 

2  +  2j  +  2f  +  3  +  &c.  to  13  terms. 

18         1 

-  H h  -  +  &c-  to  16  terms. 

4         8         2 


} 
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i.  +  -  +  2+  —  +  —  +  &c,toi2  terms* 

3        6  6  3 

5 

-  +  1  +  If  +  &c,  to  8  terms, 

7 

^  9  —  7  —  5  —  &c.  to  20  terms. 

—  5  —  3  —  1,  &c.  to  8  terms. 
11  +  8  +  5  +  &c.  to  8  terms. 

1  5 

I &c.  to  29  terms. 

2  2 

15  + 1 h  &c.  to  16  terms. 

3  3 

5  11 

— h  -  +  -:  +  &c.  to  19  terms. 

6  2        6 

^  +  ii^.i?.  +  &c.  to8  terms. 

16         J5         80 

-: 1 1 h  &c.  to  n  terms. 

n  n  n 

na  —  J  +  (»—  i).a  +  (»  — 2).a  +  b  +  &c.  tonterms. 

(a  +  a)*  +  (a*  —  a?*)  +  (a  —  a?)*  +  &c.  to  n  terms. 


7.     Show  that  r  + ? — h  8cc.    to   n  terms,   is 

(na .  4). 


a+b 


8.  Having  given  the  first  and  last  terms^  and  the  sum  of 
an  arithmetic  series ;  determine  the  common  di£ference. 

9.  Having  given  the  first  term  =  i,  the  number  of  terms 
s=  Uj  and  the  sum  as  Sy  oi  an  arithmetic  series ;  determine  the 
common  difference. 
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10.  Having  given  the  n^^  term  of  an  arithmetic  series,  and 
also  the  sum  of  n  terms ;  determine  the  series. 

11.  If  the  first  term  of  an  arithmetic  series  be  s=  i, 
and  the  common  di£ference  =  m,  the  sum  of  n  terms  of  the 
series  is  |  .  {mn*  —  (m  —  2)  .  n]. 

12.  If  the  first  term  of  an  arithmetic  series  be  =  l^  the 
common  difference  =  4^  and  the  sum  =  120 ;  determine  the 
number  of  terms. 

13.  If  the  first  term  of  an  arithmetic  series  be  =  3^,  the 
common  difference  =  if>  and  the  sum  =  22 ;  determine  the 
number  of  terms. 

14.  If  the  first  term  of  an  arithmetic  series  be  =  11^  the 
common  difference  =  —  5^  and  the  sum  «=  6 ;  determine  the 
number  of  terms. 

15.  The  sum  of  an  arithmetic  series  is  =  1455^  the  first 
term  =  6,  and  the  number  of  terms  =  30 ;  determine  the  com* 
mon  difference. 

16.  If  a  be  the  first  term^  b  the  second^  /  the  last  term 

of  an  arithmetic  senes.  the  sum  =  7 • • 

4— a  2 

17.  In  the  expression  s  =  {2a  +  (n  —  1) .  rf}  .  Jn;  if  n  be 
negative^  point  out  the  form  of  the  series  which  satisfies  that 
condition ;  and  determine  the  series  in  the  case  of  a  =  7^  rf  =  2, 

«  =  40. 

18.  The  sum  of  n  terms  of  any  arithmetic  series  whose 
common  difference  is  equal  to  the  least  term^  will  be  equal 
to  the  sum  of  (n  +  ij  magnitudes,  each  x>f  which  is  half  the 
greatest  term  of  the  progression. 

19.  If  from  any  square  number  {v?)  there  be  subtracted 
the  sum  of  an  arithmetic  progression  beginning  from  unity, 
having  a  common  difference  unity,  and  continued  to  as  many 

B  d 
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terms  as  there  are  units  in  the  root  of  the  number  (ft) ;  the 
remainder  will  be  the  sum  of  the  pn^ression  continaed  to 
(n  —  i)  terms. 

20.  The  sum  of  an  even  number  of  terms  of  any  arith* 
metic  series  whose  common  difference  is  equal  to  the  least  term, 
will  be  four  times  the  sum  of  half  that  number  of  terms  dimi- 
nished by  half  the  last  term;  the  first  term  being  the  same 
in  each  case. 

21.  Prove  that  i,  3,  5^  7,  &c.  is  the  only  arithmetic  pro- 
gression beginning  from  i,  in  which  the  sum  of  the  first  half 
of  any  even  number  of  terms  bears  to  the  sum  of  the  second 
half  Uie  same  constant  ratio  ;  and  determine  that  ratio. 

22.  The  sum  of  n  terms  of  the  series  1,  3,  5,  7>  &c.  is  to 
the  sum  of  (n  —  i)  terms  of  the  series  2,  4,  6,  &c.  : :  it  :  n^  U 
Required  a  proof. 

23.  The  two  first  terms  of  an  arithmetic  progression  being 
together  =  is,  and  the  three  next  =  12 ;  how  many  terms, 
beginning  with  the  first,  must  be  taken  to  make  28 ;  and  explain 
the  reason  of  the  double  solution. 

24.  How  many  terms  of  the  series  1,  3,  5,  7,  &c«  must 
be  added  together  to  produce  the  (2m)^  power  of  a  given 
quantity  r. 

25.  Find  n  terms  of  the  indefinite  series  3,  5,  7,  &c.  whose 
sum  may  be  the  (m)^  power  of  n. 

26.  Having  given  (a)  and  (A),  the  {my^  and  {n)^  terms  of 
an  arithmetic  series ;  determine  the  value  of  the  {wy^  term. 

27.  Having  given  as  before;  determine  the  sum  of  (p) 
terms  of  the  series. 

28.  Having  given  {a)  and  (J),  the  {m)^  and  (n)^  terms  of 
an  arithmetic  series,  and  its  last  term  (a  +  i) ;  determine  the 
first  term,  common  difference,  and  number  of  terms. 
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29.  In  an  arithmetic  series,  if  the  {m  +  n)*^  term  ssp^  and 
the  {m  —  n)^  term  =  q;  show  that  the  (m)*^  term  =  i .  (^  +  y), 

and  the  (n)***  term  tsp  —  (^  —  g)  .  — . 

£  7* 

30.  If  S,  ST,  S''  be  the  sums  of  three  arithmetic  series, 
I  =  the  first  term  of  .each,  and  the  respective  differences  be 
1,  2,  3;  prove  that  8  +  iSr'=  2^. 

31.  If  there  be  {p)  arithmetical  progressions,  each  begin- 
ning from  unity,  whose  common  differences  are  1,  2>  3.....^; 
show  that  the  sum  of  their  (n)^^  terms  is 

32.  If  a  and  b  are  respectively  the  first  term  and  common 
difference  of  an  arithmetic  series,  S^  the  sum  of  n  terms,  S^  ^  j 

thesumof  (n+i)  terms,  &c.  prove  that  S^  +  8^^^  +  8^^^  -f  &c. 
to  n  terms  =  (3n  —  i)  .  »  •  -  +  (7»  —  2)  .  (»  —  i)  .  n  .  -. 

33.  If  /S„  8^  /S3 5^  be  the  sums  of  {p)   arithmetic 

progressions  continued  to  n  terms,  and  their  first  terms  be 
1,  2,  3,  4,  &c.  and  their  common  differences  1,  3,  5,  7>  &c. ; 
show  that  Sj,  +  /S,  +  /S3  + +  >S,  ==  i  •  (wi>  +  1)  np. 

34.  If  5^  denote  generally  the  sum  of  m  terms  of  any 
arithmetic  progression ;  prove  that 

S^i^8^.n.— 5,.n.(»  — 2). 

35.  Find  three  arithmetic  means  between  1  and  11 ;  and 
seven  between  1  and  —  J. 

36.  If  between  all  the  terms  of  an  arithmetic  progression 
the  same  number  of  arithmetic  means  be  inserted ;  show  that 
the  new  series  will  still  form  an  arithmetic  progression. 

37.  The  sum  of  n  arithmetic  means  between  1  and  19  is  to 
the  sum  of  the  first  {n  —  2)  of  them  : :  5  :  3 ;  determine  the 
means. 

Dd2 
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38.  If  8  be  the  sum  of  an  arithmetic  progression^  a,  by  Cy  dj 
&c.  to  n  terms ;  determine  the  sum  of  the  series 

S  ±  a,  S  ±  (a  +  *),  S  ±  (a  +  i  +  c),  &c 

39.  Determine  the  sum  of  n  terms  of  the  triangular  num- 
bers 1,  3,  6,  10,  16,  &c.  the  terms  of  which  series  are  i,  i  +  2, 
1+2  +  3,  &c.  the  successive  sums  of  i,  2,  3,  &c, 

40.  Determine  the  sum  of  n  terms  of  the  pyramidal  num- 
bers, 1,  4,  10,  20,  35,  &c.  the  successive  sums  of  i,  3,  6,  lo, 
15,  &c. 

41.  Find  the  sum  of  n  terms  of  the  series  i*,  2*,  a*,  &c. 

42.  Having  given  the  first  term  and  common  difference 
of  an  arithmetic  progression ;  find  the  sum  of  n  terms  and  the 
sum  of  their  squares. 

43.  Having  given  the  sum  of  (291)  quantities  in  arithmetic 
progression,  and  the  sum  of  their  squares ;  determine  the  quan- 
tities themselves. 

44.  In  the  series  1,  2,  3,  4 100,  determine  the  sum  of  the 

numbers  which  are  not  squares. 

45.  Prove  that  the  sum  of  the  series  l'  +  3'  +  5%  &c.  to 

n  terms  =  -.  (4n*  —  1). 
3   ^  ' 

46.  The  sum  of  the  series  0,  1,  2,  3,  &c.  continued  to  an 
unknown  number  of  terms,  being  =  1225 ;  determine  the  sum 
of  their  squares. 

47.  The  sum  of  9  terms  of  the  series  »'  +  (**  +  ')' 
+  (n  +  2)'  +  &c.  =  501 ;  determine  the  value  of  n. 

48.  Determine  the  sum  of  10  square  numbers,  whose  roots 
are  in  an  arithmetic  progression,  the  least  term  of  which  is  ss  a, 
and  the  common  difference  =  2. 
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49.  The  square  of  any  number  of  digits  less  than  ten, 
each  of  which  is  unity,  will  when  reckoned  from  either  end, 
form  the  same  arithmetic  series  whose  common  difference  is 
imity,  and  greatest  term  the  number  of  digits  in  the  root. 
Required  a  proof, 

50.  A  gentleman  owed  to  each  of  two  persons,  A  and  J3, 
an  equal  sum  of  money,  which  he  discharged  as  follows :  to  A 
he  paid  £,%  the  first  payment,  £12  the  second,  £16  the  third, 
and  so  continued  increasing  £1  each  payment.  Now  B  at  his 
first  payment  received  but  £1,  the  second  £4,  the  third  &% 
increasing  according  to  the  square  of  the  number  of  payments. 
Determine  what  he  owed  each  person,  and  the  number  of  pay- 
ments required  to  discharge  the  debt. 

51.  Compare  the  sum  of  the  numbers  1,  2,  3,  4,  &c.  with 
the  sum  of  their  cubes. 

52.  Find  the  sum  of  n  cube  numbers,  whose  roots  are  in 
arithmetic  progression,  the  least  term  of  which  is  a,  and  com- 
mon difference  d* 

53.  Determine  the  arithmetic  progression,  the  number  of 
whose  terms  is  11,  their  sum  220,  and  the  sum  of  their  cubes 

147400. 

54.  Find  the  sum  of  (n)  terms  of  a  series  of  polygonal 
numbers,  which  numbers  are  formed  by  assuming  any  arith- 
metic series  that  has  its  first  term  1,  and  difference  a  whole 
number,  and  by  making  generally  the  (m)^  polygonal  number 
equal  to  the  sum  of  (n)  terms  of  the  arithmetical  series. 

55.  If  the  first  term  of  an  arithmetic  series  be  (a),  the 
last  term  (Q,  the  common  difference  {d^\  and  S^^  S^  8^ 

5i^_,  be  the  sums  of  the  ist,  2nd,  3rd, (m  —  i)**»  powers 

of  the  terms ;  prove  that  (/  +  rf)"  —  a"  =  mdS^_^  +  m  . 

d'/Sf     ,  +  m. . .rf*SL    s  +  &c- 
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56.  Let  ay  a  — r,  a  —  2r,  &c.  and  i,  i  +  r,  i  -f  2r,  &c 
be  two  arithmetical  progressions^  each  to  n  terms :  then  if  the 
sum  of  the  first  =s  o^  and  the  sum  of  the  product  of  the  terms 
of  the  first  multiplied  respectively  by  the  corresponding  terms 

of  the  second  =  — *-^ ;  determine  the  value  of  n. 

12  ' 

57.  If  the  quantities  a,  b^  Cj  dj  &c.  be  in  arithmetic  pro- 
gression ;  prove  that  the  terms  of  any  order  of  the  differences 

of  the  quantities  -tj  ->  t>  &c.  increase  or  decrease  according  as 

the  progression  decreases  or  increases. 

58.  A  number  (n)  of  boys  arrange  themselves  in  a  right 
line  at  equal  intervals^  the  nearest  being  at  a  given  distance  (a) 
from  a  fixed  station  8.  A  person  P  walks  from  S  to  the  first 
boy^  and  as  soon  as  he  begins  to  return^  the  remaining  boys 
move  from  8  at  the  same  rate  as  P,  and  stop  when  he  comes 
to  8.  P  advances  again  to  the  second  boy,  and  whilst  he  is 
returning,  the  remainder  move  onward,  and  halt  as  before. 
The  same  is  repeated  until  P  has  reached  the  last  boy  and 
returned.  Now  if  under  the  same  circumstances  the  boys 
had  moved  each  time  towards  S,  P  would  have  passed  over 

ith 

only  —  part  of  his  former  distance.     Show  that  the  distance 

{d)  of  the  boys  from  each  other  is  equal  to 

(2*  —  m  —  i)  .  o 
n.{m  +  ))  —  (2*  +  »»  —  1)' 


II.     Problems  in  Geometric  Progression, 

1.  If  in  any  geometric  progression  four  terms  be  taken, 
so  that  as  many  are  wanting  between  the  first  and  second, 
as  between  the  third  and  fourth,  these  four  terms  will  be  in 
geometric  progression. 
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2,  In  every  geometric  progression,  the  first  term  is  to  the 
second,  as  the  sum  of  all  the  tenps  diminished  by  the  last  is  to 
the  sum  of  all  diminished  by  the  first. 

8«     Find  the  sums  of  the  following  series  : 

13  +  39  +  117  +  &c.  to  7  terms. 
8  +  20  +  60  +  &c.  to  15  terms. 

100  +  40  +  16  +  &c.  to  10  terms. 

2         4 

1  +  -  H h  &c.  to  10  terms. 

3  9 

g 

2  +  3  H h  &c.  to  20  terms. 

2 

1  +  -  +  — r  +  T-  +  &c.  to  n  terms. 

4  16         64 

9       27       o 
4  +  3H H-r-f  ac.  to  10  terms. 

4        16 

3  +  4j  -H  6|  +  &c.  to  6  terms. 


4         113 

-H h-  +  -r+  &c.  to  6  terms. 

9        3        4         16 


i+i  +  i  +  »  +  &ctontems. 

3        2        4        8 


1  —  2  +  4  —  8+  &c.  to  n  terms. 


1 1 h-T— "  &c*  to  n  terms. 

2        4        8         16 


3 

21  —  3  H &c.  to  6  terms. 

7 
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-  —  •-+ +  &c.  to  n  terms. 

3         2  4         8 


2  A 

~  —  V  -  +  1  —  &c.  to  8  terms. 

3  3 


V  ^  —  \/6  +  2  v^—  &c.  to  8  terms. 


3-  +  2-  +  1-  +  &c.  in  inf. 
8  4  2  "^ 


2 1- +  &c.  tfi  inf, 

3         18  108  *^ 


1  H —  +  -  +  &C.  in  inf, 

3        9 


I  —  -  +  -  —  —  +  &c.  tn  t;^/; 
3       9       27  ^ 


~ +  — 5  +  &e.  in  inf. 

3        3.2        3.2*  ^ 


1  1.1  O         '      '    r 

i  +  — J  —  occ.  m  tnf. 

2  2.2*        2.2*  •' 


1  + h &c.  in  inf. 

3         4         32  ^ 

-V  -  +  V  -  +  w-z — h  &c.  to  n  terms  and  fit/I 
a?       2  4»  3«  '^ 
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^— JH  +  Jr*  —  &c.  to  n  terms. 


•rl  —  ax  + 


y/x 


—  &c.  to  n  terms. 


— 7=-  —  — —  -f. 7=  —  &c.  to  n  terms. 

(a*  —  *•)  +  (a  +  4)  +  ^-^  +  &c.  to  n  terms. 

a  —  o 

a  +  X      a  -^  X      /a  —  xV  ^  f.      .       . 

; —  +  ( — : —  I  +  &c.  to  n  terms. 

a  —  0?      a  +  X      \a  +  x/ 

1  —  ^  \/  —  1  —  a?"  +  a?*  \/  —  1  +  &c.  to  2n  terms. 
5  \/x  H — 7="  +  3  \/5  H i"  y/x  H 7=  +  &c.  to  n  terms. 

\/ *F  ^  ^  V  •!? 


4.     Which  is  greater  of  the   two  series,  and  by  what 
quantities. 


or 


3        9        27        81  J 


and  also « 


2  +  1  +  -  +  &c.  in  inf. 
2 

or  ■-  +  -  H h  &c.  to  12  terms. 

6        3        2 


5.    Find  an  expression  for  the  sum  of  n  terms  of  the 

•      1        2        4 
series  t  ""  ~  +  T  ""  ^^'  ^^*^^  ^^7  ^^  applied  according  as  n  is 


6       16       45 
an  even  or  odd  number. 
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6*     If  (a)  and  (b)  be  the  two  first  terms  of  a  decreas- 
ing geometric  progression ;  prove  that  the  sum  of  the  series 


a' 


in  inf.  will  be  = ?  . 

7.  If  a  be  the  first  term  of  a  geometric  series,  and  b  the 
sum  of  the  three  first  terms ;  find  the  common  ratio. 

8.  The  first  term  of  a  geometric  series  continued  in  inf.  =  i, 
and  any  term  is  equal  to  the  sum  of  all  the  succeeding  terms. 
Determine  the  series. 

9.  The  second  and  third  terms  of  a  geometric  series  ai>e 
together  =  24,  and  the  two  next  =:  216;  determine  the  first 
term. 

10.  If  four  quantities  be  in  geometric  progression^  the 
sum  of  the  two  extremes  is  greater  than  the  sum  of  the  two 
means. 

11.  If  any  quantities  whose  difierences  are  inconsidera- 
ble in  respect  to  the  quantities  themselves^  be  in  arithmetic 
progression^  the  same  quantities  are  also  in  geometric  pro- 
gression. 

12.  If  there  be  an  arithmetic  and  geometric  series^  each 
containing  an  odd  number  of  terms,  and  the  middle  term  of 
each  be  the  same;  the  sum  of  any  two  terms  of  the  arith- 
metic series  equidistant  from  the  middle  term,  multiplied  by 
the  middle  term,  is  equal  to  twice  the  product  of  any  two 
terms  of  the  geometric  series  equidistant  from  the  middle 
term. 

13.  The  sum  of  a  series  of  quantities  in  geometric  pro- 
gression wanting  the  first  term,  is  equal  to  the  sum  of  all 
the  terms  except  the  last,  multiplied  by  the  common  ratio. 
Required  proof. 

14.  Having  given  the  sum  {s)  and  the  sum  of  the  squares 
{8)  of  a  geometric  series  continued  in  inf.;  determine  the 
series. 
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15.  Having  given  the  first  term  and  common  ratio  of 
a  geometric  series^  find  the  number  of  terms,  when  the  sum 
is  equal  to  m  times  the  siun  of  the  same  series  with  its  terms 
inverted. 

16.  In  every  geometric  progression  consisting  of  an  odd 
number  of  terms,  the  sum  of  the  squares  of  the  terms  is  equal 
to  the  sum  of  all  the  terms  multipUed  by  the  excess  of  the  odd 
terms  above  the  even* 

17.  If  P  be  the  product,  S  the  sum,  and  s  the  sum  of  the 
reciprocals  of  n  quantities  in  geometric  progression ;  prove  that 


P* 


18.  Find  four  geometric  means  between  i  and  32;  and  two 
between  i  and  lOO. 

19.  If  the  arithmetic  mean  between  (a)  and  {b)  is  double 
the  geometric ;  prove  that  a  :  b  ::  2  +  \/^  :  2  —  y/^. 

20.  Between  n  -f  l  quantities  (a?,  y),  (a?,  2y),  (a?,  4y),  are 
inserted  n  geometric  means,  and  3fp  M^  M^  &c.  are  the  n^ 
terms  respectively,  prove  that 

21.  Determine  the  ratio  of  two  quantities,  having  given 
the  ratio  of  the  geometric  and  arithmetic  means  between 
them. 

22.  In  a  geometric  series,  having  given  (a)  and  {b)  the 
(pY^  and  {qY^  terms,  determine  the  value  of  the  {x)^  term. 

23.  Having  given  the  same ;  determine  the  value  of  the 
{p  +  gY^  term. 
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24.  Having  given  the  sum  of  the  n^  and  2n^  terms  of  a 
geometric  series  =j9^  and  the  sum  of  the  2fi*^  and  3n^^  terms 
=  q.    Determine  the  first  term  and  common  ratio. 

25.  In  a  geometric  series,  if  the  {p  +  qY^  term  =  m,  and 

the  {p  —  qY^  term  =  « ;  prove  that  the  {p)^  term 

p 

(n  \'' 
— j   . 

26.  There  are  two  geometric  series  8  and  jST  continued 
in  iitf.y  and  S  :  S'  :i  4  :  9,  and  the  two  first  terms  of  S 
are  40  and  35 ;  the  second  term  of  the  second  series  being 

46  — :   determine  the  first  term  and  the  ratio  of  the  second 

36  ' 

series. 

27.  If  8,  a,  r,  n,  be  respectively  the  sum,  first  term, 
common  ratio,  and  number  of  terms  of  a  geometric  series; 
find  the  sum  of  the  series 

8±a,8±{a  +  ar),S±{a  +  ar  +  ar*),  &c 

28.  In  a  geometric  progression,  having  given  the  first  term 
and  common  ratio,  find  the  sum  of  the  series 

8^  +  S,^  +  5j,  +  &c.,  to  r  terms. 

29.  If  5j,  8^  8^ 8^  be  the  sums  of  n  geometric 

series  continued  in  irtf^  the  first  term  of  which  is  i,  and  the 

common  ratio  -y-^jTf'iyf^'i^  respectively;  determine  the  sum 
of  the  reciprocak  ■«"  +  "^  +  "o" +  ©"• 

12  8  A 

80.  If  there  be  an  infinite  number  of  decreasing  geome- 
tric series,  each  continued  in  inf.;  a,  a\  a',  &c.  the  first 
terms;    r,  2r,  3r,  &c.  the  common  ratios;   8^y  8^,  S^  &c. 

the  sums ;  prove  that  -o"  +  -«"  +  Tr  +  &c.  =  — 7 rs • 

S^       S^      S^  (a  —  I) 
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31.  Find  the  sum  of  an  infinite  series  of  quantities 

c         ce  ce*  Cfr 

of  which  the  numerators  are  in  arithmetic  progression,  and  the 
denominators  in  geometric.    Also  the  sum  of 

-H h-r  +  &c.  in  tnf. 

24816  ^ 

32.  If  the  terms  of  an  arithmetic  progression^  a^  a  •\-  r, 
a  -^^  2ry  &c.  be  multiplied  by  the  corresponding  terms  of  a 
geometric  progression,  by  bdy  b(P,  &c.  of  the  same  number  of 
terms ;  determine  the  sum  of  the  resulting  series. 

33.  Determine  the  sum  of  7  +  5  +  &c.,  an  arithmetic 

7       7 
series  of  la  terms ;  also  of + &c.  a  geometric  series 

of  5  terms :  and  also  of  the  infinite  series,  whose  terms  are 
the  products  of  the  corresponding  terms  of  these  series  con- 
tinued in  inf. 


34.  There  are  two  infinite  geometric  progressions,  each 
beginning  from  i,  whose  sums  are  <r  and  <t';  prove  that  the 
sum  of  the  series  formed  by  multiplying  their  corresponding 

terms  is 


ir'^fr''-l' 


35.    If  Sf  =  1  +  ?  -h  i  +  i[  +  &c.  in  inf. 

*  2         4         8  ^ 

and  /Sj=  1 1 h  &c.  in  inf. 

*  2       4       8  •^ 

prove  that  S,  :  S^::  27  :  i. 
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86.     If  5,  =  1  +  i  +  p.  +  &c.  f»  6%/; 


S.  =  i-^  +  p--&c. 


«3  =  l+i  +  i+I^ 


prove  that  5^x5,  =  Sy 

37.    Determine  the  sum  of  the  series 

ar  +  3ar*  +  Car*  +  loar*  +  &c. 

which  arises  from  multiplying  the  terms  of  a  geometric  pro- 
gression by  the  corresponding  terms  of  a  series  of  triangular 
numbers. 

88.    Find  the  sums  of  the  following  series : 
I  +  20?  +  3a?*  +  &c.  to  n  terms. 

^  ■*"  J  ■*■  ^  ■*■  F  ■*"  ^-  ***  *'^- 

2^*    ,30?*         ^^     ,    Q        '     -P 

a'         ar   "     €r  ^ 

i.2.o?  +  2.3.o?'  +  3.4.a?'  +  &c.  in  in/!  a!hd  to  n  terms. 

1.2.3.0?+  2. 3.4.0?* +  3.4.6.0?'  +  &c.  m  i9{^.  and  to  n  terms. 

1.2 .3 .4.0? +  2.3.4.5.0?*+  3.4.5.6.0?'+  &c.  in  inf.  &  to  n  terms. 

1.0?  +  30?*  +  50?*  +  7x^  +  &c.  in  ir^, 

1 . 0?  +  50?*  +  90?*  +  &c.  in  ti|/l 

1.2.0?  +  3.4.0?*  +  5.6.0?*  +  &c.  in  inf. 

l.2.3.o?  +  4.5.6.o?*  +  7.8.9.0?'  +  &c.  in  ifrf. 

1.3.0?  +  2.4.0?*  +  3.5.0?*  +  &c.  in  if{f. 

1.4.0?  +  2.5.0?*  +  3.6.0?*  +  &c.  in  inf 
1.4.0?  +  3.6.0?*  +  5.8.0?*  +  &c.  in  inf 
i.3.o?  +  4.6.o?*  +  7.9-o?*  +  &c.  in  inf. 
1.3.0?  +  3,5.0?*  +  5.7.0?*  +  &c,  in  inf. 
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39.  Prove  that  the  sum  of  the  reciprocals  of  the  n^  powers 
of  the  odd  numbers  is  to  the  sum  of  the  reciprocals  of  the  same 
powers  of  the  even  numbers  : :  i  :  2"  —  i. 


III.    Problems  in  Harmonic  Progression, 

!•  Explain  the  nature  of  harmonic  progression;  and 
continue  in  both  directions  the  series^  2,  3,  6. 

2.  Continue  the  harmonic  progression  ....  3,  4,  6 .  • . .  up- 
wards and  downwards.  How  far  can  it  be  continued  either 
way? 

3.  Prove  that  the  reciprocals  of  quantities  in  harmonic 
progression  are  in  arithmetic  progression. 

4.  In  any  harmonic  progression,  the  product  of  the  two 
first  terms  is  to  the  product  of  any  two  adjacent  terms  as  the 
difference  between  the  two  first  is  to  the  difference  between  the 
two  others. 

5.  In  any  harmonic  progression,  the  difference  between  the 
two  first  terms  is  to  the  difference  between  any  two  others  as 
the  second  term  diminished  by  {n)  times  the  difference  between 
the  first  and  second  is  to  the  last ;  where  n  =  the  number  of 
terms  between  the  first  and  last. 

6.  In  any  harmonic  progression,  the  second  term  dimi- 
nished by  (n)  times  the  difference  between  the  first  and  second 
is  to  the  last  as  the  product  of  the  two  first  is  to  the  product  of 
the  two  last ;  n  as  before. 

7.  Any  term  of  a  harmonic  progression  is  equal  to  the 
product  of  the  two  first  terms  divided  by  the  difference  between 
[the  second]  and  [n  times  the  difference  between  the  first  and 
second]. 


416  APPENDIX. 

8.  The  sum  of  any  two  terms  of  a  harmonic  progression  is 
greater  than  twice  the  intermediate  mean  term ;  and  this  excess 
is  greater^  as  they  are  the  more  remote. 

9.  If  the  two  extremes  and  the  number  of  terms  in  a  har- 
monic progression  be  known;  the  intervening  series  may  be 
found. 

10.  Insert  two  harmonic  means  between  2  and  4;  two 
between  6  and  24 ;  four  between  2  and  12 ;  six  between  1  and 
20 ;  and  n  between  x  and  y. 

• 
11.     Insert  n  harmonic  means  between  a  and  b\   and  if 
a,  be  the  first  harmonic  mean,  prove  that 

a\h\\  a»  +  '  :  a^"  +  '. 

12.  Prove  that  a  geometric  mean  between  two  quantities  is 
a  mean  proportional  between  an  arithmetic  and  harmonic  meaa 
between  the  same  two  quantities. 

13.  If  (a)  be  an  arithmetic,  (i)  a  geometric,  and  (c)  a  har- 
monic mean  between  two  quantities ;  show  that  a  is  greater  than 
d,  and  h  greater  than  c. 

14.  If  the  geometric  mean  between  two  quantities  x  and  jr, 
be  to  the  harmonic  as  1  :  n ;  show  that 

w\y\\  1  +  v^ (i  —  »•)  :  1  —  v^ (1  —  n»). 

15.  If  y  be  an  harmonic  mean  between  x  and ;?,  and  x  and 
z  be  respectively  the  arithmetic  and  geometric  means  between  a 
and  ft,  show  that . 

2  .  (a  +  ft) 

y  = ^ i — 


wm 


16.  Having  given  (a)  the  sum  of  three  numbers  in  hai^ 
monic  progression,  and  (ft)  their  continual  product;  determine 
the  numbers. 
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17.  There  are  four  numbers,  the  first  three  of  which 
are  in  arithmetic  and  the  last  three  in  harmonic  progression ; 
prove  that  the  first  has  to  the  second  the  same  ratio  which  the 
third  has  to  the  fourth. 

18.  The  sum  of  three  terms  of  an  harmonic  progression, 
whose  first  term  is  -,  is  =  — ;  determine  the  progression  and 

it  \A 

continue  it  both  ways. 

19.  If  5  and  9  be  the  sums  of  two  infinite  series,  the 
common  ratios  of  whose  terms  are  R  and  r  respectively ;  then 
Sf  s,  R,r  are  in  harmonical  progression,  the  form  of  each  series 
being  (r,  r*,  r*,  &c.)  and  r  and  R  fractional. 

20.  Having  given  the  two  first  terms  of  an  harmonic  pro- 
gression ;  determine  the  (n)^^  term. 

21.  Having  given  the  (m)^  and  (n)^  terms  of  an  harmonic 
progression  j  determine  the  (m  -|-  n)^  term. 

22.  Compare  the  lengths  of  the  sides  of  a  right-angled  tri- 
angle, when  the  squares  described  upon  them  are  in  harmonic 
progression. 
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1.  Form  the  equation,  whose  roots  are 

2  +  v^— 3,  2  —  v^— 3,  1,  and  —  6. 

2.  Also  whose  roots  are  ±  \/— 2,  3,  and  4. 

3.  Also  whose  roots  are  i  ±  v/— 2,  and  2  ±  v^  — 3. 

E  e 
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4.  Form  the  biquadratic  equation^  two  of  whose  roots  are 

1  +  \/«%  and  —  \/  —  i. 

5.  Also  if  two  of  the  roots  be  v^*  and  —  v^— 5* 

6.  Determine  the  equation  whose  roots  are 

-  a  +  n/ a*.-a  '-'  v a*,  and  —  a. 

7.  Form  the  equation,  of  which  the  roots  are  the  different 
values  of  a  +  */ *• 


8.  Given  that  an  equation  has  one  root,  show  that  it  will 
have  as  many  roots  as  it  has  dimensions. 

9.  If  any  coefficient  in  an  equation  be  changed,  prove  that 
all  the  roots  will  be  changed. 

10.  If  a  be  a  root  of  the  equation 

a?»  •\-pa^-^ -I-  Po^  +  Qai^  +  jRj?  +  iS,=  o, 

and  if  ^  +  fi  =  fl„  ^  +  Q  =  Q„  &c. ; 
show  that  — ,  jRj,  Qj,  &c.  are  integers. 

11.  If  a,  j3,  y,  &c.  be  the  roots  of  the  equation 

^«  +i?^~'* +  Q^  +  P=:  o; 

show  that 

«  +  ^  +  «  +  i  +  §  +  ZH.&c.==£QzJ!if. 

p       a       7       o       7       p  Jr 
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12.  The  roots  of  the  equation 

a?"  — /?a?»— *  +  ya?*-* —  Qa?  +  jR  =  0,  being  a^  /3,  y,  &c.; 

show  that 

^  +  —  +  &c.  +  ^  +  ^  +  &c.  +  3:^  +  i  "h  &c. 

p      y  ^  «      7  «     p 

Q 

13.  If  a:"  — /?a?»-"*  +  g^a?*""*  —  &c.  ±  W^  = -<4,  and  a  be  any 
root  of  the  equation  j?*  —  ^la?""*  4-  g^a?*""*  —  &c.  ±  FF=  o,  prove 
that  a?  ^  a  is  a  divisor  of  the  expression 

a?*  — /?a?*~'  +  jfa?"~*  —  &c.  ±  FF. 


14.  Take  away  the  second  term  of  the  following  equa* 
tions: 

1.  af  —  ga?*  +  i^x  —  34  =  o. 

2.  s?  —  30?*  +  -ia?  —  6  =  0. 

3.  a?*  +  24a;*  —  I2a?*  +  4a?  —  30  =  o. 

4.  a?*  +  sa;*  +  a?*  —  a?  —  10  =  0. 

15.  Take  away  the  third  term  of  the  following  equations : 

1.  a;*  —  ^x^  +  9a?  —  20  =  0. 

2.  a?'  —  4a?*  +  6a?  —  2  =  0. 

16.  Prove  that  the  third  term  of  the  equation? 

a?*  —  px^  +  ya?  —  r  =  0, 

cannot  be  taken  away  by  the  common  method,  if  /?'  be  less 
than  3y.     Show  how  it  may  be  taken  away  in  this  case. 

Ee2 


420  APPENDIX. 

17.  In  an  equation  of  n  dimensions^  show  that  the  second 
and  third  terms  may  be  taken  away  by  the  same  transforma- 
tion, when  the  square  of  the  sum  of  the  roots  is  to  the  sum 
of  their  squares  : :  n  :   i. 

18.  Exterminate  the  last  term  but  one  of  an  equation  of 
five  dimensions  by  the  solution  of  a  simple  equation. 

19.  Transform  the  equation  a^ 1- 1-  -  =  o, 

m         n      p 

into  one  whose  coefficients  shall  be  integral. 

20.  Transform  the  equation  y*  —  2py^  —  zzp^y  +  I4j/  =  o, 
into  one  whose  coefficients  shall  be  numerical. 

21.  Transform  the  equation 

^  -^  c^pxi^^^  +  ya?*~*  —  akrix^^^  -I-  &c.  =  o, 
into  one  whose  coefficients  are  rational. 

22.  Transform  the  following  equations  into  others  whose 
terms  shall  be  alternately  positive  and  negative : 

1.  J?'— OTi +3  =  0. 

2 

2.  a?*  +  0?'  —  19ar'  +  1107  +  30  =  0. 

28.  Transform  the  equation  a?*  +  o?'  —  loa?  -|-  4  =  0,  into 
one  whose  roots  shall  be  greater  by  4  than  the  roots  of  the  given 
equation. 

24.  Transform  the  equation  a?*  —  40f'  -I-  6a;*  —  12  =  o,  into 
one  whose  roots  shall  be  greater  by  5  than  the  roots  of  the  given 
equation. 

25.  Transform  the  equation  a?'  —  6d?*  +  9a?  —  12  =  0,  into 
one  whose  roots  shall  be  less  by  6  than  the  roots  of  the  given 
equation. 
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26.  Transform  the  equation  zsx^  —  12J?'  +  l5a?  —  21  =  o, 
into  one  whose  roots  shall  be  treble  the  roots  of  the  given 
equation. 

27.  Transform  the  equation  a?*— 2^  —  3a?  +  4  =  0,  into 
one  whose  roots  shall  be  one-eighth  of  the  roots  of  the  given 
equation. 

28.  If  Qy  by  c,  &c.  be  the  roots  of  the  equation 

a?»  —  paf*^^  +  qaf*^^-^  &c.  =  o, 
transform  it  into  one  whose  roots  are  maymby  mCy  &c. 

29.  If  the  roots  of  the  equation  a^— /?j?'  +  5^^?  —  r  =  o,  be 
Oy  by  c;  transform  it  into  another  whose  roots  shall  be 

a  -{-  bya  +  Cyb  +  c. 

30.  Transform  the  equation  a?*  —  40  a?  -I-  39  =  0,  into  one 
whose  roots  shall  be  the  sum  of  every  two  roots  of  the  original 
equation. 

81.  Transform  the  equation  a?*  — /i«*  +  ya?  —  r  =  0,  whose 
roots  are  ay  b,  Cy  into  another  whose  roots  are 


0+ A'  a-{-(?  b-^c 

82.     If  the  roots  of  the  equation 

a^  —  px^  +  g'o?  —  r  =  0,  be  a,  i,  c ;. 
determine  the  equation  whose  roots  are  a  by  a Cy  be. 

33.  Transform  the  equation  a?*  —  px*  +  g^a?  —  r  =  0,  into 
one  whose  roots  shall  be  mean  proportionals  between  the  roots 
of  the  equation,  and  a  given  quantity  (m). 

34.  If  the  roots  of  the  equation  a;*— ■/?«?  +  ?  =  0,  be  a  and  b; 
determine  the  equation,  of  which  —  v^a,  and  —  \/^  ^^^  roots. 
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85,     If  the  roots  of  the  equation 

af  ^ px  +  g  =s  0,  be  a  and  i; 

determine  the  equation  whose  roots  are  an  arithmetic^  a  geo- 
metric^ and  a  harmonic  mean  between  a  and  6. 

36.  Transform  the  equation  a^  —  2^?*  +  2  a?  —  4  =  o,  into 
one  whose  roots  are  the  squares  of  the  roots  of  the  original 
equation. 

87.  Transform  the  equation  a?  —  pa^  -|-  ja?  —  r  =  o,  whose 
roots  are  o,  ft,  c,  into  one  whose  roots  are  a*,  ft%  c*. 

88.  Transform  the  equation  a^  —  px^  +  ya?  —  r  =  o,  w^hose 

roots  are  a,  i,  c,  into  one  whose  roots  are  -r,  -tf,  -t. 

o'    ft'    <r 

89.  Transform  the  equation  a?*  — /la?*  +  g^o?  —  r  =  o,  whose 
roots  are  a,  b,  c,  into  one  whose  roots  are 

o«  +  ft«,  a»  +  c%  ft*  +  c»- 

40.  Transform  the  equation  a?*  —  p^  +  go?  —  r  =  o,  whose 
roots  are  a,  ft,  c,  into  one  whose  roots  are 

fl«  ^  ft"a»  ^  c"  ft^  ^  c»' 

41.  Transform  the  equation  a^  —  6a?*  +  iia?  —  6  =  0,  into 

one  whose  roots  are    >   .    ,,,  -j-r — s  and  -rr-: — •• 
^  o'  +  ft*'  a'  +  r  ft'  +  c' 

42.  Transform  the  equation  a?*  +  a?*-|-a?'-|-a?-|-i  =  o,  into 
one  whose  roots  shall  be  the  squares  of  the  roots  of  the  given 
equation ;  and  show  from  the  roots  themselves  that  the  trans- 
formation is  correct. 

43.  Transform  the  equation  a?*  ^pw^  +  ya?  —  r  =  o,  whose 
roots  are  a,  ft,  c,  into  one  whose  roots  are 


(?  -  0.  e  -  9  "^  a  -  0- 
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44.  Transform  the  equation  sx^  -^pa^  +  g^^  —  r  s=s  o,  whose 
roots  are  a^  b,  c,  into  one  whose  roots  are 

c  b  a 

a  +  b  —  (^a+C'-b^b-\-C'-a 

45.  Transform  the  equation 

47*  -^px*  +  ja?  —  r  =  0, 
whose  roots  are  a,  b,  Cj  into  another  whose  roots  are 

a  +  J  +  aby  a  +  c  +  «c,  ft  +  c  +  ftc. 

46.  Transform  an  equation  into  one  whose  roots  shall 
be  the  squares  of  the  differences  of  the  roots  of  the  original 
equation ;  and  show  by  meuis  of  this  transformation  how  the 
number  of  impossible  roots  in  an  equation  of  five  dimensions 
may  be  detected. 

47.  Transform  the  equation  jt*  —  paf^^  -I-  qx^^^  —  &c.  =  o, 
into  one  whose  roots  are  the  reciprocals  of  every  («  —  i)  roots 
of  the  original  equation. 

48.  If  the  roots  of  the  equation  a?'  —  px^  -|-  y^  —  r  =  o,  be 
a^  b,  c;  transform  it  into  one  whose  roots  are  a',  b%  c*. 

49.  Ifa?*  —  2^+1=0;  deduce  the  equation  of  which  the 
roots  are  the  cubes  of  the  roots  of  the  original  equation. 

50.  Transform  the  equation  a^  —  paf^^^  +  qa^"*  —  &c.  s=o^ 
into  one  whose  m'^  term  shall  be  a  given  quantity. 


51.  Determine  the  roots  of  the  equation 

a?*  —  40?*  V^2  +  6X^  V^  —  407  v^  +2  =  0. 

52.  Solve  the  equation  a^  -^  ax^  —  307  +  12  =  o^  one  root 
of  which  is  of  the  form  v^* 


1 
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53.  One  root  of  the  equation  «^  —  6a?*  +  6d?  +  8  =  o,  being 
1  +  V^ ;  fiQ<l  &U  the  roots. 

54.  One  root  of  the  equation  a?  —  waf  +  37a?  —  35  =  o, 
being  3  +  \/l ;  find  all  the  roots. 

55.  One  root  of  the  equation  a?*  +  «^  —  sa?*  —  16 a?  —  8  =  0, 
being  1  —  \/5;  fii^d  ^  ^^  roots. 

56.  Solve  the  following  equations^  two  of  whose  roots  are 
equal: 

1.  x^  —  7a?'  +  16a?  —  12  =  0. 

2.  a?*  +  sa?"  +  2oa?  +  16  =  0. 

3.  a?*  —  sa?*  H-  8a?  —  4  =  0. 

4.  a?*  —  5a?*  —  8a?  +  48  =  0. 

5.  a?*  —  a?*  —  8a?  +  12  =  0. 

6.  a?* a?  H — T  =  0. 

2  16 

7.  a?*  H a?* =  0. 

7  9261 

57.  The  equation  3a?*  —  loa?^  +  I5a?  +  8  =  0,  has  three  equal 
roots ;  determine  them. 

58.  Solve  the  equation  a?*  —  14a?'  +  6ia?*  —  84a?  +  36  =  0, 
whose  roots  are  of  the  form  a^  a,  b,  b. 

59.  Solve  the  equation 

a?*  —  13a?*  +  67a?'  —  171a?'  +  216a?  —  108  =  0, 
whose  roots  are  of  the  form  a,  a,  a,  b,  b. 

60.  The  equation  a?*  —  2a?*  +  6a?*  —  8a?'  +  12a?'—  sa?  +  s  =0, 
has  equal  roots ;  determine  them. 

61.  Solve  the  equation  a?*  +  pa^  +  ya?*  +  ^a?  +  «  =  0,  which 
has  two  pairs  of  equal  roots. 
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62.  Solve  the  following  equations^  which  have  two  roots  of 
the  form  +  a,  —  a, 

1.  AO^  —  32^  —  a?  +  8  =  0. 

2.  af*  —  6^7*  —  5d!?*  +  45^  —  36  =  0. 

3.  ^*  +  30?*  —  7^  —  27  X  —18=0. 

4.    a?*  +  J?'  —  na^  +  90?  +  18  =  0. 

63.  Solve  the  equation 

a^  —  100?*  +  290?"  —  100?*  —  620?  +  60  =  0, 
two  of  its  roots  being  3  and  v^2. 

64.  The  equation  ^  —  150?*  +  66o?  —  80  =  0,  has  two  roots 
whose  sum  is  13 ;  find  all  the  roots. 

65.  The  equation  o?*  —  46o?"  —  40o?  +  84  =  o,  has  two  roots 
whose  difference  is  3;  determine  all  the  roots. 

66.  The  roots  of  the  equation  o?*  —  160?*  +  66o?  —  so  =  o, 
have  a  common  difference ;  determine  them. 

67.  In  the  equation  o?*  —  60?"  +  no?  —  6  =  0,  one  root  is 
double  another ;  determine  all  the  roots. 

68.  The  product  of  two  roots  of  the  equation 

X^  +  X^  —  620?*  —  800?  +  1200  =  0,  is  30  ; 

determine  all  the  roots. 

69.  Determine  the  roots  of  the  equation 

0?*  —  i7o?*  +  940?  —  168  =  0, 
two  of  them  being  in  the  proportion  of  2:3. 

70.  In  the  equation  o?*  —  lOo?*  +  270?  —  is  =  0,  the  greatest 
root  is  double  of  the  second,  and  the  second  treble  of  the  third ; 
determine  all  the  roots. 
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71.  One  root  of  the  equation  or*  —  5Jr*  —  a?-|-5  =  o  is  5; 
determine  all  the  roots. 

72.  The  equation  a?' a?*  -|-  -j?  —  i  =  o,  has  two  roots  of 

the  form  a,  ~:  determine  all  the  roots. 

73.  The  roots  of  the  equation 

6a?*  —  AZa^  -I-  1074?*  —  108^  +  36  =  0, 

are  of  the  form  a.  b.  -  and  y  ;  determine  them. 

74.  Determine  the  roots  of  the  equation 

a?*  —  100?*  +  35a?*  —  SOX  +  24  =  0, 

they  being  of  the  form  a  +  i,  «  —  i,  *  +  ij  *  ^  i- 

75.  Solve  the  following  equations,  whose  roots  are  in 
arithmetical  progression : 

1.  d?*  —  6a?*  —  4d?  +  24  =  0. 

2.  0?*  —  9^?*  -I-  23a?  —  16  =  0. 

3.  a?'  —  6a?*  -f  1 1  ar  —  6  =  0. 

4.  X*  —  3a?*  +  6a?  -I-  8  =  0. 

6.    a?*  —  loa?'  +  35a?*  —  5oa?  +  24  =  o. 

6.  a?*  —  sa?*  +  14a?*  +  sa?  —  15  =  o. 

7.  a?*  +  a?*  —  iia?*  +  9a?  -f  is  =  o. 

76.  The  roots  of  the  equation  a?»  — /?a?»7*  +  ya?»"*  —  &c. 
s=  0  being  in  arithmetical  progression;  prove  that  the  least  root  is 


p  ^  n—  1     /[{n  —  i) « 3j?*  —  6nq'\ 
n         n"^l  «"-i  J 


and  the  common  difference 


2       /f(n  —  0  .3/?'  —  6ny^ 
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n.     Solve  the  following  equations^  whose  roots  are  in 
geometrical  progression: 

1.  a?*  —  7a?*  +  uar  —  s  =  o. 

2*  a:^  —  \za?  -f-  39a?  —  27  =  0. 

3.  a?*  —  143?*  +  56a?  —  64  =  0. 

4.  a?*  —  26a?*  +  156a?  —  216  =  0. 

5.  a?*  — |?a?*  +  ga?  —  r  =  0. 

6.  a?*  +  |?a?'  +  ya?'  +  ra?  +  *  =  0. 

78.  If  the  roots  of  the  equation 

ar»  — /^a?"-*  -f  ya?*-*  —  &c.  =0, 

be  in  geometrical  progression ;  having  given  /?  =  15,  g  =  70 ; 
find  fiy  r,  &c. 

79.  Solve  the  following  equations,  whose  roots  are  in  har- 
monical  progression : 

1.  ar*  —  iia?*  -f  36a?  —  36  =  0. 

2.  a?*  —  i3a?*  +  64a?  —  72  =  0. 

3.  a?*  —  -a?"  +  a?  —  -  ==  0. 

2  6 

4.  sa?*  —  6a?*  —  3a?  -f  1  as  0. 

5.  a?*-iia?*  +  ^^-.±=:o. 

12  24  24 

6.  aw*  —  Aa?*  —  ca?  +  1  =  0. 

80.  In  the  common  cubic  a?*  —  px*  +  g^  —  r  =  0,  if  the 
roots  are  in  harmonic  progression,  and  p,  g,  r,  integer  numbers, 
then  r  is  the  square  of  the  greatest  root.  Apply  this  to  solve 
the  equation  a?*  —  23ar*  +  135a?  —  225  =  0. 

81.  If  the  roots  of  the  equation  a?*  —  /?a?*  -|-  y^  —  r  =  0,  be 
in  harmonic  progression  ;  show  that 

r«  .^  £Lr^3r  ^  ^  y  -  zpqr  +  Or'  _  ^ 
contains  the  greatest  and  least. 
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82.     If  the  roots  of  the  equation 
af^  ^px*-^  +  qaf*-^  —  ......  +  Qa?*  —  Par  +  Zr  =  o, 

be  in  harmonic  progression^  then  will  the  greatest  and  least  be 

nv/(n  -f  \).L 

V'  (»  +  1)  .P  -  v/  [3 .  (»  -  l)^P*  -  6».  (n  -  1) .  QLy 

n,^  {n  +  \).L 


and 


83.  Solve  the  equation  ai^  —  3iar*  +  300d?  —  goo  =  o,  whose 
roots  are  successive  triangular  numbers. 

84.  Explain  the  method  of  finding  the  equal  roots  of 
equations^  and  apply  it  to  the  equations 

1.  a?*  —  90?*  +  407  +  12  =  0. 

2.  x^  —  13a?*  +  670^  —  1710?'  +  2160?  —  108  =  0. 

85.  Having  given  the  equation 

207*  —  120?'  +  190?'  —  6o?  -I-  9  =  0, 
determine  whether  it  has  equal  roots. 

86.  If  the  equation  a?*  +  qa^  —  rai^  ^i  =zo  has  two  roots 
equal  to  each  other ;  prove  that  one  of  them  will  be  a  root  of 

the  quadratic  a^  +  — ^ .  o?  H ^  =  o. 

^  6r  3r      15 

87.  Show  that  if  an  equation  have  two  equal  roots^  and  the 
terms  be  multiplied  by  the  terms  of  an  arithmetic  progression, 
the  result  will  =  o. 

88.  If  an  equation  have  (n)  equal  roots^  the  equation 
formed  by  multiplying  the  terms  by  the  terms  of  an  arithmetic 
progression  has  (n  —  j)  of  them. 
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89.     Having  given 

a^  —  ps^  +  g J?  •—  r  s=  0,  whose  roots  are  a,  ft,  c  jl 
and  ^  -^p^ai^  4-  ff*^  —  r^  =  o,  whose  roots  are  o,  ft,  c' ;/ 
find  Cy  and  c\ 

90.     One  root  being  common  to  the  two  equations 

J?*  —  90?*  +  26^7  —  24  =  0, 
and  a^  —  7^*  +  7^  +  15  =  o, 
find  the  remaining  roots  of  each. 

91.    Determine  all  the  roots  of  the  two  equations  which 
have  one  conmion  root 

0^  —  30?*  +  nx  —  9  =  0, 

0?*  —  50?*  +  1107  —  7  =  0. 


92.  Solve  the  equation  ^  —  i  =  o ;  and  show  that  its  roots 
are  of  the  form  a,  ft,  ft"*. 

93.  The  roots  of  the  equation  o?*  +  pa?  -f  i  =  o,  must  be 

of  the  form  a,  ft,  -,  t  ;  exhibit  them  in  that  form. 

a  b 

94.  Solve  the  following  recurring  equations : 

1.     0?*  —  aOlf"  +  207*  —  30?  +  1  =  0. 

2.  0?*  +  6aa?  —  20a*o?*  —  6a*o?  +  a*  =  o. 

3.  0?* a?  +  20?* 0?  +  1  =  0. 

2  2 

4.  0?*  ±  I  =  0. 

5.  0?*  —  210?*  +  3707*  —  3707*  +  210?  —  1  =  0. 

5         15    4    .     37    ,         37    •    .     16 

6.    0?' 07*  H a?* a?  H X  —1=0. 

2  2  2  2 

7.     V  +  4007*  —  120*^7*  —  120*07*  +  40*0?  +  a*  =  0. 

8.    0?"  —  a"  =  0. 
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95.  Reduce 

sf  -—paf  '\-  ya?'— .ra?*+  *a?*  — «d?*+  ra^--  qa^  -^-px  —1=0, 
to  an  equation  of  four  dimensions. 

96.  Exhibit  the  quadratic  factors  of  the  equation 

df»  ±  1  =  0. 

97.  Show  that  when  m  is  a  prime  number^  the  roots  both 
real  and  imaginary  of  the  equation  d?"  -f  1  =  0,  are  difierent 
powers  of  any  one  of  its  roots. 

98.  In  any  recurring  equation  a^  —  pse^^^  -f  &c.  j=  0, 
whose  roots  are  a^  b,  c,  &c.  prove  that 


99.  The  roots  of  the  cubic  equation  a^  ^^  qx  +  r^^o,  are 

real  when  —  exceeds  — . 

27  4 

100.  The  solution  of  the  cubic  equation  a?'  +  9^  -f  r  =  0 
is  dependent  on  the  solution  of  the  equation  ^-^1=0. 

101.  Haying  given^  1,  Uy  /3^  the  cube  roots  of  1^ 

— {-^(^-&)T' 

prove  synthetically  that  A  +  By  aA  +  /3J5,  and  fiA  +  uB  are 
the  three  roots  of  the  equation. 


: 
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102.  If  two  roots  of  the  cubic  equation 

a?*--  ga?  +  r  =  obea  +  b \/  —  3,  and  a  —  ft  v  —  3; 

103.  Explain  in  what  case,  and  for  what  reason.  Cardan's 
formula  for  the  solution  of  a  cubic  equation  does  not  enable  us 
to  determine  the  roots, 

104.  Determine  whether  Cardan's  rule  is  applicable  to  the 
solution  of  the  equation  a^  —  237^  -—  884  =  0. 

105.  Show  that  Cardan's  rule  for  the  solution  of  a  cubic 
equation  is  applicable  when  all  the  roots  are  possible,  and  two 
of  them  equal;  and  by  means  of  it,  find  the  roots  of  the 
equation  a^  4-  6a;*  •—  32  =  o. 

106.  Solve  the  following  equations  by  Cardan's  rule : 

1.  ir'  —  9.r  —  14  =  0. 

2.  a!?*  —  6a?  —  40  =  0. 

3.  a?'  •—  9a?  +  28  =  0. 

4.  a?*  +  3a?'  +  ga?  —  13  =  0. 
6.  a?*  —  ea?*  -f  3a?  —  18  s=5  0. 

6.  a?*  —  12a?*  +  67a?  —  94  =  o. 

7.  a^  ^^  Qx^  -{■  2oa?  -f  is  =  o. 

8.  a?'  —  I2a7'  +  36a?  —  7  =  0. 

9.  a?^"  —  px^^  +  ya?*  —  r  =  0. 

107.  Find  by  the  doctrine  of  permutations,  the  roots  of  the 
equation  a?*  —  ya?  +  r  =  0. 

108.  Assuming  the  quadratic  factors  in  Des  Cartes's  solu- 
tion of  a  biquadratic  to  be  a?*  4-  aa?  4- i  =  o,  and  a?*  — oa?  +  c  =  o; 
find  the  reducing  equation  in  [b)  or  (c) :  and  show  that  it  may 
be  depressed  to  a  cubic. 
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109.     If  a  be  a  root  of  Des  Cartes's  reducing  cubic^  the 
four  roots  of  the  equation  a?*  +  qa?  -f  ^^  4-  *  =  o. 


\/  a 
are  —  ^ — 


v/a 


W(-|-fn-^). 


2  '^    V       2        4        %^a) 

110.  Prove  that  Des  Cartes's  solution  of  a  biquadratic  suc- 
ceeds when  all  the  roots  are  possible  and  two  of  them  equal ; 
and  apply  it  to  solve  the  equation 

a?*  —  6^  +  84?*  4-  6d?  —  9  =  0. 

111.  Find  the  roots  of  the  following  equations  by  Des 
Cartes's  method: 

1.  d?*  —  40^  —  Sa?  +  32  =  0. 

2.  ^*  —  3*'  —  4a?  —  3  =  0. 

3.  a?*  —  6d?*  +  sa?"  +  2a?  —  10  =  0. 

4.  a?*  +  2a?'  —  7a?*  —  sa?  +  12  =  0. 

112.  Oive  Euler's  solution  of  a  biquadratic ;  and  show  that 
the  cubic  involved  in  that  method  has  its  roots  four  times  less 
than  the  roots  of  the  cubic  in  Des  Cartes's. 

113.  Solve  the  equation  a?^ «  12a?  +  5,  by  the  method 
attributed  to  Waring.    One  root  of  the  reducing  cubic  is  2. 

114.  Ifa  +  /3v^— ibea  root  of  the  equation 

a?*  +/?a?'  +  J^  4-  ra?  +  «  =  0, 
two  roots  are 
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115.  Prove  that  if  (u)  the  last  term  of  any  equation  be 
resolved  into  prime  factors  a,  /3,  y,  so  that  ti  =  a*  /3*  7**,  then 
the  number  of  divisors  oft*  will  =  (i»  +  i) .  (»  +  1) .  (/?  +  1). 

116.  Find  by  the  method  of  divisors  the  roots  of  the 
following  equations : 

1.  a?*  —  6a?'  +  50?  +  12  =  0. 

2.  a?*  —  90?*  +  220?  —  24  =  0, 

3.  0?*  —  60?*  —  160?  +  21=0. 

4.  0?*  —  40?*  —  80?  +  32  =  0. 

5.  0?*  +  0?*  —  290?*  —  90?  +  180  =  0. 

6.  30?^  —  260?*  +  340?  —  12  =  0. 

7.     80?"  —  260?*  -h  no?  +  10  =  0. 

8.      80?*  —  460?*  +  730?  —  30  =  0. 

117.  In  the  method  of  divisors^  show  how  the  number  of 
substitutions  may  be  lessened : — and  in  the  equation 

X*  ^  a^  ^  160?*  +  550?  —  75  =  0, 

determine  whether  3,  5^  and  --  5  are  roots. 

118.  Apply  the  rule  for  quadratic  divisors  to  the  equation 

0?*  —  170?*  +  880?*  —  1720?  +  112  =  0. 

119.  Solve  by  the  method  of  divisors,  the  equation 

6X*  +  530?*  —  950?"  —  250?  +  42  =  0. 


120.  It  is  always  possible  to  find  those  roots  of  numeral 
equations  which  are  whole  numbers  or  rational  fractions  with- 
out the  aid  of  formulae  of  approximation. 

p  f 
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121«    If  a  be  an  approxmiate  root  of  the  equation 
r*  +  psf  +  gar  =s  r,  8o  that  o*  +  pef  +  yn  =  r^ 

prove  that  x=^  a'\ : — -r—, — -*  veiy  neariy  ; 

^  r  or  r,  +  2a*  -f  ptr      ^  ^  ^ 

r  or  r,  being  used  according  aa  a  is  greater  or  less  than  i. 
Approximate  by  this  formula  to  the  value  of  x  in  the  equation 

122.  Three  given  quantities  (a  +  r),  {a-\-  z)  -f  ^  (ii  +  r)  +  h\ 
approximations  to  the  root  a  of  an  equation^  being  substituted 
for  the  unknown  quantity^  give  results  n,  n  +  S»  n  +  ^;  show 
that  z  will  be  very  nearly  found  from  the  equation 

z' .  (A8'  ^h'S)  +  z.  (A*8' -  h?S)  +  nhh' .  (A'  -  A)  =  o, 

123.  Approximate  to  a  root  of  the  following  equations : 

1.    a?'  —  or  —  50  =  0. 

a.     af*  —  2a?  —  6  as  0. 

3.  0?*  +  2a?  —  30  =  0. 

4.  a?*  +  «•  +  a?  =  90. 

6.  a?*  —  6a?  +  1  =  0. 

6.  a?*  —  2a?*  +  3a?  —  4  =  0. 

7.  a?*  +  a?.=  3. 

8.  a?*  —  12a?  -1-7  =  0. 

9.  2a?*  •—  lea?*  -f  4Qa?'  —  3oa?  -i-  i  =  o. 

V-h  a?y  =  6, 
2a?y  —  y'  =  2. 

fa?'  -f  y  =  157, 

V 

[y'  —  a?  =  6. 

fai^  +  y^^  12, 
la:'  +  y'  =  8. 


10. 


11. 


12. 
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124.  In  the  equation  a?*  +  9^  +  44?  =  so,  approximate  to 
the  value  of  x  by  means  of  a  series  of  converging  fractions. 

125.  Express  the  roots  of  j^  —  7^  +  7  =  0,  by  continued 
fractions ;  and  determine  the  accuracy  of  the  approximation  of 
any  converging  fraction  deduced  from  these. 

126.  If  a  be  an  approximate  value  of  x  in  any  equation, 
and  b,  c  be  the  results  when  a  is  substituted  for  x  in  the  ori- 
ginal and  in  the  limiting  equation ;  then  will 

a?  =  a ,  nearly. 


127.  Determine  the  number  of  positive  and  negative  roots 
in  the  equation  a?*  +  4X*  —  19^  —  34^*  +  Qox  -f  36  =  0,  of  which 
all  the  roots  are  real. 

128.  Determine  the  same  in  the  equation 

a?*  —  5a?*  —  154?^  -f  &5a?*  —  26*  —  120  =  0. 

129.  Prove  without  resolving  the  equation  into  &ctors, 
that  if  two  numbers  (a)  and  {b)  when  substituted  for  the  un- 
known quantity  in  the  equation  a?"  — /?^— *  +  ya?"""*  —  AcssO, 
give  results  affected  with  contrary  signs,  there  is  at  least  one 
real  root  between  (a)  and  (A). 

130.  If  P  represent  tl^e  sum  of  the  positive  terms  in  any 
equation,  and  a  series  of  quantities  be  successively  substituted 
for  the  unknown  quantity;  prove  that  the  successive  increments 
of  P  may  be  made  less  than  any  assignable  quantity. 

131.  If  P  and  N  be  the  greatest  positive  and  negative 
coefficients  in  the  equation 

4?»  ^px^~^ -f  Pj?»-"» —  JVa?»— '' ±  ti  =  o, 

then   a  superior  limit  to  the  roots  is  iV  +  1 ;  and  an  inferior 

limit  is  — — jri  or  — —^  according  as  «  is  positive  or  negative.. 

F  f  2 
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132.     If  Mx*"^  be  the  first  negative  term  of  the  equation 
0?'  +pa^—^  ..•.  —  3fjp»-~*  —  &c.  =  o, 

and  if  ^  be  the  greatest  negative  coefiicient,  then  i  +  X/P  is 
greater  than  the  greatest  root  of  the  equation. 

183.    Uaf  +  Aaf*-^....  — PfP....  —  Sa?*....  +  Tip-h  r=a, 
Yfhere  P  is  the  greatest  and  8  the  last  negative  coefficient,  then 

— P  is  an  inferior  limit  of  the  positive  roots. 


V7  +  Pi 


134.  If  the  terms  of  an  equation  be  so  arranged  as  to  be 
alternately  positive  and  negative ;  and  if  A^  A'y  A'  be  the  co- 
efficients of  the  1st,  3rd,  5th  ....^,  B^  B'  of  the  2nd,  4th, 
6th  terms  so  arranged;  show  that  the  greatest  of  the  ratios 

-J,  -p,  -^,  is  greater  than  the  greatest  positive  root.    Apply 

this  to  determine  a  quantity  greater  than  the  greatest  root  of 
the  equation  a?*  —  I3a?*  -f  67^  —  I7ia?*  +  2i6a?  —  los  =  o. 

135.  If  in  any  equation  each  n^ative  coefficient  be 
divided  by  the  sum  of  the  positive  ones  which  precede  it,  and 
the  greatest  of  these  fractions  be  taken,  then  this  fraction  so 
taken  increased  by  imity  is  greater  than  the  greatest  root  of 
the  equation. 

136.  Let  the  roots  of  the  equation 

0^  —  p^~^  +  qaf^^^  —  &c.  ss  0,  be  a,  i,  c,  &c. ; 

and  those  of  the  equation 

nad^"^  —  (n— i)  ./?a?»-*  +  (n— 2)  .y«*-*  — &c.=o,bea,/3,7,&c; 
then  if  when  a,  /3,  7,  &c.  are  successively  substituted  in  the 
equation  a?"  — /?a?"~*  +  &c.  =  0,  the  results  are  P,  Q,  B,  Ac, 
and  when  a,  by  c  are  substituted  in  the  equation 

«a?*~^  —  (n— 1)  .paf^"^  +  &c.  =  0,  the  results  are/?,  q,  r,  &c.; 

then  will  P  x  Q  x  R  x  &c.  :  p  x  q  x  r  x  8ijc,  ::  i  :  »■. 
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137.  Find  a  limit  greater  than  the  greatest  root  of  the 
following  equations : 

1.  x^  —  6**  —  25J?  —  12  =  0. 

2.  a^  —  124?*  +  410?  —  43  =  0. 

3.  0?*  —  60?*  +  ear*  —  70?  +  8  =  0. 

138.  Find  superior  and  inferior  limits  to  the  positive  roots 
of  the  equation  o?*  -f  2a?*  —  50o?*  —  looo?*  +  490?  +  98  =  0. 

139.  Determine  a  limit  less  than  the  least  positive  root  of 
the  equation  0?*  —  sjt*  —  5o?*  +  20?  +  3  =  0. 

* 

140.  Find  a  limit  less  than  the  least  root  of  the  following 
equations : 

!•    0?*  +  120?  —  20  =  0. 

2.    0?*  +  8  J?*  —  80?  —  64  =  0. 

3.      0?*—  60?*— 3  =  0. 

141.  Find  a  number  greater  than  the  greatest  positive 
root,  and  also  one  less  than  the  least  negative  root  of  the 
equation  o?*  —  4o?*  —  0?  -f  20  =  0, 

142.  Find  a  limit  less  than  the  least  difference  of  the  roots 
of  the  equation  o?*  — •  70?  +  7  =  0. 

143.  Find  between  which  of  the  roots  of  the  equation 
0?*  —  70?*  +  70?  -f  10  =  0,  the  number  3  lies. 

144.  Prove  that  one  of  the  roots  of  the  equation 

0?*  —  yo?  •—  r  =  0, 

when  squared,  will  lie  between  {q)  and  (^)  • 
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145.  Investigate  by  means  of  the  limiting  equation,  whether 
0^  —  507*  +  3  =  0,  has  a  possible  root. 

146.  Determine  the  rational  roots  of  the  equation 

2a?*  -f  0?"  —  loa^  —  2a?  +  12  =  o. 

147.  Determine  the  number  of  possible  roots  in  the 
equation  a?'  —  uo?*  -f  90  =  0. 

148.  Determine  the  number  of  imaginary  roots  in  the 
equation  se^  —  6a?*  -f  6a?*  —  soa?*  +  6a?  —  36  =  0. 

* 

149.  Apply  Newton's  rule  for  detecting  impossible  roots, 
to  the  equation  a?*  +  3  a?*  —  4a?*  —  12  =  0. 

150.  The  number  of  impossible  roots  of  any  equation 

a?"  — /?a?"--*  +  &c.  =  0, 

is  not  increased  by  multiplying  its  terms  by  the  successive 
terms  of  the  series  0,  1,  2,  3,  4,  &c. 

151.  If  several  consecutive  terms  of  an  equation,  whose 
roots  are  real,  be  wanting,  and  if  the  next  terms  on  each  side 
of  those  wanting  have  the  same  sign,  prove  that  the  equation 
cannot  have  as  many  roots  as  it  has  dimensions. 

152.  Let  a,  /3,  7,  &c.  be  the  roots  of  the  equation 

a?»  — |?a?*~'  +  ya?*~*  —  &c.  =  0,  (m)  of  which  are  possible; 

show  that  if  the  equation  be  transformed  into  one,  whose  roots 
are  (a  —  |3)*,  (a  —  y)*,  (/3  —  7)*,  &c.,  the  last  term  of  the  trans- 
formed  equation  will  be  positive  or  negative    according    as 

m . is  an  even  or  an  odd  number. 

2 

THE    END. 
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